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Shaking during Ion–Atom Collisions
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The shaking (shakeup and shakeoff) processes accompanying ion–atom collisions are studied using non-
relativistic hydrogenic wave functions for the K-, L- and M -shell electrons in the sudden approximation limit.
The role of recoil amplitude in the shaking processes is discussed. It is found that the suddenness of collision
between projectile and target nuclei plays a more definitive factor in the shaking of the respective atomic system
than the recoil of nuclei.
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1. Introduction

During the various nuclear and atomic interactions,
corresponding atomic system goes through the succes-
sive or an abrupt change in the central potential and/or
electronic environment. If the perturbation occurs sud-
denly enough in the atomic system, then the orbital elec-
trons may not react so rapidly to rearrange themselves.
This process subsequently leads to the electrons getting
excited to an unoccupied bound state, i.e. shakeup pro-
cess or/and leaving the parent system, i.e. shakeoff pro-
cess [1]. Collectively, these processes are called shaking
process [2]. Theoretically, shaking process is treated un-
der the sudden approximation limit [3]. It is worth to
note that a perturbation is called sudden if the time pe-
riod τ of perturbation is less than that of periodic mo-
tion, 2πω−1

n , of the orbital electrons [4]. Interestingly, the
condition of suddenness satisfies during various nuclear
processes e.g. β-decay [5, 6], α-transfer reactions [7],
positron decay [8], internal conversion [9, 10], orbital elec-
tron capture [11, 12] as well as in the atomic processes
e.g. photoionization [13], inner-shell ionization [14], etc.
In a similar phenomenon, if the atomic nucleus receives
a sudden jolt in its normal state, it may lead to the ion-
ization or excitation of electrons in the atom. During
the fast ion–atom collisions target or projectile nucleus
receives a similar type of sudden jolt, which can result in
a sudden change of the position of the respective nucleus.
Subsequently, this creates a sudden perturbation in the
atomic electronic configuration, which initiates the shak-
ing process. The sudden perturbation in the electronic
environment solely depends on the recoil of the target
atom or incident projectile ion and therefore, it affects
both the atomic systems in the same manner. Using
non-relativistic hydrogenic wave functions, the basic for-
mulation to calculate the shaking probability during the
sudden jolt of nuclei is described in the book by Landau
and Lifshitz [15]. However, the work is only limited to
the hydrogen atom case. In the present work, we have
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extended the previous work and defined the general ex-
pressions for shaking probability of recoiling nuclei for
K-, L- andM -shell electrons of corresponding hydrogen-
like atomic system.

2. Formalism of the shaking process
Basically, shaking process is a two-step process. In the

first step, the central potential or electronic environment
of parent atomic system gets disturbed due to the sudden
perturbation, while in the second step under such influ-
ence electrons get excited to a new bound state (shakeup)
or get ionized (shakeoff). In the case of ion–atom colli-
sions, the first step correlates with the sudden impact of
the projectile nuclei to the target nuclei. Whereas, the
second step corresponds to the initiation of the shaking
process. Worth to note that shaking due to the sudden
jolt of nuclei strongly depends on the first step i.e the
ion–atom recoil amplitude, whereas shaking due to other
processes e.g. inner shell ionization [14], photoioniza-
tion [13] etc. does not depend on the physical nature of
the first step.

From the general quantum mechanics, the shaking
probability of the atomic system can be determined by
the overlap integral of the wave functions of the corre-
sponding states [15–17]:

Wfi =

∣∣∣∣∫ ψ∗f ψ
(0)
i dq

∣∣∣∣2 . (1)

Here, ψ(0)
i and ψf are the stationary wave functions

corresponding to the initial state of the atomic sys-
tem with the unperturbed Hamiltonian (Ĥ0) and final
state of the atomic system with the perturbed Hamil-
tonian (Ĥ), respectively. Due to the stationary nature,
the wave functions associated with the probability den-
sity possess no time dependence and represent the form
Ψ = ψ(q) exp(− iEt/~), where the wave functions are
independent of the energy and solely depend on the po-
sition coordinates. As a consequence of the sudden per-
turbation, the electronic wave functions of the atomic
system have no time to change from initial to final states
and therefore remain the same as they were before the
perturbation. However, they will no longer represent the
characteristic wave functions of the new Hamiltonian of
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the system and thus, do not correspond to the station-
ary states. In other words, shaking phenomenon is the
imperfect overlap of the initial and final electronic wave
functions. Using non-relativistic hydrogenic wave func-
tions, Eq. (1) can be rewritten for hydrogen-like atomic
system as follows:

Wfi =

∣∣∣∣∫ ψ∗n′l′m′ψnlmdq

∣∣∣∣2 , (2)

where ψn′l′m′ and ψnlm are the initial and final state wave
functions corresponding to n, l, m and n′, l′, m′ quantum
numbers, respectively. Furthermore, the shake process
has a monopole character which only favours such elec-
tronic transitions in which the principal quantum num-
ber of the final state is different from the initial state
i.e. n′ 6= n and all other quantum numbers remain the
same. Thus, Eq. (2) can be simplified as follows:

Wfi =

∣∣∣∣∫ ψ∗n′lmψnlmdq

∣∣∣∣2 . (3)

3. Theoretical work, results and discussion

It is worth to mention that after the sudden change
in the central potential or electronic environment, each
electron has three possibilities in the new environment.
It may remain either in the same state or can make a tran-
sition to unoccupied bound state (shakeup) or gets ion-
ized to the continuum state (shakeoff). It is already men-
tioned in the previous section that shaking of atom/ion
is the sum of shakeup and shakeoff processes. So in
the other way, shaking probability can be calculated by
subtracting the probability that all the electrons will re-
main in the same initial state from the total probability
i.e. unity. This method was also applied by the earlier
workers [14, 18] to calculate the shaking probabilities fol-
lowing the inner-shell vacancy production.

Now, during the ion–atom collisions the nucleus of
the target atom/projectile ion receives an impact, which
gives it a recoil velocity v. If this perturbative im-
pact is sudden relative to the electron orbital periodical

TABLE I

Normalized non-relativistic hydrogenic wave functions corresponding to the first three shells
K-, L- andM -shell electrons [19, 20]. The spectroscopic notations have their usual meanings.

Shell n l m
Orbital

designation
Wave function ψnlm(r, θ, φ)

K 1 0 0 1s 1√
π

(
Z
a

)3/2
exp

(
−Zr

a

)
L 2 0 0 2s 1

2
√
2π

(
Z
a

)3/2 (
1− Zr

2a

)
exp

(
−Zr

2a

)
2 1 0 2pz

1

4
√
2π

(
Z
a

)3/2 Zr
a

exp
(
−Zr

2a

)
cos θ

2 1 -1 2py
1

4
√
2π

(
Z
a

)3/2 Zr
a

exp
(
−Zr

2a

)
sin θ sinφ

2 1 1 2px
1

4
√
2π

(
Z
a

)3/2 Zr
a

exp
(
−Zr

2a

)
sin θ cosφ

M 3 0 0 3s 1

3
√
3π

(
Z
a

)3/2 ( 2Z2r2

27a2
− 2Zr

3a
+ 1

)
exp

(
−Zr

3a

)
3 1 0 3pz

2
√
2

27
√
π

(
Z
a

)3/2 Zr
a

(
1− Zr

6a

)
exp

(
−Zr

3a

)
cos θ

3 1 -1 3py
2
√
2

27
√
π

(
Z
a

)3/2 Zr
a

(
1− Zr

6a

)
exp

(
−Zr

3a

)
sin θ sinφ

3 1 1 3px
2
√
2

27
√
π

(
Z
a

)3/2 Zr
a

(
1− Zr

6a

)
exp

(
−Zr

3a

)
sin θ cosφ

3 2 0 3dz2
1

81
√
6π

(
Z
a

)3/2 (
3 cos2 θ − 1

) (
Z2r2

a2

)
exp

(
−Zr

3a

)
3 2 -1 3dyz

√
2

81
√
π

(
Z
a

)3/2 (Z2r2

a2

)
exp

(
−Zr

3a

)
sin θ cos θ sinφ

3 2 1 3dxz
√
2

81
√
π

(
Z
a

)3/2 (Z2r2

a2

)
exp

(
−Zr

3a

)
sin θ cos θ cosφ

3 2 -2 3dxy
1

81
√
2π

(
Z
a

)3/2 (Z2r2

a2

)
exp

(
−Zr

3a

)
sin2 θ sin 2φ

3 2 2 3dx2−y2
1

81
√
2π

(
Z
a

)3/2 (Z2r2

a2

)
exp

(
−Zr

3a

)
sin2 θ cos 2φ

motion, it can lead to the excitation or ionization of the
electrons [15], as discussed earlier. Now, let us first dis-
cuss sudden jolt in the target nuclei, assuming the lab
frame of reference is S. After the ion–atom collision the
frame of reference is S′, which is moving with the nucleus.
Due to the suddenness of perturbation, the coordinates
of electrons remain same in S′ as in the rest frame S.

The initial wave function of electron in S′ is given by:

ψ
′

0 = ψ0 exp

(
− iq

∑
i

rß

)
. (4)

Here, q (= me

MT +ZTme

p
~ ) is the wave-vector, p is the re-

coiled target nucleus momentum in S frame, me and
MT = electron and target nuclei mass respectively,
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ZT = target nuclei atomic number and ψ0 is the wave
function of the electron when the nucleus is at rest i.e. in
the frame S. The summation is over all the Z electrons
in the corresponding atomic system.

From Eqs. (3) and (4), the required probability of elec-
tron to remain in the same state is given by:

W =

∣∣∣∣∫ ψ2
0 exp(− iq · r)dV

∣∣∣∣2 = (5)∣∣∣∣∫ ∞
0

∫ π

0

∫ 2π

0

ψ2
0 exp(− iqr cos θ)r2 sin θdrdθdφ

∣∣∣∣2 .
Similar formalism is also applicable for the projectile
nuclei. Using non-relativistic hydrogenic wave func-
tions [19, 20] given in Table I, we can get the proba-
bility of electron to remain in the same initial state after
the sudden jolt of respective nuclei by the integration
of Eq. (5). The results obtained are following:

WK
100 =

28Z8

(a2q2 + 4Z2)
4 , (6)

WL
200 =

Z8
(
2a4q4 − 3a2q2Z2 + Z4

)2
(a2q2 + Z2)

8 , (7)

WL
210 =

Z12
(
Z2 − 5a2q2

)2
(a2q2 + Z2)

8 , (8)

WL
211 = WL

21−1 =
Z12

(a2q2 + Z2)
6 , (9)

WM
300 =

[
28Z8

(
3a2q2 − 4Z2

)2 (
27a2q2 − 4Z2

)2
×
(
243a4q4 − 216a2q2Z2 + 16Z4

)2]/[(
9a2q2 + 4Z2

)12
]
, (10)

WM
310 =

[
216Z12

(
3645a6q6 − 3321a4q4Z2

+648a2q2Z4 − 16Z6
)2]/[(

9a2q2 + 4Z2
)12
]
, (11)

WM
311 = WM

31−1 =

216Z10
(
81a4q4Z − 27a2q2Z3 + 4Z5

)2
(9a2q2 + 4Z2)

10 , (12)

WM
320=

216Z14
(
1377a4q4Z−312a2q2Z3+16Z5

)2
(9a2q2+4Z2)

12 , (13)

WM
321 = WM

32−1 =
216Z14

(
63a2q2Z − 4Z3

)2
(9a2q2 + 4Z2)

10 , (14)

WM
322 = WM

32−2 =
216Z16

(9a2q2 + 4Z2)
8 . (15)

Here WK
nlm, WL

nlm and WM
nlm represent the probability

that the electrons will remain in the same shell i.e. K-,
L- and M -shell, respectively. Further, a = Bohr radius
and Z = atomic number of the corresponding atomic sys-
tem. For the case of hydrogen atom Eq. (6) reduces to the

earlier reported value [15] i.e. WK
100 = 1/

(
1 + a2q2

4

)4

.
Thus, the shaking probability can be obtained by fol-

lowing relation:
Wshaking = 1−Wnlm, (16)

Here, Wnlm is the probability of electron to remain in the
same initial state as defined in the Eqs. (6)–(15).

Thus, the shaking probability is defined by: where W
can be replaced by WK

100, WL
2lm or WM

3lm from Eqs. (6)–
(15) to get the shaking probability, Wshaking, for K-, L-
and M -shell electrons, respectively.

Fig. 1. Variation of shaking probability (Wshaking)
with respect to the aq and atomic number Z of the cor-
responding atomic system for the case of (a) 1s subshell,
(b) 2s subshell, and (c) 3s subshell.

It is found that for the values of aq � 1, the shak-
ing probability reduces to zero whereas for the values of
aq � 1 it tends to unity, which can clearly be seen in
Fig. 1. One can further observe in Fig. 1 that the condi-
tion for total shaking (Wshaking = 1) can be achieved at
comparatively lower values of aq for outer shells than the
inner shells. Interestingly during the fast ion–atom colli-
sions, condition aq � 1 is applicable in a wide range of
recoil energy (starting from keV/u). Noteworthy that ap-
plicability of the condition for sudden perturbation dur-
ing the ion–atom collisions requires higher incident en-
ergy than the required recoil energy for initiation of the
shaking process. It clearly suggests that once the sud-
den approximation condition is satisfied it will naturally
assure the limiting condition aq � 1.

4. Conclusion

A discussion on the shaking process accompanying the
ion–atom collisions is presented in the sudden approxi-
mation limit for hydrogen-like systems. Analytical ex-
pressions for the shaking probabilities have been derived
for the K-, L- and M -shell electrons using the non-
relativistic hydrogenic wave functions. It is found that
in the limiting case i.e. aq � 1, the shaking probability
reduces to zero, whereas for aq � 1 it tends to unity. In-
terestingly, the condition aq � 1 holds good even for the
low recoil cases (starting from keV/u). During the fast
ion–atom collision suddenness of impact can satisfy this
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condition very well. Thus, this study implies that dur-
ing the fast heavy ion–atom collisions, one of the most
probable channels of electron transitions is the shaking
process, which occurs due to the sudden recoil of the pro-
jectile/target nuclei.
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