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This work deals with the problem of ultrasound in the context of biomedical and clinical applications. Ultra-
sonic waves can be used for the separation of cells in human blood. Under the in�uence of ultrasonic waves cells
included in the liquid experience a certain characteristic displacement was referred to as drift. Presented work
suggests that only radiation pressure should be taken into account as a mechanism of drifting in this situation. It
has been demonstrated that the growth of cells concentration around the points of stable equilibrium is exponential.
The time constant of this growth was estimated and the formulae which determine the time needed to obtain the
assumed concentration increase have been derived. The theoretical studies of acoustic agglomeration of particles
in the liquid have become a new focus in the ultrasonic research.
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1. Introduction

The in�uence of ultrasonic waves on the di�racting
phase is interesting by itself as one of the fundamental
physical e�ects of ultrasound. The physical properties
of ultrasound and their complex interactions with hu-
man tissues led to the fact that they are an important
tool in medicine [1]. In this work we explore physical
and engineering principles of acoustics and using ultra-
sound for medical applications [2�4]. The interaction of
ultrasonic waves with dispersions can be used for sepa-
rating the cells from the liquid. These mechanisms are
very complex processes and their theoretical descriptions
are not completely established. Many mechanisms have
been described to explain a motion (drift) of particles
in an ultrasonic �eld. This motion of particles (cells) in
an ultrasonic �eld consists of monotonically approach-
ing to the stable equilibrium point or quasi periodical
vibration with amplitude damping. The ultrasonic wave
accelerates the transport of cells to the minimal zone of
potential drift force. This kinetics process depends on
the ultrasonic �eld, the liquid and cells parameters. We
consider the question of time variation of particle concen-
tration under the in�uence of drift force. We show that
the concentration at the points of stable equilibrium in-
creases exponentially.

2. The theory outline

Under the in�uence of the standing wave ultrasonic
�eld the cells are directed to the �at of minimum po-
tential of drift forces. A few mechanisms responsible for
cells motion in the standing wave �eld are proposed in
the literature [5]. The drift forces determine the result
of interaction between a dispersed phase and a medium
vibration. The review of the drift forces should begin
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with the so-called radiation drift related to the radiation
pressure. Calculating the di�erence between the momen-
tum of the incident wave and that of a wave scattered on
a particle gave an expression of the radiation drift force
FDR, the R-type drift in short. The asymmetry drift re-
sults only from the fact that the motion of the medium
in the standing wave is asymmetric � the asymmetry
of medium oscillations resulting from the standing wave
amplitude dependence on position. That is the reason
why we use the index A for this force FDA, the A-type
drift in short. Another type of a drift, the L-type drift
in short, is connected with periodic changes in the vis-
cosity of the medium, which in turn result from periodic
changes in temperature in a standing wave �eld.
The drift forces show the same dependence on the po-

sition. It appears that, irrespective of the mechanism
of the occurrence of such forces, they can be described
by formula FD(x) = F0 sin(2kx). The potential related
to their action has the form UD(x) = F0(2k)

−1 cos(2kx).
The position of the potential minima depends on the sign
of the constant F0, describing the maximum value of the
drift force. For F0 > 0 the minima of potential coincide
with the value 2kx = (2n + 1)π, giving the equation of
the planes of antinodes. In turn, for F0 < 0 the drift
forces gather cells at the nodes of the standing waves. It
is clear that the sign of the constant F0 has no e�ect on
the kinetics of the process of cell transport. Although
there exists an extensive literature on the interaction of
ultrasonic waves with particles, all these works deal with
the one dimensional case.

3. Results and discussion

For all types of drift, irrespectively of the considered
mechanism of the phenomenon, the equation of motion
of particle is of the form

mpẍ+ 6πηrpẋ = FD sin(2kx), (1)

wheremp �mass of a particle, rp � particle radius, x�
position measured along wave propagation direction, η�
kinematic viscosity of the liquid, k � wave number, FD

(234)
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denotes the amplitude of the drift force. Dividing Eq. (1)
by mp, we obtain AD, which denotes the maximum value
of the drift force acceleration

ẍ+ τ−1ẋ = AD sin(2kx), (2)

where the relaxation time

τ =
2ρpr

2
p

9η
(3)

the value of which depends on the parameters of cells and
the coe�cient of the Stokes resistance connected to the
viscosity of the medium, characterizes the e�ect of the
resistance on the motion.
For all types of the drift the formulae of the drift force

acceleration are following: for A-type drift:

ADA = −1

2
ρ−1
g kµ2

pE (4)

for R-type drift:

ADR = 2kρ−1
p µ2

gE (5)

for L-type drift:

ADL =
9

4
(κ− 3)ηr−2

p (ρpρgc)
−1µ2

gE (6)

where the entertainment coe�cient

µp =
1√

1 + ω2τ2
(7)

is the �ow-around coe�cient

µg =
ωτ√

1 + ω2τ2
. (8)

The entertainment coe�cient (7) is the coe�cient of
proportionality between the vibration amplitudes of the
medium and the cell, along with the �ow coe�cient (8),
it satis�es the relation µ2

p + µ2
g = 1.

Fig. 1. Absolute values of the drifts force acceleration
as a function of frequency.

Figure 1 presents plots of AD versus wave frequency
for all types of drift. In order to calculate values for
the graph we have adopted the following values for
the parameters describing the cells, the �uid (plasma)
and the acoustic �eld: density of red blood cells ρp =
1080 kg m−3, rp = 4 × 10−6 m, density of plasma
ρg = 1070 kg m−3, c = 1550 m s−1, κ = 1.33, η = 4.62×
10−3 N s m−2, average energy density E = 100 J m−3,
frequencies: 105 to 107 Hz. It can be observed that the
e�ect of the drift force is much greater than that of grav-
ity (g ≈ 10 m s−2). The analysis of the plots indicates

that the R-type drift is the strongest, it dominates. The
R-type drift should be taken into account as a mechanism
of separating the cells from the plasma.

4. The density distribution

Denoting by N = N(x, t) the number of particles per
unit volume in a plane described by coordinate x at in-
stant t the equation of conservation of the number of
particles (the continuity equation) is then

∂

∂x
(Nup) +

∂

∂t
N = 0, (9)

where ẋ ≡ up = VDR sin(2kx) and VDR = τADR is the
drift velocity amplitude. The values of VDR depended
strongly on the particle radius and frequency via the co-
e�cients µp, µg which de�ne FDR. After some algebra
we obtain for the radiation drift

VDR = 2
ρg
ρp

(ωτ)3[1 + (ωτ)2]−1E

R
(10)

where R � acoustic impedance, in acoustics is the resis-
tance of the medium, expanding wave ultrasound.
We assume that at the instant t = 0, the distribution

function was constant and equal to N0. Thus we have,
after some manipulations

N(x, t) =
N0

sin2(kx) exp(−δt) + cos2(kx) exp(δt)
, (11)

where δ = 2kVDR.
The quantity δ−1 is thus the time constant of the ex-

ponential growth of the concentration in the regions of
stable equilibrium.

Fig. 2. The R-type drift velocity amplitude as a func-
tion of frequency.

Figure 2 presents the plot of VDR and δ−1 versus fre-
quency. The changes of the concentration of the cells as
a function of position and time on the basis of formula
(11) is shown in Fig. 3. The white color indicates the
maximal concentration, the black color � the minimal
concentration. The analysis of these graphs shows that
multiple increase of the concentration takes place within
a few seconds. As you can see at the node of the stand-
ing wave the concentration decreases as N0 e

−δt, while it
increases at antinodes as N0 e

δt.
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Fig. 3. The concentration of the cells as a function of position and time for f = 5× 105 [Hz].

5. Conclusions

In conclusion, it can be stated that the R-type drift
force directs cells to the antinodes of the standing wave
and acts in the most e�cient way on cells with radii of the
order of 10−6 m [6]. For the above listed values of acoustic
wave parameters, the R-type drift e�ectively gathers the
cells around the equilibrium positions in the time shorter
than 3 s.
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