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Combinatorics of Lax Objects in Bethe Ansatz
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Algebraic Bethe Ansatz, also known as quantum inverse scattering method, is a consistent tool based on the
Yang�Baxter equation which allows to construct Bethe Ansatz exact solutions. One of the most important objects

in algebraic Bethe Ansatz is a monodromy matrix M̂ , which is de�ned as an appropriate product of so-called Lax

operators L̂ (local transition operators). Monodromy matrix as well as each of Lax operators acts in the tensor

product of the quantum space H with an auxiliary space C2. Thus M̂ , when written in the standard basis of

auxiliary space, consists of four elements Â, B̂, Ĉ, D̂, which are the operators acting in quantum space H, where B̂

and Ĉ are step operators and the remaining generate all constants of motion. In this work a consistent method of

construction of the Bethe Ansatz eigenstates in terms of objects â, b̂, ĉ, d̂ i.e. matrix elements of the Lax operators
in the auxiliary space is proposed.
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1. Introduction

Let us consider the one dimensional Heisenberg XXX
model. The set of nodes Ñ = {j = 1, 2, . . . , N} is equally
spread on a circle and each node is occupied by the
spin s = 1/2. Therefore, each magnetic con�guration is

described by the mapping f : Ñ → 2̃, presented by

|i1, i2, . . . , iN 〉 , ij ∈ 2̃ for j ∈ Ñ where 2̃ := {−,+}.(1)
The set of all magnetic con�gurations of the form (1)
constitutes the con�guration space Q of the system. The
Hilbert space H of the model is spanned over the basis
Q. Dynamics of the system is governed by the Hamilton
operator

ĤN = J

N∑
j=1

(σ̂xj σ̂
x
j+1 + σ̂yj σ̂

y
j+1 + σ̂zj σ̂

z
j+1 − IN ), (2)

where J is the coupling constant, σ̂i are standard Pauli
matrices, and

σ̂ij = Î ⊗ . . . Î ⊗ σ̂i︸︷︷︸
j

⊗Î . . .⊗ Î .

Bethe eigenstates of this Hamiltonian are parametrized
by sets of the so-called spectral parameters
{λ1, λ2, . . . , λr′}, and the latter are solutions of the
Bethe Ansatz equations [1](

λj + i/2

λj − i/2

)N
=

r′∏
k 6=j

λj − λk + i

λj − λk − i
, (3)

where r̃′ is the set of the Bethe pseudoparticles.

2. Algebraic Bethe Ansatz for a magnetic ring

One of the main ingredients of algebraic formulation

of Bethe Ansatz is the Lax operator L̂j,a(λ) de�ned as:
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L̂j,a(λ) = λÎH ⊗ ÎV + i
∑
α

ŝαj ⊗ σ̂α, (4)

where ÎH and ÎV are unit operators in the physical and
auxiliary space [2, 3]. It can be written in a form

L̂j,a(λ) =

(
λÎ + iŝzj ŝ−j
ŝ+j λÎ − iŝzj

)
=

(
âj(λ) b̂j

ĉj d̂j(λ)

)
, (5)

and the set of matrix elements of L̂j,a(λ) i.e.

{â(λ), b̂, ĉ, d̂(λ)} will be referred to as that of the Lax
objects. Construction of the Bethe vectors in algebraic
Bethe Ansatz (ABA) requires monodromy matrix

M̂(λ) := L̂N (λ) . . . L̂1(λ) =

(
Â(λ) B̂(λ)

Ĉ(λ) D̂(λ)

)
, (6)

where B̂(λ) and Ĉ(λ) are, respectively, the creation and
annihilation operators for a magnon with the rapidity
lambda when created from the ferromagnetic saturation

state, whereas Â(λ) + D̂(λ) form the transfer matrix
which yields, e.g., the Hamiltonian

Ĥ =
i

2

d

dλ
ln
(
Â(λ) + D̂(λ)

)∣∣∣∣
λ=i/2

− N

2
Î . (7)

Any eigenvector can be written in terms of opera-

tor B̂(λ):

|λ1λ2 . . . λr′〉 ∼=
r′∏
α=1

B̂(λα) |0〉 , (8)

where spectral parameters λ̃ are solutions of (3), and |0〉
is the vacuum state. Examples of such collections can be
found in [4�8].

3. Combinatorics of Lax objects

The dimension of the physical space H is 2N and the
dimension of H ⊗ V is 2N+1 and both exponentially
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increases with the length of the spin chain. A way to
overcome this problem comes from the fact that matrix

of M̂(λ) by its de�nition is sparse therefore it is less com-
putational consuming to de�ne it by its matrix elements
from the set M̃M

M̂(λ) =
∑

m̂∈MM

m̂(λ), (9)

where

m̂(λ) =
∏
j∈Ñ

x̂j(λ) (10)

is a monomial of degree N , with factors

x̂(λ) ∈
{
â(λ), b̂, ĉ, d̂(λ)

}
. (11)

This statement is supported by the fact that Lax objects
act e�ectively only on the space of a single node

x̂j(λ) = Î2 ⊗ . . .⊗ x̂(λ)⊗ . . .⊗ Î2, (12)

â(λ) =

+ −
+ p 0

− 0 q

b̂ =

+ −
+ 0 0

− i 0

ĉ =

+ −
+ 0 i

− 0 0

d̂(λ) =

+ −
+ q 0

− 0 p

,

where p = λ+ i/2, q = λ− i/2. The set of all monomials

M̃M decomposes into subsets

M̃M = M̃A ∪ M̃B ∪ M̃C ∪ M̃D, (13)

thus each of operators Â(λ), B̂(λ), Ĉ(λ), D̂(λ) may be
written as

X̂(λ) =
∑

m̂∈M̃X

m̂(λ), X ∈ {A,B,C,D}. (14)

A useful classi�cation of monomials m is provided by the
weight w(m) = (wa, wb, wc, wd) where wx is simply the
number of the Lax object of type x in m. Obviously

wa + wb + wc + wd = N. (15)

In terms of Eq. (10), each monomial is a word of length
N composed from Lax objects, and formally number of
all combinations is 4N . Important question is which of

them are needed to construct ABA operators Â(λ), B̂(λ),

Ĉ(λ), D̂(λ). Elementary properties of those operators
imply the following relations:

wb = wc, m ∈ M̃A or m ∈ M̃D, (16)

wb = wc + 1, m ∈ M̃B , (17)

wc = wb + 1, m ∈ M̃C . (18)

Final construction of monomials comes along with prop-
erties of Eq. (10) and matrices of the Lax objects. This
procedure can be simply visualized by introducing a
frame consisting of 2(N + 1) points spread equally be-
tween two levels of Fig. 1, where levels 1 and 2 can be
chosen from the set {p, q}. With respect to the scheme
proposed in Fig. 1 each of the Lax objects is represented
by the edge connecting points for adjacent j's, and each

Fig. 1. The frame for graphic construction of monomi-
als m̂.

monomial can be viewed as a quasi-continuous path with-
out branches. Figure 2 presents one of possible conven-
tions of choosing levels 1 and 2.

Fig. 2. Convention of graphic representation of the

Lax objects â, b̂, ĉ, d̂. Within this convention, if a path
terminates after the �rst j steps at the level 1(2), then
the next step can be either a or c (b or d), in accor-
dance with the multiplication rule of consecutive Lax
operators.

According to this choice, each of monomials belonging

to operators Â(λ), B̂(λ), Ĉ(λ), D̂(λ) is represented by a
unique path of the shape from Fig. 3.

Fig. 3. Paths representing operators

Â(λ), B̂(λ), Ĉ(λ), D̂(λ).

Quasi-continuity of paths provides all necessary and
very simple rules of choice, for example: allowed mono-

mial must have ĉ between two operators b̂, or â must be

linked with d̂ by appropriate operator b̂ or d̂.
The action ofm(λ) on arbitrarily chosen magnetic con-

�guration |fa〉 reads
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m(λ) |fa〉 =


0, if Ñ+ ∩ Ñc 6= ∅

or Ñ− ∩ Ñb 6= ∅
iwb+wcpuqv |f ′a〉 otherwise,

(19)

where disjoint decompositions Ñ = Ña∪Ñb∪Ñc∪Ñd and
Ñ = Ñ+ ∪ Ñ− are de�ned by m̂ and |fa〉 , respectively.
Ñx is the set of nodes on which m̂ is acting via the Lax
object x̂. Ñ+ and Ñ− are sets of nodes in which |fa〉
has spins + and −. Therefore exponents u, v are given
by

u = |Ñ+ ∩ Ña|+ |Ñ− ∩ Ñd|,
v = |Ñ+ ∩ Ñd|+ |Ñ− ∩ Ña|.

(20)

Equation (19) has interesting consequences, i.e.
� if m̂ and m̂′ are di�erent and the action of at least one
of them on |fa〉 is nonzero then

m(λ) |fa〉 6= m′(λ) |fa〉 , (21)

which implies that each matrix element of M̂ is repre-
sented by only one monomial m̂.
� requirement for non-zero action with properties (16)�
(18) yields strict bounds on the numbers wb and wc.
Therefore it is convenient to classify monomials with

respect to the numbers wb or wc:

MAr = (22)⋃
m∈MA

{m|w(m) = (wa, r, r,N − wa − 2r)} ,

MBr = (23)⋃
m∈MB

{m|w(m) = (wa, r, r − 1, N − wa − 2r + 1)} ,

MCr = (24)⋃
m∈MC

{m|w(m) = (wa, r − 1, r,N − wa − 2r + 1)} ,

MDr = (25)⋃
m∈MD

{m|w(m) = (wa, r, r,N − wa − 2r)} .

There are ful�lled the following summation rules:

|MAr| = |MDr| =
(
N

2r

)
,

|MBr| = |MCr| =
(

N

2r − 1

)
, (26)

[N/2]∑
r=0

(
N

2r

)
= 2N−1,

[N/2]+1∑
r=1

(
N

2r − 1

)
= 2N−1, (27)

where [N/2] denotes integer part of N/2.

Another important classi�cation comes from the fact
that relation (19) associates r0 of rs of spins −1/2 with

the Lax objects b̂, therefore rs−r0 remaining ones can be
freely distributed over arbitrarily accessible nodes. That
allows to compute the number of nonzero matrix elements
m̂ in the sector with rs spins −1/2 for the all of operators
Â, B̂, Ĉ, D̂, as

Z(m|rs) =
(
N − 2r0
rs − r0

)
,

m ∈MAr0 or m ∈MDr0 (28)

Z(m|rs) =
(
N − 2r0 + 1

rs − r0

)
,

m ∈MBr0 or m ∈MCr0 . (29)

4. Conclusions

Combinatorics of the Lax operators is a simple
and convenient way of calculating monodromy matrix.
Therefore it provides very simple algorithm for genera-
tion of the Bethe eigenvectors. Arbitrariness of distribu-
tion of the Bethe pseudoparticles over the set of nodes is
the formal consequence of nonlocality of the model.
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