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The theoretical lifetimes for singly ionized beryllium (Be II) have been calculated using the weakest bound
electron potential model theory and the quantum defect orbital theory under the assumption of the LS coupling
scheme. In the calculations, many states are considered. Some lifetime values for highly excited levels have been
obtained using these methods. The lifetimes presented in this work have been compared with the early theoretical
calculations and measurements presented in the literature. A good agreement with the results in the literature has

been obtained.
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1. Introduction

The lifetime is one of the fundamental characteristics
of excited states of atoms and ions. Measurements of
lifetime of atomic and ionic states are of constant inter-
est in different branches of physics such as astrophysics,
space physics, plasma physics and atomic physics [1, 2].
When the electromagnetic interaction in atomic physics
is well understood, the radiative lifetimes give some valu-
able information about atomic structure [3]. This infor-
mation extracted from atomic lifetime calculations and
measurements can be of relevance to a wide variety of
areas from astrophysics to lamp design. Singly ionized
beryllium, an ion of an alkaline-earth element, is also of
importance in many study fields such as astrophysics,
theoretical and experimental atomic physics. Because of
not being formed in conventional stellar nucleosynthe-
sis but rather being generated by high-energy reactions
between heavy nuclei and cosmic rays or protons from in-
terstellar matter, beryllium ions are especially important
in astrophysics [4]. Therefore, lifetime measurements and
calculations in singly-ionized beryllium are attractive for
theoretical and experimental researches.

In the present paper, we report lifetime calculations in
Li-like beryllium. The calculations are carried out using
the weakest bound electron potential model (WBEPM)
theory and the quantum defect orbital (QDO) theory. In
the calculations the ns (n = 3—10), np (n = 2—10), nd
(n =3-9) and nf (n = 4—10) states for both multiplets
and individual lines have been considered in Be II.

2. Theory and calculation procedure

The electric dipole transition probability (in s~1) from
a level 1abele/d/b}{ n,lLJ quantum numbers to another level
labeled by n I L' J quantum numbers is given to be [5]:
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where e is the electron charge, ag is the Bohr radius, h is
the Planck constant, (E; — E) is the transition energy
in Kaysers (cm™!) units and (2J + 1) is the degeneracy
of initial level and Sg; is the electric dipole line strength
in atomic units.
The lifetime of a given level is calculated to
1
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where A ; is the transition probability and the sum-
mation holds for all levels J(E; < E /) radiatively con-
nected to the level J'.

Fundamental quantity for the calculation of transition
probabilities, oscillator strengths and lifetimes of excited
levels is the S/ line strength. The line strength is deter-
mined according to the coupling schemes and the transi-
tion types in atomic or ionic systems. The line strength
expression includes transition integrals, angular coeffi-
cients and transition energies. In this study, we have
employed both the WBEPM theory and the QDO the-
ory in order to calculate radial transition integrals in the
determination of lifetimes for Be II.

2.1. The WBEPM theory

(2)

TJ =

According to the WBEPM theory, electrons in a sys-
tem can be divided into two groups of electrons to be
the weakest bound electron (WBE) and the non-weakest
bound electrons (NWBE). The WBE in a given many-
electron system is an electron excited or ionized by the
least energy to the system compared to the other elec-
trons in the system. In this method, the electronic ra-
dial wave function can be expressed by means of general-
ized Laguerre polynomial depending on some parameters.
These parameters are determined from experimental en-
ergy data and the expectation values of radii for levels.
The many of atomic or ionic processes such as ionization,
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excitation and rates of radiative decay may be related to
the WBE. The properties of WBE give accurate infor-
mation about these processes. In this method, according
to WBE approximation, many-electron problem can be
simplified as a single electron problem [6-10].

In the WBEPM theory framework, the radial wave
function of the WBE [9] can be obtained to be

Q7% 1"+3/2 on* . . —1/2
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In Eq. (3), L2 1Y (25 T) are the generalized Laguerre
polynomials, I'(x) is a gamma function [9]. Zx, nx, I* pa-
rameters can be obtained by solving Eq. (4) and Eq. (5)

together
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where [ is ionization energy and (r) is expectation value
for radius of weakest bound electron. The ionization en-
ergies and expectation values for radii of all states must
be known for Zx, nx, [* parameters to be determined.

2.2. The QDO theory

The QDO theory is based on analytical solution of
the one-electron Schréodinger equation with an effective
central-field potential [11]. This formalism gives exact
solutions for the radial orbital and analytical expressions
for transition integrals. Moreover, it possesses other ad-
vantages as it contains a screening parameter in its model
potential that is formulated in terms of experimental
data, therefore, correlation and even relativistic effects
are implicitly accounted for.

The QDO theory involves the exact solution of the ra-
dial equation with the potential

%:)\()\+1)22l(l+1)7@. (6)
r r
In this equation, Z,. is the effective nuclear charge at
large radial distances, [ is the angular-momentum quan-
tum number, and A, which also appears in the quantum
defect radial orbitals, is generally determined as

A=l—-0d+c, (7)
where § is the quantum defect (6 depends on effective
principal quantum numbers with n* = n — §) obtained
from empirical atomic level data [12] given as

E=-72,/2n". (8)
Moreover, c is an integer and the range of permitted val-
ues of ¢ is limited by the conditions on the parameter A
as follows:

(1) The radial wave function must be quadratically inte-
grable, for which

A<n—-6§—-1,

A> -1, (9)

(2) expectation values of the energy must be potentially
evaluable, for which

A>—1/2. (10)
These two conditions lead to the following range of vari-
ation of ¢ [13]:

d—1—-(1/2)<ec<n—-1-1. (11)
A large number of chemically important properties of
atoms and molecules can be theoretically evaluated, if the
appropriate valence, Rydberg, or continuum orbitals are
known. The Schrodinger equation for the radial part of
a valence, Rydberg, or continuum orbital in the central-
field approximation is given as [13]:
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The appropriate bound-state wave functions are given
to be

ILL(’/‘) = anﬁ,)\+1/2[2znetr/(n - 6)]a (13)
where W is the second Whittaker function. The normal-
ized bound-state orbitals may be expressed in terms of
generalized Laguerre polynomials or in terms of Kum-
mer’s functions [13]:
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The radial transition integrals I;; are

Ry = [ wi(r)ris(r)r?ar, (15)

by substituting the bound-state orbital functions of
Eq. (14) into Eq. (15).

3. Results and discussion

In this paper, the lifetimes of excited levels have been
calculated using the WBEPM theory and the QDO the-
ory for many of states of lithium like beryllium. In the
WBEPM theory, the Z*, n* and [* parameters are re-
quired for the calculations. These parameters are de-
termined using the energy expressions and the expecta-
tion values of radii of states. The required energy val-
ues have been taken from NIST [14]. The wave func-
tions in the QDO theory are obtained by solving the
one-electron Schrédinger equation with the approximate
central-field electron-screening potential. In the determi-
nation of wave functions, n*, A parameters and J quan-
tum defect parameter are required. In the previous pa-
pers, we presented how to obtain these parameters in
detail [15-20].

We have calculated the lifetime values of highly ex-
cited levels for Be II and the obtained results are given
in Table I. The last lines of each set of states given as
MIt in Table I represent the lifetimes of multiplet lines.
Our lifetime results have been compared with some the-
oretical results obtained from the relativistic many-body
calculations using a high-precision relativistic all-order
method which includes all single, double, and partial
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triple excitations of the Dirac—Fock wave functions given
by Safranova et al. [21], the multiconfiguration Hartree—
Fock + Breit-Pauli (MCHF+BP) method results given
by Froese Fischer et al. [22], the compilation of calcu-
lated lifetimes using a numerical Coulomb approxima-
tion with a Hartree—Slater core (CAHS) approach given
by Theodosiou [23], the Fues model potential (FMP)
approach calculations given by Glukhov et al. [24, 25],

J
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the presented values in the Grotrian database [26],
the numerical Coulomb approximation results given by
Lindgard et al. [27], with some experimental measure-
ment values given by Bromander [28], Hontzeas et al. [29]
and Andersen et al. [30]. The experimental results are
given together with their uncertainty rating. Moreover,
our lifetime results have been compared with the semi-
empirical calculations given by Kurucz [31].

TABLE 1
Lifetimes (ns) of excited levels for singly ionized beryllium.
This work
Levels Term | J Energy | WBEPM | QDO Ref. Exp.

[em™!] theory |theory [21] [24] | [23] [[26] | [22] | [27] | [31] | results
1s(2)2p(1) | 2P | 1.5 | 31935.320 | 8.64 | 851 | 8.85(2) 8.8471 8.621
1s(2)2p(1) | 2P | 0.5 | 31928.744 | 864 | 850 | 8.85(2) 8.8528 8.621
15(2)2p(1) | 2P |Mit| 31933.127 | 8.64 | 8.50 8.504 | 8.93 | 8.9 8.939 %?((%1))
15(2)3p(1) | 2P | 1.5 | 96497.288 | 556 | 5.52 | 5.417(2) 5.4159 4.149
1s(2)3p(1) | 2P | 0.5 | 96495.360 | 5.18 | 5.52 | 5.417(1) 5.4181 4.149
15(2)3p(1) | 2P | Mit| 96496.645 | 5.56 | 5.52 5.522|5.431| 5.6 5.615 6.7(8)"
1s(2)4p(1) | 2P | 1.5 |118761.320| 8.07 | 8.23 | 8.086(1) 6.211
1s(2)4p(1) | 2P | 0.5 |118760.510| 8.07 | 8.23 | 8.072(3) 6.211
1s(2)4p(1) | 2P | Mt |118760.050 8.07 8.23 8.232| 8.03 | 8.3 8.312 8.5(9)d
1s(2)5p(1) | 2P | 1.5 [128972.050| 13.1 | 13.2 |12.918(4) 9.901
1s(2)5p(1) | 2P | 0.5 [128971.620| 13.1 | 13.2 |12.935(6) 9.901
1s(2)5p(1) | 2P | Mit|128971.910| 13.1 | 13.2 13.15|12.76 | 13.5
15(2)6p(1) | 2P | 1.5 |134485.610| 20.6 | 20.4 | 20.05(1) 15.432
1s(2)6p(1) | 2P | 0.5 |134485.370| 20.6 | 20.4 | 20.04(2) 15.432
1s(2)6p(1) | 2P |Mit|134485.530| 20.6 | 20.4 20.39|19.71|20.5
1s(2)7p(1) | 2P | 1.5 |137796.120| 308 | 30.3 | 20.78(2) 22.936
15(2)7p(1) | 2P | 0.5 |137795.970| 30.8 | 30.3 | 29.78(3) 22.936
1s(2)7p(1) | 2P | Mit|137796.070| 30.8 | 30.3 30.29(29.19 | 30.5
1s(2)8p(1) 2P | 1.5 [139938.180 44.1 43.3 | 42.66(4) 32.680
1s(2)8p(1) | 2P | 0.5 [139938.080 | 44.1 | 43.3 | 42.47(5) 32.680
15(2)8p(1) | 2P | Mit|139938.150 | 44.2 | 433 43.25|41.57 435
1s(2)9p(1) | 2P | 1.5 |141403.310| 61.1 | 59.7 | 58.86(7) 45.045
15(2)9p(1) | 2P | 0.5 |141403.240| 61.1 | 59.7 |58.86(14) 45.045
1s(2)9p(1) 2P | Mt |141403.290 61.1 59.7 59.69 | 57.25 | 60.1
1s(2)10p(1) | 2P | 1.5 |142449.330| 822 | 80.1 | 78.6(2) 60.606
1s(2)10p(1) | 2P | 0.5 |142449.300| 822 | 80.1 | 78.9(7) 60.606
15(2)10p(1) | 2P |Mit|142449.330| 822 | 80.1 80.03 | 76.66 | 80.5
1s(2)3s(1) | 28 |Mit| 88231.915 | 246 | 2.46 | 2.451(1) |2.461|2.473| 2.5 | 2.4497 | 2.511 | 2.545 | 2.3(3)°
1s5(2)4s(1) 28 | Mt |115464.440 4.24 4.20 | 4.174(1) | 4.199 | 4.196 | 4.3 |4.1315|4.254 | 4.486 | 5.0(3)°
15(2)5s(1) 28 | Mlt|127335.120 7.35 7.24 | 7.194(2) |7.236|7.213| 7.3 7.519
15(2)6s(1) 28 | Mit|133556.440 12.0 11.8 |11.673(2) | 11.76 | 11.70 | 12 12.210
1s(2)7s(1) | 28 |Mit|137218.780| 184 | 18.0 [17.918(4)[18.02|18.02|18.5 18.622
15(2)8s(1) | 28 | Mit|139555.160| 25.9 | 26.4 | 26.17(1) |26.34 | 26.22 | 26.5 27.174
1s(2)9s(1) | 28 |Mit|141136.300| 37.9 | 37.0 | 36.78(2) |36.99 | 36.81 | 37.5 38.023
1s(2)10s(1) 28 | Mlt|142255.840 51.5 50.3 | 49.89(7) |50.27 [50.02| 51 51.546
1s(2)3d(1) | 2D | 2.5 | 98055.100 0.892 0.862 | 0.901(1) 0.9045 0.893
15(2)3d(1) | 2D | 1.5 | 98054.570 | 0.897 | 0.862 | 0.904(1) 0.9043 0.893
15(2)3d(1) | 2D | Mit| 98054.800 | 0.897 | 0.862 0.862[0.911] 0.9 0.911 0.92(6)°



708

Lifetimes (ns) of excited levels for singly ionized beryllium.

G. Celik, B. Atalay, S. Ates

TABLE I cont.

This work
Levels Term | J Energy | WBEPM | QDO Ref. Exp.
[em™!] theory | theory [21] [=/°1 T123] T126] [1221] [27] [31] | results

15(2)4d(1) | 2D | 2.5 [119421.440| 2.02 1.99 | 2.066(1) 2.075
15(2)4d(1) | 2D | 1.5 |119421.200| 2.02 1.99 | 2.067(1) 2.075
15(2)4d(1) | 2D | Mit|119421.340| 2.02 | 1.99 1.991% | 2.081 | 2.1 2.069 g;ggg%
15(2)5d(1) | 2D | 2.5 |129310.250| 3.83 3.82 | 3.938(2) 3.984
1s(2)5d(1) | 2D | 1.5 [129310.130| 3.83 3.82 | 3.950(1) 3.984
1s(2)5d(1) | 2D | Mit|129310.200| 3.83 3.82 3.817% | 3.971| 3.9 3.940 3.5(4)¢
15(2)6d(1) | 2D | 2.5 | 134681.150 | 6.50 6.51 | 6.700(2) 6.757
15(2)6d(1) | 2D | 1.5 [134681.150| 6.51 6.51 | 6.701(2) 6.757
15(2)6d(1) | 2D | MIt|134681.150| 6.51 6.51 6.507" | 6.754 | 6.7 6.688 7.3(8)¢
15(2)7d(1) | 2D | 2.5 |137919.170| 10.2 10.2 |10.518(4) 10.650
1s(2)7d(1) | 2D | 1.5 [137919.170| 10.2 10.2 |10.522(1) 10.650
1s(2)7d(1) | 2D | Mit|137919.170| 10.2 10.2 10.23% | 10.61|10.5

15(2)8d(1) | 2D | 2.5 [140020.580| 15.1 15.2 | 15.58(1) 15.773
15(2)8d(1) | 2D | 1.5 [140020.580| 15.1 15.2 | 15.58(1) 15.773
15(2)8d(1) | 2D | Mlt|140020.580| 15.1 15.2 15.16% | 15.71| 15.5

15(2)9d(1) | 2D | 2.5 |141461.150| 21.3 21.5 | 22.01(1) 22.321
15(2)9d(1) | 2D | 1.5 |141461.150| 21.3 21.5 | 22.05(1) 22.321
15(2)9d(1) | 2D | Mit|141461.150| 21.3 21.5 21.46% | 22.22 | 22

15(2)4f(1) | 2F | 3.5 [119446.720| 4.51 4.51 | 4.525(1) 4.505
15(2)4f(1) | 2F | 2.5 [119446.590 | 4.51 4.51 | 4.531(1) 4.505
1s(2)4f(1) | 2F | MIt|119446.660| 4.51 4.51 4.510° | 4.522 | 4.5 4.523 ‘é‘%((i);’
15(2)5f(1) | 2F | 3.5 |129323.920| 8.71 8.72 | 8.734(1) 8.772
15(2)5f(1) | 2F | 2.5 [129323.850| 8.71 8.72 | 8.739(2) 8.772
15(2)5f(1) | 2F | Mit|129323.890| 8.71 8.72 8.722° | 8.739 | 8.8 8.737 9.0(8)¢
15(2)6f(1) | 2F | 3.5 |134689.230| 14.9 14.9 | 14.948(6) 14.948
15(2)6£(1) | 2F | 2.5 [134689.200 | 14.9 14.9 |14.959(6) 14.948
15(2)6£(1) | 2F | Mit|134689.220 | 14.9 14.9 14.91° [ 14.93 | 15 14.93

15(2)7f(1) | 2F | 3.5 [137924.310| 23.4 23.5 | 23.60(1) 23.474
1s(2)7f(1) | 2F | 2.5 |137924.310| 23.4 23.5 | 23.60(1) 23.474
1s(2)7f(1) | 2F | Mit|137924.310| 23.4 23.5 23.45° | 23.49 | 23.6

15(2)8f(1) | 2F | 3.5 |140024.120| 34.7 34.7 | 35.03(1) 34.843
15(2)8f(1) | 2F | 2.5 |140024.120| 34.7 34.7 | 35.01(1) 34.843
15(2)8f£(1) | 2F | Mit|140024.120| 34.7 34.7 34.72° 134.77| 35

15(2)9f(1) | 2F | 3.5 |141463.650 | 49.1 49.1 | 49.73(2) 49.261 | 49.261
15(2)9f(1) | 2F | 2.5 |141463.650 | 49.1 49.1 | 49.71(2) 49.261 | 49.261
15(2)9f(1) | 2F | Mt |141463.650 | 49.1 49.1 49.11° [49.18 | 49.3
1s(2)10f(1) | 2F | 3.5 |142493.330| 66.9 66.9 67.114 | 67.114
1s(2)10f(1) | 2F | 2.5 |142493.330| 66.9 66.9 67.114|67.114
15(2)10f(1) | 2F | Mit|142493.330 | 66.9 66.9

2

Ref. [24], ® Ref.[25], © Ref.[28], ¢ Ref. [29], © Ref. [30].

As a result of comparisons, it can be seen from Ta-
ble I that the average agreements of our lifetime values
obtained by using the WBEPM theory and the QDO
theory are £2-3% to other theoretical results [21-27],
are 9% to the semi-empirical calculations given by Ku-
rucz [31]. Experimental results are scarcely available for
comparisons, especially for highly excited states. Since
the observation of highly excited states is difficult, the

experimental results for some states considered in this
work are not available. When one considers the compari-
son values in Table I, both our results and other theoret-
ical results given in the literature are in divergence from
experimental values. Unfortunately, such deviations are
appreciable in almost all states. But, the average agree-
ments of our lifetime values are £6-20% to the experi-
mental results [28-30] given in Table I.



Radiative Lifetimes for Singly Ionized Beryllium 709

4. Conclusions

We list the lifetimes of the 85 levels in Table I. It can
be seen from Table I that there are very good agreements
between the present results and the previously published
theoretical results. Although some discrepancies are seen
with experimental results, they are all within the exper-
imental uncertainty.

The structure of ions of group II elements such as Be 11
is quite similar to that of the alkali atoms. Therefore, in
calculating transition probabilities, oscillator strengths
and lifetimes it is reasonable to use the WBEPM theory
and the QDO theory, which has been successfully applied
to numerical calculations of the atomic structure param-
eters of alkali atoms and other multi-electron systems
in previous decades [15-20]. These calculation methods
are especially useful when the large numbers of transi-
tion probabilities are required, since wave functions and
matrix elements are computed quickly and automatically
using only energy level, ionization potential data and the
expectation values of radii belonging to levels as inputs.
The configuration interaction effects and the relativistic
effects are considered partially through the use of the en-
ergy and the expectation values used in determination of
required parameters in both the WBEPM theory and the
QDO theory. In this work, some lifetimes of the higher
excited levels are obtained using the WBEPM theory and
the QDO theory through a more simple procedure.
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