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Free-electron lasers are high power radiation sources that utilize a distributed interaction between an acceler-
ated electron beam and the electromagnetic �eld. In these devices, the electron beam serves as the ampli�cation
medium generating electromagnetic radiation, while propagating in a periodic magnetic structure called �wiggler�
or �undulator�. When electrons pass in the wiggler, they oscillate and act as a moving dipole emitting a wave packet
of undulator synchrotron radiation. Incoherent summation of the wave packets results in a spontaneous emission.
When the electrons are bunched into a short pulse, they all emit their wave packets in the same phase. The ra-
diation wave packets combine coherently, resulting in super-radiance (where the energy radiated is proportional
to the square of the electric charge). Such short bunches can be generated by an RF linear accelerator, driven by
a photocathode injector. The radiation wavelength is determined by the velocity of the electrons and the spatial
period of the undulator. The super-radiance mechanism enables the generation of intense radiation in frequency
bands, whereas conventional sources fail to produce a powerful coherent radiation. In this article, we describe the
design and analysis of ultrashort pulse free-electron laser operating at the sub-millimeter and terahertz regimes.
The free-electron laser is based on a magnetostatic planar wiggler, in which super-radiant emission is emanated by
accelerated electron bunches. A three-dimensional, space-frequency theory is developed in order to study radiation
excitation in the wiggler. The total electromagnetic �eld (radiation and space-charge waves) is presented in the fre-
quency domain as an expansion in terms of transverse eigenmodes of the (cold) cavity, in which the �eld is excited
and propagates. The mutual interaction between the electron beam and the electromagnetic �eld is fully described
by coupled equations, expressing the evolution of mode amplitudes and electron beam dynamics. The approach
is applied in a numerical particle code WB3D, simulating wide-band interaction of a free-electron laser operating
in the linear and non-linear regimes. The model is utilized to study spontaneous and super-radiant emissions
radiated by an electron bunch at the sub-millimeter regime, taking into account three-dimensional space-charge
e�ects emerging in such ultrashort bunches.
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1. Introduction

Terahertz radiation is of interest for a basic science,
medical and biological applications, spectrometry, re-
mote detection, etc. Among the applications are can-
cer diagnostics and treatment, medical imaging (espe-
cially for dentistry), high bandwidth radars and commu-
nications, remote sensing and imaging, fast spectroscopy,
and radiative power beaming. Utilization of THz radia-
tion is becoming wider as instantaneous power terahertz
sources, like free-electron lasers (FELs) are developed.

FELs are electron devices utilizing distributed interac-
tion between an electron beam and electromagnetic ra-
diation. Such devices provide intense coherent electro-
magnetic radiation over a wide range of THz frequen-
cies. When the electrons enter the wiggler, they oscillate
and emit undulator synchrotron radiation. Random elec-
tron distribution in the e-beam cause �uctuations in cur-
rent density, identi�ed as shot noise in the beam current.
The electromagnetic �elds excited by each electron add
incoherently, resulting in a spontaneous emission.
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In high-gain FELs, utilizing su�ciently long undula-
tors, the spontaneous emission radiation excited in the
�rst part of the undulator is ampli�ed along the re-
minder of the interaction region resulting in synchrotron-
ampli�ed spontaneous emission (SASE). Such well-known
FEL mechanism is widely used for generation of far ul-
traviolet and X-ray wavelengths but also for the produc-
tion of infrared and THz radiation. In SASE FELs, an
initial spontaneous emission electron beam is self ampli-
�ed along the wiggler, giving rise to non-linear beam-
radiation interaction. This results in an exponential
growth of the emission up to saturation.
When the electron beam is modulated or pre-bunched,

the �elds excited by the electrons become correlated,
and coherent summation of radiation �elds from indi-
vidual particles occurs. If all electrons radiate in phase
with each other, the generated radiation becomes coher-
ent super-radiant emission [1], resulting in an enhance-
ment of undulator super-radiant emission of short elec-
tron pulses. Energy chirping is a well-known technique
used in accelerator physics for density compression of
electron pulses. In an ESR FEL, it is suggested to cause a
longitudinal density compression of short electron pulses
just inside the FEL interaction region, i.e. inside the
wiggler.
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TABLE

Operational parameters for the Israeli THz FEL.

Accelerator

type photo-injector RF-LINAC

beam energy Ek = 5.5 MeV

pulse duration Tb > 0.1 ps

bunch charge Qb = 30−500 pC

Wiggler

magnetic induction Bw = 2 kG

period λw = 25 mm

Waveguide

rectangular 15× 10 mm2

In the present work, we consider an FEL which is de-
signed to be driven by trains of short electron pulses,
produced by a photo-injector RF linear accelerator (RF-
LINAC). The Israeli RF-LINAC FEL project under de-
velopment is considered here as an example of such a
radiation source [2]. Basic operational parameters of the
FEL are given in Table. Two possible con�gurations of
the FEL are considered and compared in the work: a self
ampli�ed spontaneous emission (SASE) FEL, and an en-
hanced super-radiance (ESR) FEL [3].

2. The simulation model

To simulate and compare between both FEL con�g-
urations, 3D space-frequency approach [4] was applied.
The method is based on an expansion of the high-
frequency electromagnetic �eld in terms of transverse
eigenmodes of the medium (free-space or a waveguide)
in which the �eld is excited and propagates. The per-
pendicular component of the electric and magnetic �elds
are given in any cross-section as a linear superposition of
a complete set of transverse eigenmodes

Ẽ⊥ (r, f) =∑
q

[
C+q (z, f) e− ikzqz + C−q (z, f) e+ikzqz

]
Ẽq⊥ (x, y) ,

H̃⊥ (r, f) = (1)∑
q

[
C+q (z, f) e− ikzqz − C−q (z, f) e+ikzqz

]
H̃q⊥ (x, y) .

C+q (z, f) and C−q (z, f) are scalar amplitudes of the q-th
forward and backward modes, respectively, with electric
�eld Ẽq⊥ (x, y) and magnetic �eld H̃q⊥ (x, y) pro�les and
axial wave number

kzq =


√
k2 − k2⊥q, k > k⊥q (propagating modes),

i
√
k2⊥q − k2, k < k⊥q (cut-o� modes).

(2)

Expressions for the longitudinal component of the elec-
tric and magnetic �elds are obtained after substituting
the modal representation of the perpendicular �elds into
Maxwell's equations, where source of electric current den-
sity J̃ (r, f) is introduced

Ẽz (r, f) =
∑
q

[
C+q (z, f) e− ikzqz

−C−q (z, f) e+ikzqz
]
Ẽqz (x, y) +

i

2πfε0
J̃z (r, f) ,

H̃z (r, f) =
∑
q

[
C+q (z, f) e− ikzqz

+C−q (z, f) e+ikzqz
]
H̃qz (x, y) . (3)

The interaction between the electromagnetic �eld and
the gain medium is fully described by a set of coupled
equations, expressing the evolution of mode amplitudes
along the interaction region

d

dz
C±q (z, f) = (4)

∓ e± ikzqz

Nq

∫ ∫ [
Zq

Z∗q
J̃⊥ (r, f)± ẑJ̃z (r, f)

]
Ẽ∗q (x, y) dxdy.

The normalization of the �eld amplitudes of each mode
is made via each mode's complex Poynting vector power

Nq =

∫ ∫ [
Ẽq⊥ (x, y)× H̃∗q⊥ (x, y)

]
ẑdxdy (5)

and the mode impedance is given by

Zq =


√
µ

ε

k

kzq
=

2πfµ0

kzq
for TE modes,√

µ

ε

kzq
k

=
kzq

2πfε0
for TM modes.

(6)

The model was realized in a numerical code WB3D and
has been successfully applied to the analysis of various ef-
fects in FEL devices [5�11]. The electron beam pulse is
considered in the model as a consisting of charged elec-
tron �macro-clusters� distributed over the beam. An ini-
tial distribution of the clusters in the beam is of great im-
portance in simulations of radiation emission processes.
Random Gauss longitudinal distribution of a �xed num-
ber (Nq = 300) of equal charges was considered in the
present work. Unfortunately this approach results in an
arti�cial level of the beam spontaneous emission due to
introduction of �electron clusters� instead of real elec-
trons, which prevents from a correct description of radi-
ation build-up process starting from spontaneous emis-
sion of a noisy drive electron beam. However this simple
model seems to be adequate enough in description of a
coherent emission of ultrashort (shorter than the radia-
tion wavelength) or bunched electron beam. To improve
the description of spontaneous emission and of transi-
tion e�ects, uni�ed model of electron beam short noise
from [12] was also applied to simulate the initial electron
beam short noise in a wide frequency range.

3. Numerical results

The simulations were carried out supposing the beam
energy of Ek = 5.5 MeV, which corresponds to the FEL
synchronism frequency of fs ≈ 2.96 THz (λs ≈ 100 µm).
Typical spectrum of SASE emission is illustrated in Fig. 1
where an example of SASE radiation spectrum obtained
at di�erent points of the wiggler is shown. The example
corresponds to the Qb = 0.5 nC electron beam pulse of
relative duration fsTb ≈ 2. A uni�ed model of electron
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beam short noise was applied in order to simulate an ini-
tial distribution of 3501 clusters. The total power of the
emitted radiation is demonstrated in Fig. 2 as function of
the wiggler length (in the units of the wiggler's period).
The results presented were received in the uni�ed model
of electron beam short noise for electron beam pulses of
the charges of Qb = 0.1, 0.5, and 1.0 nC. Convergence of
the results with the number of macro-clusters considered
in the simulations is also shown.

Fig. 1. Example of SASE radiation spectrum obtained
at di�erent points of the wiggler.

Fig. 2. SASE FEL power build-up.

Enhanced super-radiance can be achieved in FELs
driven by a train of short electron pulses which are sub-
jected to a controlled energy chirp. Coherent emission
of an electron bunch is strongly depressed if the bunch
is about the radiation wavelength long or longer. En-
ergy chirp gives rise to a longitudinal density compres-
sion of the bunch just while it propagates along the wig-
gler, enhancing super-radiance [3]. We consider such FEL
con�guration as a competitor to SASE in construction
of compact FELs for the terahertz frequency spectral
range. Simulations of ESR FEL were carried out sup-
posing the Lw = 1 m long wiggler (Nw = 40 periods);
a shorter wiggler can actually be taken, depending on

Fig. 3. Radiation spectrum of ESR FEL.

the initial beam pulse duration, and on the energy chirp
rate. Figure 3 demonstrates the radiation spectrum of
ESR FEL, obtained in the example of the beam charge
of Qb = 30 pC, and of the initial relative beam pulse du-
ration fsTb ≈ 1. A proper choice of the energy chirp rate
(dE/dt ≥ 0.6 MeV/ps in the example given) provides a
remarkable increase in the total radiation power (about
two orders of magnitude) as one can see in the picture.
This energy chirp rate level means the total energy vari-
ance during the beam pulse of

∆E /Eb =
1

Eb

dE

dt
Tb ≈ 3.6%. (7)

Fig. 4. ESR FEL power dependence on the chirp rate.

Such energy chirping can be achieved in RF-LINAC
FEL scheme by means of some phase de-synchronization
of the accelerated electron pulses relative to the accel-
erating electromagnetic wave in the RF-LINAC cavities,
similar to the application of the �phase-matching� section
within the FEL beam line [1]. Figure 4 shows dependence
of the radiation power on the energy chirp rate used.
Radiation power obtained in the both FEL con�gura-

tions considered is presented in Fig. 5 as a function of
the beam charge. Up to considerably high beam charges
where space-charge e�ects reduce a coherent emission,
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Fig. 5. Radiation power of ESR and SASE FELs as a
function of the beam charge.

the power in both FEL con�gurations seems to grow lin-
early with the beam charge squared which is character-
istic to super-radiant emission process.

4. Conclusions

Simulations of SASE FEL with initial random Gauss
distribution of macro-charges seem to overestimate the
saturation power and the saturation length. The uni-
�ed model of electron beam short noise [12] is applied
instead to a more realistic description of an initial spon-
taneous emission of noisy drive beam (short noise) and
of the transition radiation build-up process. In contrast,
nearly the same results were received in simulations of
ESR FEL in both models. This di�erence can be ex-
plained by a much stronger bunching taking place in ESR
FEL (bunching factor of about 5�6% in comparison with
more than 90% at SASE and at ESR FELs, respectively).
In ESR FEL, most of the radiation is emitted coherently
at the moment of a maximum density compression of the
beam pulse; spontaneous emission has a negligible e�ect
at this moment.
A considerably long (about 100 periods) wiggler is re-

quired for a SASE FEL in order to enable saturation.
The beam bunching is found to be rather weak, and
the power of the emitted radiation is much lower than
that of ESR FEL driven by electron bunches with simi-
lar charges. Spectrum of SASE emission includes a num-
ber of narrow peaks, competing each other at satura-
tion. At the range of the beam charges considered, the
power of saturated SASE emission is found to demon-
strate a super-radiant proportionality to the beam charge
squared.
An ESR FEL utilizes short (the radiation wave-

length or shorter) electron bunches with a controlled
energy chirping. Train of such bunches can be ob-
tained by means of a photo-injector RF-LINAC enabling
some phase desynchronization of the accelerated electron
pulses relative to the accelerating wave. At a proper

chirping, ESR FEL is found to provide a high beam
bunching, promising a high e�ciency of such radiation
source. Unfortunately, destructive space-charge forces
emerge to reduce ESR FEL e�ciency if overcharged
bunches are applied. To overcome this limitation, low-
charged bunches at a higher bunch repetition rate can be
used.
The coherence of the resulted ESR is dependent on the

e�ective wiggler length and chirp rate. Spectral qual-
ity of the ESR FEL radiation is similar to that of other
single-pass FEL con�gurations. Utilization of a resonat-
ing structure improves coherent features of excited radi-
ation. Concluding, ESR FEL seems to be a perspective
concept for construction of a photo-injector, THz spec-
tral range RF-LINAC FEL being under development in
Ariel university in cooperation with UCLA.
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