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Contextuality is one of the fundamental deviations of quantum mechanics from classical physics. The Kochen—
Specker theorem shows that non-contextual classical physics with hidden variables is inconsistent with the predic-
tions of quantum mechanics. Parity proof is one of the many different approaches applied to prove Kochen—Specker
theorem for quantum system with different dimensionality. This method of proof requires Kochen—Specker sets
that were composed of an odd number of bases and an even number of projectors. In most of the cases, the number
of Kochen—Specker sets produced is large and its production is generally aided by computer calculation. How-
ever, manual generation of the Kochen—Specker sets are also reported previously for qutrit and two-qubit systems.
We put forward the first and surprisingly simple method to generate manually Kochen—Specker sets, with respect
to the Mermin pentagram, that can be used for the parity proof of the Kochen—Specker theorem in a state space

of eight-dimensional three-qubit system.
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1. Introduction

The Kochen—Specker (KS) theorem [1] states that in
a Hilbert space with a finite dimension, d > 3, it is pos-
sible to produce a set of n projectors, representing yes-
no questions about a quantum system, such that none
of the 2™ possible answers is compatible with the sum
rules of quantum mechanics for orthogonal resolution of
the identity. The physical meaning of the KS theorem is
that quantum mechanics is contextual and no way to be
simulated by any noncontextual hidden-variable (NCHV)
theories. Quantum contextuality is a statement that the
result of an experiment in a hidden variable theory must
depend on which other compatible experiments are per-
formed alongside, if the hidden variable theory is to be
compatible with quantum theory. Two observables A
and B are mutually compatible if the result of A does not
depend whether B is measured before, after or simulta-
neously with A and vice versa. NCHV theories assume
that result of a measurement of an observable is predeter-
mined and independent of measurement context. A set
of maximal collection of compatible observable defines
a context.

The first theoretical proof of KS theorem is reported
by Kochen and Specker that used 117 projective mea-
surements in the real three-dimensional Hilbert space [1].
Peres’ proof [2]| drastically reduces the number of neces-
sary measurements to 33 and 24 projectors (or rays) for
three- and four-dimensional systems, respectively. Up to
now the smallest numbers of rays required in the proof
of KS theorem are 31 [3], 18 [4] and 36 [5] in three-, four-
and eight-dimensional systems, respectively. Operators
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that represent observables also used to prove KS theo-
rem. Mermin [6] used an array of nine observables for
two spin—% particles to show some kinds of logical con-
tradictions that lead to KS proof. Similar mathematical
simplicity is also demonstrated in KS proof for a three-
qubit system using ten observables [6].

The doubt about the possibility of testing KS theorem
experimentally in the real world was once arisen because
of the unavoidable finite measurement times and preci-
sion [7, 8]. Nowadays, KS theorem becomes experimen-
tally testable due to KS inequalities [9] that obeyed by all
the NCHV models but violated by quantum mechanics.
Recent affirmative results were reported for experiments
performed on different physics systems such as a pair of
trapped ions [10], neutrons [11], single photons [12], two
photonic qubits [13], and nuclear spins [14].

One of the typical methods to prove KS theorem re-
lies on the search of KS set. A KS set in dimension d
is defined as a set S of d-dimensional complex vectors,
with d > 3 and with the property that there is no map
f 8 — {0, 1} such that, for any context that represented
by an orthogonal basis in .S, one and only one of the vec-
tors is mapped to 1 [1]. Since the number of KS sets are in
generally huge, many constructions are obtained via com-
puter calculation [15, 16]. However, there are few papers
discussing elegantly the whole construction process of KS
sets, for example Bub [17] showed the details of generat-
ing 33 rays based on Schiitte’s tautology and Waegell and
Aravind showed the ways of constructing KS sets from
24 rays of Peres [18] and also that based on 60 complex
rays [19] in four dimensions. We will present explicitly a
simple method to manually construct KS sets for three-
qubit system with respect to the Mermin pentagram.

The plan of this paper is as follows. In Sect. 2, we
briefly introduce the important features for the Mermin
pentagram and give the 40 common eigenvectors that de-
rived from the mutually commuting sets of observables
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in the Mermin pentagram. We then explain the physi-
cal meaning of KS theorem by presenting a parity proof
that using 36 rays and 11 bases for three-qubit system.
The method of constructing this type of KS set as well as
the other two types with 38 rays and 40 rays, respectively,
will be presented in Sect. 3. Finally, in Sect. 4, we con-
clude by relating the patterns of constructions between
our method and previous works.

2. Kernaghan and Peres’ 40 rays

Mermin used 10 observables, which are arranged in five
groups of four, for a three qubit system to form a penta-
gram as shown in Fig. 1 [6]. Each observable has only the
eigenvalues 1 or —1. The observables in any line of the
pentagram form a mutually commuting set. The prod-
uct of the observables in any line of the pentagram is +1,
with exception of the observables on the horizontal line
for which this product is —1. This means that there are 5
measurement contexts depicted in Fig. 1. Although a KS
proof with the 10 observables that each repeat twice in
the 5 measurement contexts can be shown [6], the par-
ticular interest for this work is KS proof using projec-
tion operators (or projectors), as explained in the follow-
ing. The common eigenvectors (or rays) for the five sets

J

The common e1genvectors for {olo2c?

1 2 3 1

{0-1:0-20-27 Ogy Oz, Uz} {0102027 Oz, Oz,

of four mutually commuting operators are shown in Ta-
ble I [5]. Note that the 40 rays are labeled as R; with
i=1,2,3,...,40 and the symbol 1 is used to denote —1.

W =
—

o2 o2
Fig. 1. Mermin Pentagram. The three-qubit observ-
ables are arranged at the vertices of a pentagram.
The four observables along any line are pairwise com-
muting. Note that o,, o, and o, are operators of a
qubit. The subscripts 1, 2 and 3 on the operators re-
ferring to the first, second and third qubit, respectively.
The product of the four observables on every line of the
pentagram but the horizontal line is 1. The product of
the four observables on the horizontal line is —1.

TABLE I

1 1 2 3
Uz7 0z, O } {U G U‘L7 Ozy Og, o—:c)gv

1.2 3 2 3 1_2
Uz} and {UzUzUz7 02020z, 050202,

olo203} listed from the left to the right column. These 40 rays, labeled from R;
to Rao, were derived by Kernaghan and Peres from the Mermin pentagram.

The symbol 1 is used to denote —1.

R, | 10000000 | Rg

The outer product of a ray will give rise to a rank-1 pro-
jector, which will be denoted as P;, with¢ = 1,2,3, ..., 40.
Based on these 40 projectors, Kernaghan and Peres con-
structed a KS set with 36 rays and 11 bases, as shown
below, to prove KS theorem [5].

Pi+ P+ P+ P+ P+ P+ P+ Py =1, (1)
Pi+ P+ P+ P+ Pis+Pu+Pis+Pig=1,
Pit P+ Ps+ P+ Poy+ P+ Pog+ Py =1,

Pl +P3+ P54 Pr+ Pog+ P3g+ Py + Pyy =1,
Py+ P34+ P54 Py + Pys + Py + Pys + Pyg =1,

Py + Prg+ Pz + Pia+ Pig+ Pog + Pog + Py =1,

11110000 | R17 | 11001100 | R25 | 10101010 | R33
R [ 01000000 | Ry | 11110000 | R1s | 11001100 | Ras | 10101010 | R34
R3 | 00100000 | R11 | 11110000 | R1g | 11001100 | R27 | 10101010 | R35
R4 | 00010000 | R12 | 11110000 | R2o | 11001100 | R2s | 10101010 | Rag
Rs5 | 00001000 | R13 | 00001111 | R21 | 00110011 | R29 | 01010101 | R37
Rg | 00000100 | R4 | 00001111 | Ra2 | 00110011 | R3o | 01010101 | Rss
R7 [ 00000010 | Rq5 | 00001111 | Ra3 | 00110011 | R3q | 01010101 | Rse
Rs [ 00000001 | Ry6 | 00001111 | Ra4 | 00110011 | R32 | 01010101 | Rao

10010110
10010110
10010110
10010110
01101001
01101001
01101001
01101001

(

Py + Piy + Pig + Pis + Par + Pog + Py + Pyo = I,
Pio+ Pi1+ Pig+ Pig + Psg + P35 + Psr + Pao = 1,
Pi7+ Prg+ Po1 + Pog + Pag + Pog + P3o + P32 = 1,
Pi7+ Pyg + Pag + Po3 + P35 + Psg + Pa7r + Pyg = I,
The eigenvalues of the above 36 rank-1 projectors are 0
or 1 and the eigenvalue of 8 x 8 identity matrix, I is 1.
Since each of the projectors on the left of equality signs
repeat either twice or four times, the summation of the

values assigned to all of them must result in an even num-
ber. On the other hand, the summation of all the values
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assigned to the identity matrices on the right of equality
signs is 11, which is an odd number, a contradiction thus
occurs. In the process of value assignment, the values
are presumed to be determined by hidden variables and
pre-exists before measurement. In addition, the value as-
signment is done based on the non-contextuality assump-
tion in which all the repeated projectors must be assigned
the same value independent of the bases or measurement
contexts. The above contradiction can be removed if the
values pre-defined to the same projectors are allowed to
alter when the measurement contexts change. Thus the
contradiction demonstrated in KS proof shows that even
if there are hidden variables that predetermined the val-
ues of measurements, it must depend on the measure-
ment contexts. This is what is meant by stating that
non-contextual hidden variable theories are incompatible
to contextual quantum mechanics.

The method of KS proof that showing the impossibil-
ity of consistent value assignment between an even num-
ber of rays and an odd number of bases is called par-
ity proof. Parity proofs are of interest because they can
be used to derive KS inequalities for testing quantum
contextuality [15]. The proof shown above is an exam-
ple of parity proof and the rays used constitute a KS
set. In the above KS set, there are 28 rays (or projec-
tors, since an outer product of a ray produces a projec-
tor) that each repeat twice and 8 rays that each occur
4 times. The total 36 rays form 11 bases with 8 rays
in a basis. All these information is given in the symbol
28584-11g. Some years later, Waegell and Aravind [16]
found, through computer search, KS sets with the form
of 245144-13g and 205204-15g, and thus accomplished the
complete search of all 3-qubit KS sets with respect to the
Mermin pentagram. With the above background, we are
now ready to move on to the next section to put forward
the method of constructing all these KS sets manually.

3. Three ways to construct KS sets

All the KS sets that were generated from the 40 ray
of the Kernaghan—Peres set can be easily constructed by
the steps proposed in this section. Before the full descrip-
tion about the process, some preparations are required.
Based on the 40 rays in Table I, 25 bases are constructed
with 8 rays in a basis. We list all these bases in the circles
shown in Fig. 2 [16]. The first 5 bases composed of rays
shown in the five columns of Table I are represented in
the 5 inner circles. These 5 bases are called pure bases,
which will be denoted as x; with ¢ = 1...,5. Any two
pure bases will give rise to two hybrid bases and the cor-
responding four bases are joint by a straight line. There
are in total 20 hybrid bases which are denoted as y; with
i=1,...,20 and the numbering is shown beside the outer
circles in Fig. 2. Two hybrid bases that are connected by
a straight line are labeled as y-y’. As an example, the
pure bases 1 and z3 produce y; and yio, therefore zq,
x3, y7 and Y12 are connected by a straight line.

The key of our method rests on the selection of sets of
4 rays that are listed in Table II. These sets of 4 rays are

Fig. 2.

The 25 bases derived from the 40 rays of Ker-
naghan and Peres. Each circle represents a basis with
the 8 rays listed inside. The inner circles represent pure
bases and outer circles represent hybrid bases. The hy-
brid bases joint by a straight line are obtained equally
from two pure bases that lie on the line. Numbering for
the 20 hybrid bases are shown beside the circles.

labeled as Fi’}, wherei=1,....,5and j = 1, ..., 8 that refer
to the columns and rows of Table II, respectively, and the
subscript k refers to the k-th (k =1,2,3) of I';; chosen.
We may also interpret ¢ = 1, ..., 5 as referring to the pure
bases where these sets of 4 rays are derived from. Besides,
in our method of construction, it also requires set of 3 ele-
ments, denoted as L, that are taken from FZ.’;. As an ex-
ample, if the first set of 4 rays chosen is I'ly = {1,2,3,5},
then Ly = {{1,2,3},{1,2,5},{1,3,5},{2,3,5}}.

We now present detailed steps of construction for the
above-mentioned three types of KS sets with respect to
the Mermin pentagram. The following are steps to con-
struct 28584-11g KS sets:

S1: Choose I7;.
S2: Tick off  that contains I7}.

S53: Tick off those y that contain L and cross out the
corresponding y’. Let these ticked off y form set J.

S4: Pick a new ray (i.e., ray not contained in L) in J,
examine if it existed in the crossed out y’. If it is,
choose the next ray for examination. Otherwise,
tick off all y containing that ray, and again cross
out the corresponding y'.

S5: Repeat S4 for other rays in J until all y are checked
off (either ticked off or crossed out).
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Sets of 4 rays extracted from the 5 pure bases.
be selected, set of 3 elements, denoted as Ly is

Filg'?
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J

4 rays, denoted as

formed, and both
prove KS theorem.
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TABLE II

Each time a set of

and Lj guide the selection of bases required to
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After the execution of the above 5 steps, all the ticked
off y and the single ticked off x form a 28584-11g KS set.
For the same chosen Fl-lj, the sequence of the new rays
picked for examination in S4 and S5 will produce differ-
ent 28,84-11g KS sets. As an example, if I'f; was chosen
in S1, Ry3 was chosen in S4 followed by Rs3 and Rgzs
in S5 for examination, the KS set discussed in Sect. 2
would be obtained. Figure 3 displays how the completed
work looks like after carrying out the above construction
process.

Only slight modification of the above procedure is
needed to construct 245144-133 KS sets. The complete
steps are described as below:

S1: Choose Filj .

S2: Tick off z that contains I le

S3: Tick off those y that contain L, and cross out the

corresponding y’.

S4: Repeat S1-S3 for Ffj

S5: Repeat S1-53 for I}

S6: After S5, it remains one y-y’ which has not been
checked off yet. Tick off that basis which containing
2 rays that each repeated 3 times in the previously

ticked off y.

Note that Fi1j7 'z and Fi?} should not be picked from
the same column of Table II. The completion of the above
steps gives rise to 3 pure bases and 10 hybrid bases that
form a 245144-13g KS sets. Note that while carrying out
S51-56, any step producing crossed out y-y” will incur the
failure of the construction.

The construction of 205204-15g KS sets is the simplest,

as follows:
S1: Choose I7;.

S2: Tick off x that contains I 11]
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Fig. 3.

Completed diagram after the execution of
S1-S5 for a construction of 28584-113 KS set. In this
example, I'l; was first chosen, followed by Ris, Ros
and Rs2. The selected rays are underlined. Ticked off
bases form the KS set with 11 bases or measurement
contexts that given explicitly in (1).

S53: Tick off those y that contain L; and cross out the

corresponding 3/.

S4: Repeat S1-53 for Ffj

S5: Repeat S1-53 for FE}

S6: Repeat S1-S3 for Fi4j.

Again, note that Filj, Ffj, Ff; and Ffj should not be
picked from the same column of Table II. Any step pro-
ducing crossed out y-y’ will again incur the failure of the
construction.
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The above three ways of constructing KS sets from 40-
ray Kernaghan—Peres set clearly show the key role played
by the sets of 4 rays given in Table II. Only 1, 3 and 4 I’ Z’;
are needed to construct KS sets with 11, 13 and 15 bases,
respectively.

4. Conclusion

As one of the typical methods of Kochen—Specker the-
orem proof, parity proof that relies on KS sets was fre-
quently reported. The number of KS sets is generally
huge and most of them are produced through exhaus-
tive computer search. Nonetheless, there are no lack of
manual construction, for example those that reported
by Bub [17] for qutrit system and by Waegell and Ar-
avind [18, 19] for two-qubit system. We extend the list
by putting forward a simple method to construct man-
ually three different types of KS sets for a three-qubit
quantum system with respect to the Mermin pentagram.
These KS sets are recently used to experimentally test
the quantum contextuality [20]. Our method is simple
in the sense that it involves merely the selection of 4-ray
sets and few steps of examination. The simplicity of our
method is arisen from the relationships between pure and
hybrid bases depicted in Fig. 2. The similar relationships
can also be found for two-qubit system [18, 19]. It is thus
interesting to investigate if these relationships also exist
in higher dimensional quantum system. More specifically,
it is worthy to focus the next investigation on finding out
if other [16] observable-based KS proofs for three-qubit
system can be converted into projector-based proofs by
adopting the similar construction pattern for KS sets.
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