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In this paper, the electron-type heavy-fermion system and the hole-type heavy-fermion system are classied by
means of the cell-volume dierence between two typical valence states of f ions. Two kinds of transitions induced by
pressure are studied theoretically within a unied picture presented for both two types of heavy-fermion systems.
Among these transitions, the incoherence-to-coherence transition in the electron-type heavy-fermion system is
conrmed intensively in experiments, while the coherence-to-incoherence transition in the hole-type heavy-fermion
system is discussed as a prediction for further observations.
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1. Introduction

Eects of pressure on heavy-fermion (HF) systems
have fascinated researchers for a long time not only because of the strong inuences of the physical properties
under pressure, but also because of the transitions induced by pressure, which reveal some intricate essentials
of HF systems [114]. HF systems are a class of intermetallic compounds which contain a periodic array of
magnetic Kondo ions, involving rare-earth (4f ) or actinide (5f ) elements. The unusual properties of these
materials arise mainly from the behavior of their 4f or
5f elements [15, 16]. It is known that the external pressure is a powerful and clean control parameter for investigating the physics of strongly correlated electron systems [1114, 1720].
Moreover, pressure qualitatively acts as a mirror between Ce-based compounds and Yb-based compounds [17, 18, 21, 22]. From the ensuing theoretical and
experimental works on HF systems, considerable interest
has also arisen in the transition induced by pressure: the
incoherence-to-coherence transition (ICT) in HF materials, conrmed intensively in CeCu6 [1], CeInCu2 [24],
and UBe13 [5, 6]. From the observations, pressure increases the Kondo interaction and the itinerancy of the
f electrons, and tends to expand the temperature range
for the heavy fermion (or the Fermi liquid) behavior,
characterized by ρ(T ) = ρ0 + AT 2 . The larger quadratic
term in temperature accompanies stronger coherence, so
pressure establishes coherence in these materials [6] and
a transition comes into being [16].
One eect of the pressure is to destabilize the larger
ion [5, 1922]. Then if we investigate the pressuredependent properties on HF systems, the pressure inuences from the cell-volume dierence between f cong-
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urations due to the valence uctuation of f ions should
be taken into account. Pressure favors the f congurations with smaller volume. Based on these, a unied
theoretical description is given in this paper for the pressure induced transitions in HF systems. We would like
to point out in theory that, besides the transition mentioned above, ICT, there would exist another transition
induced by pressure: the coherence-to-incoherence transition (CIT), maybe realized in some Yb-based HF system, such as YbCu2 Si2 or YbCu4 Ag. To the best of our
knowledge, such a pressure induced transition has never
been discussed before.
2. Model

In order to consider the eects of pressure, let us introduce the volume operator. For HF systems, such as
CeAl3 , UBe13 , YbCu2 Si2 , etc., the most typical valenceuctuation ions Ce, U and Yb can exist in two valence
states: one is a singlet, f n (j = 0) with zero j ; the other a
magnetic 2j +1(= N )-fold-degenerate state, f n+1 (j, +m)
or f n−1 (j, −m) with nonzero j . The weak hybridization
of conduction electrons with the local f electrons causes
the valence to uctuate by the following changes in the
f shell occupation [2327]:
f n+1 (j, +m)
f n (j = 0) + e− (j, m) for Ce and U, (1)

f n−1 (j, −m)
f n (j = 0) + h+ (j, m) for Yb and Sm. (2)
In terms of the Coleman slave-boson (SB) technique [2325], it is given that
| f n ; j = 0il ≡ b†l | 0il ,
†
flm

(3)

| f n±1 ; j, ±mil ≡
| 0il ,
(4)
where the singlet state of f ions for a site l is represented by an SB eld bl and the magnetic multiplet states
f n+1 and f n−1 by a spin-j fermion. The fermion is an
electron e− for Ce and U, while a hole h+ for Yb and
Sm, respectively. In this paper, the numbers of channel N (= 2j + 1) = 2 would be taken for simplicity, and
two values (±1/2) are considered for m here, written as
σ from now on. Considering the cell-volume dierence
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∆Ω = Ω1 − Ω0 between two f congurations, the total
volume operator can be written as [2831]:
X
X †
Ωt =
Ωl =
[bl bl Ω0 + (1 − b†l bl )Ω1 ],
(5)
l

and Ωt is the total volume operator in the impurity
case [30, 31]:
o
Xn
ξl ΩL +(1−ξl )[b†l bl Ω0 +(1−b†l bl )Ω1 ] , (11)
Ωt =

l

where Ω0 and Ω1 are the cell volume for the singlet f n
(b†l bl = 1) and the multiplet states f n±1 (b†l bl = 0), respectively. Evidently, ∆Ω is either positive for the cells
with the electron-type (e-type) f ions (Ce and U) or negative for the cells with the hole-type (h-type) f ions (Yb
and Sm). Since the more electrons occupy f shells, the
larger the ionic radius is.
On the other hand, at low temperature region, the extrinsic eects, including defects and extended impurities,
also become dominant and the development of the coherence would be inuenced. The impurity eect of HF
systems discussed in this paper can be looked as disorder doping on the f -electron band [3238], and the nonmagnetic La-like atoms without f electrons (A atoms)
substitute the Ce-like or Yb-like atoms with f electrons
(B atoms). Such compositional disorder HF systems include Ce1−x Lax Cu6 [32, 33], Ce1−x Lax Cu2 Si2 [34, 35],
and Ce1−x Lax Al3 [36].
Using the random variable
(
1
for l ∈ A,
(6)
ξl =
0
for l ∈ B,
the disorder Hamiltonian of the system in the SB formalism readsX
†
H=
[εk c†kσ ckσ + (αεk − E0 )fkσ
fkσ ]

l

with ΩL the cell volume of an impurity site (A site),
Ω0 and Ω1 for a B site.
Following Read and
Newns [26, 27], we perform the gauge transformations
bl (τ ) = rl (τ ) exp ( i (1 − ξl )θ(τ )) ,
(12)
0

0

+

ξl (EL +

†
E0 )flσ
flσ

.

0

(15)
λl (τ ) = λl + θ (τ ),
to obtain a new functional integral (dropping primes)
#Z "
#Z
Z π/β "Y
Y
β dλl
Z=
r(τ )Dr
D[b, b† ]
2π
−π/β
τ
l
!
Z
Z
β

(7)

lσ

with
a constraint
X
†
flσ
flσ + b†l bl = 1 for l ∈ B,

(8)

σ

where (−E0 ) and EL are the energies for f electrons
on magnetic (B) and nonmagnetic (A) atoms, respectively. Other notations are standard. Then it describes
the YoshimoriKasai model (YKM) [37, 38] for HF systems with α  1 (6= 0), and the partition function of the
system with the constraint condition (8) can be written
as
#Z
Z π/β "Y
Z
β dλl
Z=
D[b, b† ] D[f, f † ; c, c† ]
2π
−π/β
l
!
Z
β

(9)

dτ L(τ ) ,
0

where

X † d
X † d
d
bl +
ckσ ckσ +
flσ flσ
dτ
dτ
dτ
l
kσ
lσ
X
X †
+H+pΩt +i
λl (1−ξl )(
flσ flσ +b†l bl − 1) (10)

L(τ ) =

X

b†l

l

0

dτ L (τ ) ,

(16)

0

where
0

L (τ ) =

X

c†kσ

kσ

+

X

+

X

+

X

+

X

†
flσ

lσ






d
+ εk ckσ
dτ


d
+ ξl (EL + E0 ) + i λl (1 − ξl ) flσ
dτ

†
fkσ
(αεk − E0 )fkσ

kσ
†
rl V (1 − ξl )(c†lσ flσ + flσ
clσ )

lσ

X
†
(1 − ξl )(c†lσ flσ b†l + flσ
clσ bl ),

× exp −

D[f, f † ; c, c† ] exp −

×

lσ

+V

(14)

ckσ (τ ) = ckσ (τ ),

kσ

X

(13)

flσ (τ ) = flσ (τ ) exp ( i (1 − ξl )θ(τ )) ,

σ

[( iλl − p∆Ω )(1 − ξl )(rl2 − 1)

l

+p(1 − ξl )Ω0 + pξl ΩL ].
(17)
Retaining the lattice periodicity, we replace i λl (τ ) by
Ef + E0 ≡ λ and r(τ ) by r. Then the eective Hamiltonian in the SB mean-eld (MF) approximation is obtained
X
†
Heff =
[εk c†kσ ckσ + (αεk + Ef )fkσ
fkσ ]
kσ
X
X
†
†
+rV
(c†lσ flσ + flσ
clσ ) +
ξl [εL flσ
flσ
lσ

lσ

†
−rV (c†lσ flσ + flσ
clσ )] + (1 − x)Ns λ(r2 − 1)

+xNs pΩL + (1 − x)Ns p[Ω0 + (1 − r2 )∆Ω],
(18)
P
where εL = EL − Ef and x = (1/Ns ) l ξl , Ns is the
total number of sites in the system. Then the volume
operator (11) can be written as
Ωt = xΩL + (1 − x)[r2 Ω0 + (1 − r2 )Ω1 ] =
xΩL + (1 − x)[Ω0 + (1 − r2 )∆Ω].

(19)

To apply the coherent potential approximation
(CPA) [39, 40], the coherent potential can be assumed
as a 2 × 2 matrix [4144]:
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S(ω, x) =

0
rV

rV
Sf f

!
(20)

,

and the self-consistent condition in single-site CPA is [45]:
(21)

xtA + (1 − x)tB = 0,
where
!
1
0 0
tA =
,
Ff f
0 −1
1
tB =
1 + Sf f Ff f

0 0
0 −Sf f

!
.

Then
Sf f Ff f = −x,
and Hamiltonian
in the CPA formalism is
X
†
†
H=
[εk ckσ ckσ + (αεk + Ef + Sf f )fkσ
fkσ

(22)
(23)

kσ
†
+rV (c†kσ fkσ + fkσ
ckσ )] + xNs pΩL

+(1 − x)Ns λ(r2 − 1) + (1 − x)Ns p
×[Ω0 + (1 − r2 )∆Ω ].
(24)
Applying the HellmannFeynman theorem as in
Refs. [26, 27], we obtain two key relations
Z
2 ∞
dωf (ω)ImFf f (ω + i 0+ ), (25)
(1 − x)(1 − r2 ) = −
π −∞
Z ∞
2V
(1 − x)r(λ − p∆Ω)=
dωf (ω)ImFf c (ω+ i 0+ ), (26)
π −∞
together with the average site Green functions (GF):
Fcc (ω) =
(27)
X
ω − αεk − Ef − Sf f
1
,
Ns
(ω − εk )(ω − αεk − Ef − Sf f ) − (rV )2
k

Fcf (ω) = Ff c (ω) =
1 X
Ns

k

(28)

rV
,
(ω − εk )(ω − αεk − Ef − Sf f ) − (rV )2

Ff f (ω) =
(29)
X
1
ω − εk
,
Ns
(ω − εk )(ω − αεk − Ef − Sf f ) − (rV )2
k

to constitute a set of self-consistent equations based
on CPA.
The f -electron density of states (f -DOS) per magnetic (B) site for each spin is calculated from
1
ImFf f (ω + i 0+ ),
(30)
Nf (ω, p∆Ω, x) = −
π(1 − x)
based on the assumption of the unperturbed DOS of conduction band r
 ω 2
2
N0 (ω) =
1−
Θ(D − |ω|),
(31)
πD
D
where Θ(x) is the step function and D  the half-width
of the unperturbed conduction band.
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For a doped HF system, when the concentration of
f ions (1 − x) increases, the itinerancy of the f electrons enhances due to the growing coherent scattering.
The system would form a coherent lattice state of a global
Kondo singlet in the high concentration region [(1−x) →
1] replacing the collection of independent Kondo impurity singlets in the dilute limit [(1−x) → 0] [4144]. After
the concentration reaches a critical value (1 − x)c = 0.7
for our choice of the parameter values here, the curve
of f -DOS changes into the concave shape from a convex one, showing the ICT induced by doping from a
Kondo impurity resonant state with single-peak structure into a Kondo coherent state with two-peak pseudogap structure. It is known that such an alloying effect induced by doping is in agreement with experiments
qualitatively [32, 33].
Now let us discuss the eects of pressure.
I) ICT in the e-type HF systems induced by pressure.
From Fig. 1a and b, for the e-type HF systems (∆Ω > 0),
such as CeCu2 Si2 [17, 18], CeCu6 [1], and UBe13 [5, 6],
pressure increases the correlation between f ions and as
well the hybridization between f and conduction bands,
and tends to enhance the itinerancy of f electrons and
the coherence of the system [16, 21, 22]. At 1 − x = 0.65
(the solid lines in Fig. 1a and b), the f -DOS still displays
with a single-peak structure (p = 0), showing the character of the Kondo impurity resonant state. When pressure
is applied (p∆Ω = 0.25D), the two-peak pseudogap appears, corresponding to the coherent state formation, and
ICT takes place. Such a transition is conrmed by the
results of the electrical resistivity in Fig. 2ac, which is
calculated based on the Kubo formula in CPA formalism [40]:


Z ∞
2e2 vF2
∂f
σ(T, p, x) =
dω
−
3π~2 Ω −∞
∂ω
X
+ 2
×
[ImGcc (k, p, ω + i 0 )] ,
(32)
k

where vF is the Fermi velocity, Ω the volume of the system and
Gcc (k, p, ω) =
ω − αεk − Ef − Sf f
(33)
(ω − εk )(ω − αεk − Ef − Sf f ) − (rV )2
is the matrix element of the eective medium GF for conduction electrons. In order to extract the information of
HF (or the Fermi liquid) behavior, the low-temperature
region of the result in Fig. 2a is used to t the formula
ρ − ρ0 = AT 2 . The coecient (or the slope of the line)
A shown in Fig. 2c changes its sign from negative to positive by the application of pressure, indicating the transition from the incoherent state to a coherent state of
the system [32, 33]. From experiments, pressure tends to
establish the coherence in the e-type HF materials, such
as CeCu6 [1], CeInCu2 [24], UBe13 [5, 6], etc. Under
high pressure, these systems have been investigated in
detail, and the crossover between incoherent and coherent scattering is studied in a controlled way by variation
of pressure.
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the coherence-to-incoherence transition of the system.
Such a CIT is conrmed from the results of resistivity in
Fig. 2df. The coecient A changes its sign from positive
to negative under pressure (Fig. 2f), showing the transition from the coherent state to an incoherent state of the
system. Although such a CIT has not been mentioned
before, we hope that it might be observed in some h-type
HF materials, e.g., YbCu2 Si2 , YbCuAl, or YbAgCu4 .
3. Summary

Fig. 1. f -DOS of the e-type HF system [(a) and (b)] at
1 − x = 0.65 and of the h-type HF system [(c) and (d)]
at 1 − x = 0.75 under applied pressure. The parameters
for the numerical calculation are chosen as V 2 = 0.3D2 ,
E0 = 1.12D, and η = 1.03. For clearness, (b) and (d)
are the enlarged ones of the signicant part of (a) and (c)
respectively, and the arrow shows the direction of the
transition induced by pressure.

In summary, two kinds of pressure induced transitions
in HF systems are studied in the vicinity of the critical
point. One of them, ICT in the e-type HF systems is conrmed in experiments, while the other, CIT in the h-type
HF systems might be observed in further measurements.
It is also found that pressure acts qualitatively as a mirror between the e-type HF systems and the h-type HF
systems [17, 18]. A transition induced by pressure in the
e-type HF systems could be looked as a mirror image
of the transition in their h-type counterparts, and vice
versa.
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