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State-Space Modeling of an EPW in Discrete Time
and an Observer Design for State Variable Estimation
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The purpose of this study is to obtain the dynamic model of an electrical powered wheelchair and to estimate
the state variables of right and left DC motor currents with the designed observer. First, the dynamic equations
are written and then discrete-time state space model of the electrical powered wheelchair is directly obtained from
this dynamic equations. Discrete time state space model of the electrical powered wheelchair is verified with the
transfer function obtained using the dynamic equations. In addition, the accuracy of the estimated left and right
DC motor current values are validated in the simulation results.
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1. Introduction

According to the World Health Organization (WHO),
10% of the population worldwide suffer from some phys-
ical disability [1]. Robotics technology has grown very
fast with the advancement of navigation, control systems,
and sensors technologies. This technologies can be ap-
plied to electrical powered wheelchairs (EPWs), which
provide functional mobility for people with both lower
and upper extremity impairments. EPW control technol-
ogy under adverse driving conditions should be improved
to provide mobility and comfort for EPW users. Various
control methods of EPWs are found in literature [2–7],
which are concerned with velocity control, traction con-
trol, suspension control, stability control, stair-climbing,
and wheelchair navigation.

The most commonly controlled variable in an EPW is
speed. During normal operation, the wheelchair driver
applies command inputs using a joystick or similar de-
vice, based on their perception of the wheelchair’s speed
and direction [8]. For the speed control of the EPWs, the
state variables of the model have to be measured or es-
timated. In some conditions, measurement of some state
variables could be difficult. Therefore, in this paper, the
dynamic model of a wheelchair and an observer design
for current estimation of the right and left DC motors
are investigated. In this paper, the EPW has two wheels
and both wheels are driven separately by DC motors,
placed on one axis. Both these wheels serve for driving
and steering of the wheelchair. As a counterweight, the
EPW is equipped also with two castor wheels that are
placed in the front of the wheelchair.

Modeling is stated as identifying the principal physi-
cal dynamic effects of analyzed system by considering the
general conservative laws of the discipline of the interest
and by deriving the differential equations for describing
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the dynamical behavior of the system [8]. The MIMO
description of EPW dynamics leads to observation of
the linear and angular velocities of right and left wheels,
which are interacting with each other [9].

Although the transfer function and/or the approximate
models are generally used in literature for modeling of the
EPW [2–4, 6, 8, 9], as a contribution to the literature,
in this study the discrete time state space model of the
EPW is directly obtained from the differential and alge-
braic equations of the relevant discipline.

This paper is organized as follows; Sect. 2 gives an
overview about the equation of state space modeling in
discrete time of EPW, presents the system structure and
shows the mathematical representation of the wheelchair
dynamic model and the observer design for wheelchair
system for the state variables. Section 3 shows the sim-
ulation results of the state space model validation and
the estimated state variables via the designed observer
model. Section 4 summarizes and concludes the paper.

2. State space modeling of EPW

The EPW analyzed in this paper, has two electrical
powered rear wheels and two passive front castor wheels.
Each of the rear wheels is independently driven by a sim-
ilar DC powered motor. Using the difference between ki-
netic and potential energies of the wheelchair, Lagrange
formalism is used to derive the general set of differential
equations that describe the time evolution of powered
wheelchair.

The model of EPW is shown in Fig. 1. “O” is the center
of gravity of EPW. In this model θr and θl are angular
velocities of left and right wheels, φ describes the direc-
tion of motion, R1 is the radius of rear wheel, L is the
length between two wheels of the EPW and X vector de-
notes the variables of the directions. The state variables
of the EPW are given below as a vector matrix form;

X = [xyφ]T , θ = [θrθl]
T .

Total kinetic energy for the rotational and linear motion
of the EPW is given in Eq. (1).
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Fig. 1. Model of EPW.
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The torques (Tr, Tl) denote the moment of inertia pro-
duced by the wheels on the left and right sides of the
EPW respectively. Equivalent torque matrix is obtained
using Lagrange equation as represented in Eq. (2):[
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Electrical moment produced by right and left DC motors
is given below;

Tei(t) = Ktiiai(t), i = r,l, (3)

Tmi (t) = Jmi
dwmi (t)

dt
+Bmiwmi (t)

+N (Ti (t) + TLoadi (t)) , i = r,l. (4)
The descriptions of the EPW parameters are given in
Table I.

The electrical moments produced by DC motors must
be greater then Tr and Tl, the mechanical moments
applied to the motor shafts. Electrical moments are
equated to the mechanical moments in matrix (2), and
Eqs. (3), (4) to obtain the continuous time state space
model of the EPW.
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TABLE I

Variables of the EPW.

Symbol Description
m Total mass for person on board and wheelchair body [kg]
R1 Radius of rear wheels [m]
Jw Moment of inertia of the rear wheel [kgm2]
J Total moment of inertia with the total mass [kg m2]
L Distance between rear wheels [m]
Wi Angular velocity of right wheel DC motor [rad/s] i =r,l
Ti Moment of inertia of right wheel DC motor [kg m2] i =r,l
Tei Electrical moment of DC motor i =r,l
Tmi Mechanical moment of DC motor i =r,l
Bm Friction in the DC motor [Nm s]
Lai DC motor inductance [H] i =r,l
Rai DC motor resistance [Ohm] i =r,l
iai DC motor rotor side current i =r,l
N Gear ratio
T Sampling time [s]
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Using Eqs. (5) and (6) the system function block di-
agrams were obtained in s-domain, which are given in
Fig. 2.

Jaa and Jbb in Fig. 2 are defined as given below:
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From the general state space representation
ẋ(t) = Ax(t) +Bu(t) +Wd(t),

y(t) = Cx(t),
(9)

the continuous time state space model of the EPW is di-
rectly obtained from the Eq. (5) and Eq. (6). The state
space model is written in vector-matrix form, shown
below.
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The output matrix C is given in Eq. (11):
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Fig. 2. (a) Transfer function blocks of EPW. (b) Input-output block diagram of EPW.

Luenberger observer is designed in discrete time, for
this purpose first, state space model must be transformed
from continuous to discrete time. The sampling time is
selected as T = (La/Ra)/5 by considering La = Lar =
Lal, Ra = Rar = Ral. The disturbance effect (W = 0)
is neglected while designing the observer. Discretization
steps are described in the next section.

2.1. Discretization of continuous time state space model
The continuous-time state space model in Eq. (6) can

be discretized, assuming zero-order holds for the input u,
thus Eq. (12) is obtained:

x[k + 1] = Gx[k] +Hu[k],

y[k] = Cdx[k].
(12)

The discrete time matrices G and H can be calculated
using Eqs. (13) and (14) [10], where T is sampling time,

G = eAt
∣∣
t=T

, (13)

H =

 T∫
τ=0

eAτ dτ

B. (14)

2.2. Luenberger observer and design for EPW
The model of observer used in this study estimates the

four state variables which are velocity of the right and
left wheels of EPW (Wmr,Wml) and right and left DC

motor currents (iar, ial). Luenberger observer [6], is de-
fined by the Eq. (15).

x̂(k + 1) = Ax̂(k) +Bu(k)︸ ︷︷ ︸
Estimator

+L[y(k)− Cx̂(k)︸ ︷︷ ︸
Regulator

]. (15)

The state variables observed by Luenberger observer
are denoted by x̂(k) in Eq. (15). The observer is said
to be asymptotically stable if the observer error defined
by e(k) = x(k) − x̂(k) converges to zero when k → ∞.
The error dynamics model of the Luenberger observer is
e(k + 1) = (A − LC)e(k). L matrix is calculated using
Ackerman formula and the poles of the observer A−LC
are chosen to converge five times faster than the fastest
time constant of the system.

3. Simulation study

Simulation results are organized in two subsections.
In the first one the comparison of continuous time state
space model given in Eq. (10) with continuous time
transfer functions block, depicted in Fig. 2, is presented.
In the second subsection, the designed observer outputs
are compared with the real measurement state variables
for validation. All simulations are performed in MAT-
LAB/Simulink environment. Block diagram of the sim-
ulation study is shown in Fig. 3.
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Fig. 3. Block diagram of simulation study.

TABLE II

Parameters used in experiment.

Symbol Value Unit Description

m 90 [kg] Total mass of the wheelchair body
and person on board

R1 0.305 [m] Radius of rear wheels
Jw 0.017 [Kgm2/rad] Moment of inertia of the rear wheel

J 0.23 [Kgm2/rad] Total moment of inertia
with the total mass

L 0.53 [m] Distance between rear wheels
La 0.0016 [H] DC motor inductance
Ra 0.34 [Ω] DC motor resistance
Kt 0.17 [Nm/A] Torque constant of the DC motor

Kb 0.17 [V s/rad] Reverse electromagnetic force
constant of the DC motor

N 0.724 Gear ratio
Bm 0 [Nm s] Motor viscous friction constant
Jm 0.0011 [Kgm2/rad] Moment of inertia of the rotor
T 0.00094 [ms] Sampling time

Using the parameters from Table II and Eqs. (13)
and (14), the discrete time state space model matrices
G and H are calculated as follows:

G =


1 0.0008 0 −0.0008

−0.0906 0.8187 0 0

0 −0.0008 1 0.0008

0 0 −0.0906 0.8187

 ,

H =


0.0003 −0.0002
0.533 0

−0.0002 0.0003

0 0.533

 . (16)

The calculated observer gain matrix L is given in
Eq. (17) below:

L =


0.002 0

0.427 4.08

0 0.002

4.08 4.427

 . (17)

Discrete time observer state space model is obtained in
Eq. (18), where ŵmr = x̂1(k), îar = x̂2(k), ŵmL = x̂3(k),
îaL = x̂4(k).
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 . (18)

3.1. Validation of state space model

The EPW state space models and transfer function
control block diagrams were obtained in Sect. 2 and the
discrete time G andH matrices were calculated. The dis-
crete time state space model must be validated before
observer design. For this purpose, by comparing the re-
sponse of continuous time state space model with the re-
sponse of Laplace transfer functions block diagram, the
accuracy of the model used for observer design is vali-
dated. Simulation setup is depicted in Fig. 4 and the
results are shown in Fig. 5a and b respectively for step
inputs.

Fig. 4. Simulation study for state space validation.

Figure 5a and b shows that angular velocity of the right
wheel wr(t) and left wheel wl(t), which are the state out-
puts of EPW, are equal to Laplace transform model an-
gular velocity of right and left wheel (Wmr,Wml). The re-
sults show that the state space model is reliable for using
the observer design.
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Fig. 5. Result of real angular velocity and state space
model angular velocity, (a) right wheel with Ur = 1, (b)
left wheel with Ul = 0.5.

3.2. Observer simulation results

The Luenberger observer was designed in Sect. 2.
The discrete time observer model given in Eq. (18) was
simulated in MATLAB/Simulink and compared with real
model outputs. The results are shown in Fig. 6a and b,
respectively.

Fig. 6. Simulation results of DC motor real current
and estimated DC motor current and velocity, (a) right
wheel with Ur = 1, (b) left wheel with Ul = 0.5.

Figure 6a and b shows that estimated right iar (t)
and left ial (t) DC motor currents and the real currents
are identical. Furthermore, the estimated right and left
wheel DC motor angular velocities (Wr, Wl) are equal
to real values (Wmr, Wml). Therefore, the observer esti-
mates the DC motor state variables with a high accuracy.

4. Conclusions

Although in literature, model of the EPW is generally
obtained from approximate models or generalized trans-
fer functions, as a contribution to the literature, in this
paper a discrete time state space model of the EPW is
obtained directly from dynamic equations of the EPW.
The simulation results show that the discrete time state
space model is reliable for observer design and the Lu-
enberger observer estimates the left and right wheel DC
motor currents and velocities with a high accuracy.
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