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We consider a mixed system of hadronic and quark-gluon plasma (QGP) phases in a finite volume, and use a
phenomenological approach with two phases matter equations of state to study the occurring deconfinement phase
transition with varying temperature and/or chemical potential. We take into account massive particles in both
phases, and calculate several physical quantities describing well the system at the phase transition. We probe
the behaviour of these quantities, by examining their variations with temperature and volume at fixed chemical
potential, as well as with chemical potential and volume at fixed temperature, in three dimensional plots, and
obtain the finite size effects on the deconfinement phase transition.
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1. Introduction

It is well confirmed that quantum chromodynamics
(QCD) at finite temperature exhibits a behaviour of a
phase transition, since at sufficiently high temperatures
and/or densities, quarks and gluons are no more confined
into hadrons. Strongly interacting matter undergoes a
phase transition from hadronic state to a deconfined state
called “quark-gluon plasma” (QGP), which seems to have
existed in the early moments of the universe, up to times
≈ 10−5s, and which could be created in ultrarelativis-
tic heavy-ion collisions occurring in accelerators. There,
collisions take place in a finite size, and the study of the
effects of size finitude is necessary. Phase transitions are
known to be infinitely sharp, signaled by some singular-
ities, only in the thermodynamic limit [1]. In previous
works [2, 3], one of us has studied such effects for the de-
confinement phase transition (DPT) using massless par-
ticles in a first approach. In the present work, we take
into account massive particles in both phases, and calcu-
late several physical quantities allowing to probe the be-
haviour of the system at the phase transition as in [4, 5],
but now we examine the finite size effects for the ther-
mal (temperature driven) DPT as well as for the density
driven DPT. We use the phase coexistence model [2, 3],
and calculate the equations of states of both hadronic gas
phase (H-phase) constituted of massive pions and QGP
phase containing massive strange quarks additionally to
massless u and d quarks. The mixed H-QGP phase sys-
tem has a finite volume: V = VH + VQGP , and the pa-
rameter h representing the fraction of volume occupied
by the H-phase: VH = hV is then defined. Thus, the
value h = 1 corresponds to a total H-phase and h = 0 to
a total QGP phase.
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2. Finite size rounding
for the thermal and density driven
deconfinement phase transition

We probe the behaviour of the most important ther-
modynamical quantities by examining their variations
with temperature T and volume V at vanishing chem-
ical potential µ = 0, as well as with chemical poten-
tial and volume at fixed temperature, using the common
valueB1/4 = 145 MeV for the bag constant. The main
quantities of interest are the order parameter 〈h(T, V, µ)〉,
which is simply in this case the mean value of the
hadronic volume fraction, the entropy density 〈s(T, V, µ)〉
and the energy density 〈ε(T, V, µ)〉, where:
〈s(T, V, µ)〉 = sQGP + (sH − sQGP )〈h(T, V, µ)〉
, (1)〈ε(T, V, µ)〉 = εQGP + (εH − εQGP )〈h(T, V, µ)〉

with:
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k being the momentum and ms,mπ the strange quark
and pion masses, respectively.

Figure 1 shows the three-dimensional plots of the or-
der parameter (left), the energy density normalized by
T 4 (middle) and the entropy density normalized by T 3

(right), vs. temperature and volume, at a vanishing
chemical potential µ = 0. The first-order character of
the transition is showed by the step-like rise of the order

parameter, as well as the normalized energy and entropy
densities, when approaching the thermodynamic limit,
at a true transition temperature TC(∞). This sharp dis-
continuity reflects the existence of a latent heat accompa-
nying the phase transition. The quantities 〈ε(T, V )〉/T 4

and 〈s(T, V )〉/T 3 are traditionally interpreted as a mea-
sure of the number of effective degrees of freedom; the
temperature increase causes then a melting of the con-
stituent degrees of freedom frozen in the hadronic state,
making the energy and entropy densities attain their
plasma values. In small systems, the phase transition
is rounded since the probability of presence of the QGP
phase below TC , and of the hadronic phase above TC
are finite because of the considerable thermodynamical
fluctuations. The transition region around the transition
temperature is then broadened, acquiring a bigger width
δT (V ), smaller is the volume.

Fig. 1. Mean value of (left) the order parameter, (middle) the energy density normalized by T 4 and (right) the entropy
density normalized by T 3 as functions of temperature T and system size V , at µ = 0.

Fig. 2. Mean value of (left) the order parameter, (middle) the energy density and (right) the entropy density as
functions of chemical potential µ and system size V , at the temperature T = 99 MeV.

Similarly, Fig. 2 shows the 3-D variations of the order
parameter, the energy and entropy densities with chemi-
cal potential and system volume, at a fixed temperature
T = 99 MeV. The first–order character of the transition
can, also in this case, clearly be seen from the sharp dis-
continuity of the three quantities at a transition chemical
potential µC(∞), at the large volume limit. In small sys-
tems, the transition is perfectly smooth over a broadened
region of chemical potential of width δµ(V ).

Figure 3 shows the 3-D variations of the specific
heat density c(T, V ) (left) and the susceptibilityχ(T, V )
(right) with temperature and system volume at µ = 0.
These quantities are the derivatives of the energy den-
sity and the order parameter respectively, with respect
to temperature. It can clearly be seen that the delta
function singularity of both quantities occurring in the
thermodynamical limit is smeared out, in a finite volume,
into a finite peak of width δT (V ). For decreasing volume,
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Fig. 3. The specific heat density (left) and the susceptibility (right) as function of temperature and volume at µ = 0.

the widths of the peaks get larger while their heights
cmax
T (V ) and χmax

T (V ) decrease. Similar variations are
also abtained for the specific heat density c(µ, V ) and
the susceptibility χ(µ, V ), which are now obtained re-
spectively by derivating the energy density and the order
parameter with respect to chemical potential.

Finite size effects in the case of the thermally driven
as well as the density driven DPT, can then be summa-
rized in the following points: the rounding of disconti-
nuities, or equivalently the smearing of singularities at
the level of the first derivatives, and the broadening of
the transition region. To these effects can be associated
three useful characteristic quantities for each of the two
transitions, namely, the maxima of the peaks of both
thermal susceptibility χmax

T (V ) and specific heat density
cmax
T (V ), and the width of the transition region δT (V )
for the thermal DPT, and for the density driven DPT,
the maxima of the peaks of both susceptibility χmax

µ (V )
and specific heat density cmax

µ (V ), and the width δµ(V )
over which the transition is rounded off. Each of these
quantities can be considered as an indicator of the order
of the occurring transition, and is expected to exhibit a
scaling behaviour in the form of a power law of the vol-
ume V , characterized by a scaling critical exponent. For
a first-order thermal phase transition, the set of power
laws is: χmax

T (V ) ∝ V γ ; cmax
T (V ) ∝ V α; δT (V ) ∝ V −θ,

where the scaling exponents γ, α, θ have been shown in
the finite-size scaling theory to be all equal to unity [6].

The results of the present work with power law vari-
ations on the form: χmax

T (V ) ∝ V γT cmax
T (V ) ∝

V αT ; δT (V ) ∝ V −θT for the thermally driven DPT, and:
χmax
µ (V ) ∝ V γµ ; cmax

µ (V ) ∝ V αµ ; δµ(V ) ∝ V −θµ for the
density driven DPT, give scaling exponents γT , αT , θT
and γµ, αµ, θµ all equal to unity, similarly to the re-
sults of [2, 3], where a finite size scaling analysis gave:
γT = αT = θT = 1, signaling a first order thermal DPT.

3. Conclusion

In this work, we found that the behaviour of thermody-
namic quantities characterizing the deconfinement phase
transition in a finite volume, in the presence of massive
particles, is similar to the case of massless particles [2, 3],
signaling a first order character of the transition.
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