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Theoretical Studies on the Local Structure and Spin
Hamiltonian Parameters for Single Cu2+ Ion in BaF2
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The spin Hamiltonian parameters (g-factors and the hyperfine structure constants) and local structure are
theoretically studied for single Cu2+ ion in BaF2 from the high-order perturbation formulae of these parameters
for 3d9 ions in tetragonally elongated octahedra. In the calculations, the ligand orbital and spin–orbit coupling
of the impurity Cu2+ are taken into account, based on the cluster approach. Due to the Jahn–Teller effect and
size mismatching substitution, the impurity Cu2+ is found to be located at a distance of about 0.2 Å from the
nearest fluorine plane. The signs of the hyperfine structure constants A‖ and A⊥ are suggested. The theoretical
spin Hamiltonian parameters based on the above local structure are in good agreement with the observed values.
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1. Introduction

Fluorite-type crystals MX2 (M = Sr, Ba, Ca, Cd,
X = F, Cl) are of simple cubic structures, and the diva-
lent cation M2+ is coordinated by eight X− anions which
locate at the corners of the unit cell. Many paramagnetic
ions (such as Cu2+ [1–4], Ag2+ [5], Ni+ [6, 7], Cr2+ [8],
Mn2+ [9], Fe3+ [10, 11], Ce3+ [12], Ti3+ [13]) have been
introduced into cubic fluorite-type crystals to study the
local structure of the host lattice and the electronic prop-
erties of paramagnetic impurities in these crystals by
means of electron paramagnetic resonance (EPR) tech-
nique, which would be useful to understand the proper-
ties (such as optical and luminescent properties) of crys-
tals containing ions. Based on the EPR experiments and
theoretical studies, it is found that the local structures
around many paramagnetic centers in these crystals are
of tetragonal symmetry or orthorhombic symmetry [8].
For example, Hoffmann et al. have studied the EPR spec-
tra of individual Cu2+ ion in BaF2 crystal and got the
spin Hamiltonian (SH) parameters (g‖, g⊥, A‖, A⊥) [3].
Based on the EPR results, it is found that the impu-
rity Cu2+ ions replacing the central cations do not oc-
cupy exactly the host cation site but have a large off-
centre shift along C4 axis [3]. As a result, the impurity
Cu2+ would be much more close to the fluorine plane
in the cube and the near square planar [CuF4]2− clus-
ter (i.e., the Cu2+ has a small distance ∆Z from the
plane) is formed. (Note: similar situations are also found
in other fluorine-type crystals doped with paramagnetic
ions, e.g. Cu2+ in SrCl2 and SrF2 [1, 2, 4], Ni+ in CaF2

and SrF2 [6, 7].) Till date, however, the above exper-
imental results have not been satisfactorily interpreted.
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For instance, the SH parameters were not theoretically
explained, and the relationship between the SH param-
eters and the local structure is not clarified. Since the
microscopic mechanisms of the EPR spectra and infor-
mation about local defect structures would be useful to
understand the properties of these materials containing
transition ions, theoretical studies on the SH parameters
and the local structures of Cu2+ ions in BaF2 crystals
are of fundamental and practical significance.

In present studies, the high-order perturbation formu-
lae of the SH parameters for 3d9 ions under tetragonally
elongated octahedra are adopted for analysis of the above
mentioned Cu2+ center. In these formulae, the contri-
butions from the ligand orbital and spin–orbit coupling
interactions are taken into account from the cluster ap-
proach and the energy denominators are correlated with
the local structure around the impurity Cu2+ center and
hence the local structure of Cu2+ in BaF2 can be quan-
titatively determined on the basis of the EPR analysis.
The results are discussed.

2. Calculations

For Cu2+ (3d9) ions in tetragonally elongated octa-
hedra, the lower 2E irreducible representation may be
separated into the orbital singlets 2B1(|x2 − y2〉) and
2A1(|z2〉), with the former lying lowest, while the up-
per 2T2 representation would split into an orbital singlet
2B2(|xy〉) and a doublet 2E(|xz〉 , |yz〉) [14]. In an oc-
tahedral cluster, the total single electron wave functions
including the contributions from p- and s-orbitals of lig-
ands may be written as [15, 16]:

ψt = N
1/2
t (φt − λtχpt),

ψe = N1/2
e (φe − λeχpe − λsχs). (1)

Here, the subscript γ (= t and e) denotes the irreducible
representation of Oh group. φγ is the d-orbital of the 3dn
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ion. χpγ and χs are the p-orbital and s-orbital of ligand.
Nγ denotes the normalization factors and λγ (or λs) are
the orbital mixing coefficients, they are determined from
the approximate relationships [16, 17]:

N2 = N2
t [1 + λ2tS

2
dpt − 2λtSdpt],

N2 = N2
e [1 + λ2eS

2
dpe + λ2sS

2
ds − 2λeSdpe − 2λsSds] (2)

and the normalization conditions [16, 17]:
Nt(1− 2λtSdpt + λ2t ) = 1,

Ne(1− 2λeSdpe − 2λsSds + λ2e + λ2s) = 1. (3)
Here, Sdpγ (and Sds) are the group overlap integrals. N
is the average covalency factor, characteristic of the cova-
lency effect (or reduction of the spin–orbit coupling coef-
ficient and the dipolar hyperfine structure parameter) of
the central ion in crystals. The orbital mixing coefficients
increase with increase of the group overlap integrals, and
one can approximately adopt proportionality relationship
λe/Sdpe ≈ λs/Ss between the orbital mixing coefficients
and the related group overlap integrals within the same
irreducible representation eg [16, 17]. Thus, from Eq. (1),
the spin–orbit coupling coefficients and the orbital reduc-
tion factors can be derived and given as follows [16, 17]:

ζ = Nt(ζ
0
d + λ2t ζ

0
p/2),

ζ ′ = (NtNe)
1/2(ζ0d − λtλeζ0p/2),

k = Nt(1 + λ2t/2),

k′ = (NtNe)
1/2[1− λt(λe + λsA)/2]. (4)

In the above formulae, ζ0d and ζ0p are the spin–orbit cou-
pling coefficients of the free 3dn and ligand ions, respec-
tively. A denotes the integral R 〈ns| ∂∂y |npy〉, where R is
the impurity–ligand distance of the studied system.

Based on the perturbation theory and the cluster ap-
proach [18, 19], the high-order perturbation formulae of
the SH parameters of the 2B1 ground state for 3d9 ions
in tetragonally elongated octahedra can be derived and
given as follows:

g‖ = gs + 8k′ζ ′/E1 + kζ ′2/E2
2 + 4k′ζ ′ζ/E1E2

+geζ
′2(1/E2

1 − 1/2E2
2)− kζζ ′2(4/E1 − 1/E2)/E2

2

−2k′ζ ′ζ(2/E1E2 − 1/E2
2)/E1

−geζζ2(1/E1E
2
2 − 1/2E3

2),

g⊥ = gs + 2k′ζ ′/E2 − 4kζ ′2/E1E2 + k′ζζ ′(2/E1

−1/E2)/E2 + 2geζ
′2/E2

1 + ζζ ′(kζ ′ − k′ζ)/E1E
2
2

−ζζ ′(1/E1 − 2/E2)(2kζ ′/E1 + k′ζ/E2)/2E2

−geζζ ′2(1/E2
1 − 1/E1E2 + 1/E2

2)/2E2,

A‖ = P (−κ− 4/7) + P ′[(g‖ − gs) + 3(g⊥ − gs)/7],

A⊥ = P (−κ+ 2/7) + P ′[11(g⊥ − gs)/14]. (5)

Here, gs ≈ 2.0023 is the spin-only value, and k′, k, ζ, and
ζ ′ are the orbital reduction factors and the spin–orbit
coupling coefficients mentioned in Eq. (4), respectively.
P and P ′ are the dipolar hyperfine constants related to
the interaction within t2g states and the interaction be-
tween t2g and eg states. They can be given in terms of
the corresponding free-ion values, i.e., P = NtP0 and
P ′ = (NtNe)

1/2P0, the free-ion value P0 of 63Cu2+ is
388 × 10−4 cm−1 [20]. κ is the core polarization con-
stant. The denominators E1 and E2 are the crystal
field energy levels, they can be expressed in terms of the
tetragonal field parameters Ds and Dt and the cubic field
parameter Dq:

E1 = E(2B2)− E(2B1) = 10Dq,

E2 = E(2E)− E(2B1) = 10Dq − 3Ds + 5Dt. (6)
For single Cu2+ ion in BaF2, as mentioned before, the
Cu2+ ions do not occupy the host Ba2+ site exactly, but
have a large off-centre shift along the C4 axis due to the
Jahn–Teller effect and the size mismatching substitution
(the ionic radius (≈0.73 Å [3]) of Cu2+ is much smaller
than that (≈1.56 Å [3]) of the replaced Ba2+ ion), as a
result, the impurity Cu2+ would be much more close to
the fluorine plane in the cube and the near square pla-
nar [CuF4]2− (the Cu2+ has a small distance ∆Z from
the plane) is formed. The rest four ligands in unit cell
are much further from the impurity and their influence
may be neglected for simplicity. Thus, the crystal field
parameters Dq, Ds and Dt in Eq. (6) can be calculated
from the point-charge model [21–23] and the geometrical
relationship of the studied impurity centers, and can be
determined as follows:

Dq = −eq〈r4〉/(6R′5),

Ds = −2eq〈r2〉(3cos2α− 1)/(7R′3),

Dt = −eq〈r4〉[35 cos4 α− 30 cos2 α+ 3

−7 sin4 α]/(42R′5), (7)
where q (= −e) is the effective charge of the fluorine lig-
and. In view of the admixture (or covalency) between the
central ion and the ligand orbitals [21–23], the expecta-
tion values 〈r2〉 and 〈r4〉 of the radial wave function of
the 3dn orbital in crystals can be reasonably expressed
in terms of the corresponding free-ion values [24] and the
average covalency factor N :
〈r2〉 ≈ 3.11N [a.u.], 〈r4〉 ≈ 44.80N [a.u.]. (8)

R′ ≈ (R2
fc + ∆Z2)1/2 represents the Cu2+–F− bond-

ing length from the distance ∆Z between the impu-
rity and the fluorine plane, Rfc (≈2.192 Å) denotes the
distance between the face-center site and the corner of
the same fluorine plane and can be obtained from the
crystal structure parameter of the host lattice [3]. The
α ≈ arcos(∆Z/R′) is the bonding angle between the C4

axis and the Cu2+–F− bond in [CuF4]2−. From the
distance R ≈ 2.685 Å (here R is taken as the metal–
ligand distance in host lattice) [3] and the Slater-type
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SCF functions [25, 26], the group overlap integrals Sdpt ≈
0.00031, Sdpe ≈ 0.00171, Sds ≈ 0.00058 and the integral
A ≈ 1.6647 are obtained. For Cu2+ ion in SrF2 which
is isomorphous with BaF2, the average covalency factor
N (≈ (k11 + k21 + k22)/3 ≈ 0.82) was obtained based
on the theoretical analysis of the spin Hamiltonian pa-
rameters including partial ligand orbital contributions to
these parameters [27], considering that neglecting the lig-
and orbital contributions may lead to larger spin–orbit
coupling coefficient and the orbital reduction factor (see
Eq. (4)) and hence to larger g-factors (Eq. (5)), the aver-
age covalency factor N ≈0.76 which is little smaller than
that (≈0.82) for Cu2+ ion in SrF2 can be approximately
estimated for present system. Then the molecular or-
bital coefficients Nt ≈ 0.766, Ne ≈ 0.767, λt ≈ 0.553,
λe ≈ 0.524 and λs ≈ 0.178 are calculated from Eqs. (2)
and (3). The parameters ζ ≈ 661 cm−1, ζ ′ ≈ 611 cm−1,
k ≈ 0.883 and k′ ≈ 0.594 can be determined from Eq. (4)
and the free-ion values ζ0d(Cu

2+) ≈ 829 cm−1 [17] and
ζ0p(F−) ≈ 220 cm−1 [28].

Thus, by using the formulae of g factors and hyperfine
structure constants, and fitting the calculated results to
the experimental data, we have

∆Z ≈ 0.2 Å, κ ≈ 0.343. (9)
The corresponding SH parameters are shown in Table I.
For comparison, the theoretical results based on the local
structure parameter in Eq. (9) but neglecting the ligand
contributions (i.e. ζ ′ = ζ = Nζ0d and k = k′ = N) are
also given in Table I.

TABLE I
The g-factors and hyperfine structure constants (in
10−4 cm−1) for 63Cu2+ in BaF2.

g‖ g⊥ A‖ [10−4 cm−1] A⊥ [10−4 cm−1]
cal.a 2.680 2.139 -52.7 14.8
cal.b 2.511 2.105 -107.4 7.1
exp.[3] 2.511 2.092 98.3 7
Calculation based on the local structure parameter ∆Z,
neglectinga and includingb the ligand contributions.

3. Discussion

From Table I, one can find that the theoretical SH pa-
rameters based on the high-order perturbation formulae
adopted in this work by considering the local structure
parameter ∆Z as well as the ligand orbitals and spin–
orbit coupling contributions show good agreement with
the experimental values. This suggests that the formulae
and the related parameters adopted here can be regarded
as reasonable and the EPR spectra of single Cu2+ ion in
BaF2 are satisfactorily interpreted.

1. The distance ∆Z (≈ 0.2 Å) of the impurity Cu2+
from the fluorine plane based on the analysis of the
spin Hamiltonian parameters in this work is con-
sistent with that (≈0.23 Å) based on the Fourier
transform (FT)-electron spin echo (ESE) spec-
trum [3]. Our calculations further confirm that the

Cu2+ ion is displaced out of the centre approaching
to the nearest fluorine plane along the C4 axis in
the lattice. Thus, the near square planar [CuF4]2−
is formed. In fact, for other fluorite-type crystals
doped with d9 ions, the large off-centre shift (≈
3.10 Å/2−∆Z ≈ 1.35 Å for the studied system) was
also found, e.g. Cu2+ ion SrCl2 (≈ 1.35 Å) [2], Ni+
ion in CaF2 (≈ 0.99 Å) [6] and SrF2 (≈ 1.08 Å) [7].
Therefore, the local structure parameter ∆Z of the
impurity Cu2+ center in BaF2 obtained in this work
can be regarded as reasonable. Actually, when the
host Ba2+ is replaced by the much smaller Cu2+,
the impurity may be unstable at the host site and
then suffer a large displacement due to the size mis-
matching substitution. As a result, the impurity
Cu2+ is very close to the fluorine plane and this
center can be conveniently described as [CuF4]2−.
The above local structure model and formulae are
also applied to analyze the EPR results and the
local structures for Ni+ in CaF2 and SrF2 which
may further demonstrate the validity and appli-
cability of the present calculations. According to
our calculation, the local structure parameter ∆Z
is about 0.35 Å and 0.36 Å for Ni+ in CaF2 and
SrF2, respectively, based on the cubic field parame-
ter Dq ≈ 400 cm−1 for [NiF4]3− (it should be noted
that Dq ≈ 600 cm−1 was obtained for the octahe-
dral [NiF6]5− cluster in Ref. [29]) and the average
covalency factor N (≈ 0.774 and 0.797 for Ni+ in
CaF2 and SrF2, respectively). The distance ∆Z
for [NiF4]3− is consistent with those (≈ 0.37 Å [6]
and 0.365 Å [7] for Ni+ in CaF2 and SrF2, re-
spectively) obtained in previous works based on
the simple second-order perturbation formulae of
g-factors for 3d9 ion (Ni+) under tetragonal sym-
metry and that (≈ 0.33 Å for Ni+ in CaF2) ob-
tained in the literature [30] based on the density
functional theory (DFT). The above results fur-
ther prove that the defect structure obtained in this
work is valid. In addition, the energy separations
E1 ≈ 6042 cm−1 and E2 ≈ 9134 cm−1 are obtained
based on the ∆Z and the analysis of g-factors and
one can compare them with those (E1 ≈ 8600 cm−1
and E2 ≈ 9500 cm−1) of Cu2+ ion in SrF2 [27].
Considering that the crystal-field strength around
the impurity Cu2+ ion may mainly depend upon
the distances between the impurity ion and the
nearest ligand ions (see Eq. (7), e.g., Dq ∝ R′−5)
and that the metal–ligand distance (R′ ≈ 2.20 Å
obtained in this work) for Cu2+ ion in BaF2 is
larger than that (R′ ≈ 1.97 Å [4]) for Cu2+ ion
in SrF2, the energy separations can be understood
and also support the validity of the local structure
parameter ∆Z. Thus, the relationship between the
SH parameters and the local structure is clarified.

2. The studied system exhibits significant covalency
and impurity–ligand orbital admixtures, character-
istic of the covalency factor N (≈ 0.76 < 1) and the
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obvious mixing coefficients (λt ≈ 0.553, λe ≈ 0.524,
λs ≈ 0.178) obtained from the cluster approach.
Meanwhile, the ratios (ζ + ζ ′)/2/ζ0d (≈0.77) and
the average (k + k′)/2 (≈0.74) in present work ap-
proximately account for the covalency effect. From
Table I, one can find that the theoretical SH pa-
rameters are not in accordance with the experimen-
tal results when the ligand orbital and spin–orbit
coupling contributions are ignored. Particularly g‖
is larger than the experimental data. In fact, ne-
glecting the ligand orbital contributions may lead
to larger spin–orbit coupling coefficient and the
orbital reduction factor (see Eq. (4)) and hence
to larger g-factors (Eq. (5)). Based on the stud-
ies, inclusion of the contributions from the spin–
orbit coupling coefficient and the orbitals of the
ligands lead to the variations of about 0.07 and
0.04 for the calculated g‖ and g⊥, respectively.
Therefore, for present system, the ligand contribu-
tions to SH parameters may not be ignored due to
the significant covalency effect, although the ligand
spin–orbit coupling coefficient (≈220 cm−1 [28]) is
smaller than that (≈829 cm−1 [17]) of the central
Cu2+ ion (similar situations are also found in other
crystals doped with Cu2+ ions [31, 32], e.g. Cu2+
ions in ZnO [31]).

3. It is difficult to determine the signs of the hyperfine
structure constants in EPR experiment. Therefore,
although the A-values of Cu2+ in BaF2 obtained
from EPR experiment are positive [3], they are ac-
tually absolute values. Our calculations show that
A‖ is negative while A⊥ is positive (see Calb in
Table I). The signs of A‖ and A⊥ suggested here
for tetragonal Cu2+ in BaF2 crystal are also sup-
ported by the theoretical results for Cu2+ ions in
crystals [17, 20, 33, 34] and can be considered as
reasonable. Moreover, the core polarization con-
stant κ (≈0.343) adopted here in the formulae of A
constants is closed to the expectation value 0.3 for
3dn ions in crystals [20, 35] and can be regarded as
valid.

4. The error analysis of the present treatments can
be illustrated as the following points. Firstly, the
high-order perturbation formulae of the SH param-
eters based on the cluster approach may cause some
errors. Secondly, the metal–ligand distance in host
lattice is adopted in the calculations of the group
overlap integrals, this can give rise to certain er-
rors. If the actual metal–ligand bonding length
(e.g., R′ ≈ 2.20 Å obtained in this work) is uti-
lized, the errors for the quantities (k′, k, ζ and
ζ ′) are not more than 0.4%. Thirdly, the displace-
ments of the fluorine ligands around the impurity
Cu2+ are neglected in the analyses. In fact, these
F− ions may shift slightly towards the center of
the cube with respect to large off-centre displace-
ment of the impurity Cu2+. However, these shifts

in magnitude should be much smaller than the off-
centre displacement of the impurity Cu2+ [4]. For
the sake of simplicity and reduction of number of
the adjustable parameters, the errors caused by ne-
glection of the above ligand shifts may be taken as
absorbed in the distance ∆Z and covalency fac-
tor N in present studies. Therefore, the distance
∆Z (≈0.2 Å) obtained in this work can be consid-
ered as the effective distance between the impurity
and its nearest ligand plane, similar treatments are
also adopted in previous work to investigate the lo-
cal structures of some transition metal ions in crys-
tals (e.g., KTaO3:Ni3+ [36]) [36, 37].

4. Conclusions

The local structure and the spin Hamiltonian param-
eters for the single Cu2+ center in BaF2 crystal are the-
oretically investigated from the high-order perturbation
formulae of these parameters including the ligand contri-
butions. It is found that the impurity Cu2+ locates at a
distance of about 0.2 Å from the nearest fluorine plane,
i.e., the [CuF4]2− cluster is expected. The negative sign
of A‖ and positive sign of A⊥ are suggested.
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