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In this study, the buckling of functionally graded (FG) orthotropic cylindrical shells with shear deformation
subjected to a lateral pressure is discussed. The stability and compatibility equations for FG orthotropic cylindrical
shells on the basis of first order shear deformation theory (FOSDT) are derived. The expressions for non-dimensional
critical lateral pressure on the basis of FOSDT and classical shell theory (CST) are obtained. The parametric
studies are carried out to investigate the influences of shear deformation, orthotropy and heterogeneity on the

non-dimensional critical lateral pressure.
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1. Introduction

In many practical applications, shell type structural
elements have to work under radiation and high temper-
ature environment which causes non-homogeneity in the
material. However, the non-homogeneity of the materials
stems from the effects of humidity, surface and thermal
polishing processes and methods of production, which
render the mechanical properties of materials, vary with
space variables [1, 2]. The shear deformation plays a sig-
nificant role in the buckling behavior of shells composed
of traditional and new generation composites. If the ef-
fect of shear deformation is not considered, it can lead
to significant errors for the buckling loads of composite
cylindrical shells. Thus, the shear deformable shell the-
ory (SDST) becomes more interesting than the classical
shell theory (CST) [3]. Due to the increased relevance
of the FG orthotropic cylindrical shells in the design of
aerospace structures, their buckling characteristics with
account taken of combined effect of non-homogeneity and
shear deformation has vital importance [4]. In this study,
the buckling of shear deformable FG orthotropic cylindri-
cal shells under a lateral pressure is investigated.

2. Formulation of the problem

Figure 1 shows the nomenclature of a circular cylindri-
cal shell with radius R, length L and thickness h. The
cylindrical shell subjected to uniform lateral pressure.
The origin of the coordinate system (Oxzyz) is located
at the end of the shell on the reference surface, in which
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x and y are in the axial and circumferential directions
and z is in the direction of the inward normal to the
reference surface, respectively. Assume that the Young’s
moduli and shear moduli of the orthotropic materials are
linear functions of the coordinate in the thickness direc-
tion [2]:

Ei1 = Eoi(1+ pz), By = Epa(1 + pz),

G12 = Goi2(1 + p2), Gz = Gois(1 + p2),

Goz = G023(1 + M5)7 zZ= Z/h, (1)
where Ey; and FEypo are Young’s moduli of H or-
thotropic material along = and y directions, respectively;
Goi2, Go13, Goas are shear moduli which characterize an-
gular changes between principal directions x and y,  and
z,y and z, respectively; p is the variation coefficient of
Young’s moduli and shear moduli and satisfies 0 < p < 1.

%

Fig. 1. Nomenclature and coordinate system of a
cylindrical shell under a lateral pressure.

The equations relating the stresses to strains for shear
deformable FG orthotropic cylindrical shells, in term of
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structural axes coordinates are given by the following ma-
trix equations [5]:

o1 Qu1(2) Q12(2) 0 €1
09 = | Q2(2) Q2(2) 0 g2 |,
012 0 0 QGG(E) €12

o3\ | Qss(2) O €13
<023> B l 0 Q44(5)] (523 ) @)

where Q;;(Z) are the FG orthotropic stiffness which are
related to engineering elastic constants.

The shear deformation shape function is distributed
hyperbolic cosine manner through the shell thickness,
ie., f(2) = cosh(z) — cos(1/2) [3]. In accordance with
the FOSDT, the strains at Z distance from the reference
surface of the FG orthotropic cylindrical shell are given
as follows [3]:

0 .
€1 = &€] — W,z +101¢aa: )
0 .
€2 = &9 — ZW,yy +102¢7y )

12 = €Yy — 22W,ay +Ho10,y +o2¥s (3)
where a comma denotes partial differentiation with re-
spect to the corresponding coordinates, w is the displace-
ment, ¢ and v are the angles of rotation, £9,e9,{, are
strains on the reference surface and the following defini-

tions apply:

Ioi = / £(2)/Cs(2)dz,
0

0

The force and moment resultants are defined as follows

[5]:

h/2
(Th, T2, Ti2,Q1,Q2) = /(01,02,012,0137023)d27
—h/2
h/2
(My, M3, M) = / (01,02,012)2dz, (5)
—h/2

where 77 and T5 are normal forces; T2 is the tangen-
tial force; Q1 and Q) are shear forces; M; and M, are

1
PLcr —
ST m%REog
[m3/R + bagmi + (b1 — bsz + baa)mim3 + bramf]

bzzmiL + (biz + b31 + b21)m%m% + bnmg
where b;;,¢;; (4,5 = 1,2,3,4) are parameters depending
on the material properties and shell characteristics.

4. Numerical analysis

A parametric study is intended to provide information
on the buckling response of homogeneous and hetero-
geneous orthotropic cylindrical shells based on FOSDT

bending moments and M, is the torque moment.

The relations between the normal and tangential forces
and Airy stress function are expressed as follows [2, 5]:

(T1,Th2, To) = M@y , =Py, Proar) (6)

Substituting (3) into Eq. 2, then taking into account the
resulting relations in Eq. 5, after some mathematical re-
arrangements, the relations found for normal and shear
forces, moments and strains, and then considering these
relations in the stability and compatibility equations [3]
together with the relation (6), the following partial dif-
ferential equations for FG orthotropic cylindrical shells
in matrix form are obtained:

L1y L1z L1z Ly @ 0
Loy Loy Loz Loy w| |0 )
L3y L3z L33z L34 ¢ 0
Lyy Lyo L4z Lag (0 0

where L;; (4,7 = 1,2,3,4) are differential operators and
are given in [2].

3. Solution of basic equations

The ends of a FG cylindrical shell are considered as
simply supported, so that the solution can be described
by [3]

& = (O, sin(my ) sin(may),

(max)
w = Cfsin(mqz) sin(may),
¢ = Cy cos(mqx) sin(may),
(

1 = Cy sin(my x) cos(may) (8)
where Cy,,Cy,Cy,Cy are unknown coefficients, m; =
mmn/L,ms = n/R, in which, m is the half wave num-
ber in axial direction and n is the wave number in the
circumferential direction. Substituting (8) into a set of
equations (7), the following expression is obtained for
PE&yr of FG orthotropic cylindrical shell based on the
FOSDT:

Ler A22A11 — A2 Aag

Prospr = N2 REo, 9)
where \;; (i,j = 1,2) are parameters depending on the
material properties and shell characteristics. The expres-
sion of PLS for FG orthotropic cylindrical shell based on
the CST, as follows:

{[6137’)1411 + (014 + 2632 + ng)m%mg + Cg4m%} + [m%/R - Clgmzll - (011 - 2631 + ng)m%mg - Cglmg]

(10)

and CST. Figure 2 shows the variation of PkSpr and
Pégff for homogeneous and heterogeneous (linear func-
tion) cylindrical shells versus R/h for L/R =2 and 3.
The material properties for homogeneous orthotropic ma-
terials are considered as Ey1/Ep2 = 25, Goi2/Ep2 =0.5,
G023/E02 = 0.2, G013 = G012, V12 = 0.25 [5] It is ob-
served that the values of PLiéip and PLS for homo-
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geneous and FG orthotropic cylindrical shells decrease
with increasing R/h. The effect of non-homogeneity
on the values of PLS and P5&: of the orthotropic
cylindrical shell changes irregularly, as R/h increases.
In addition, this influence on the values of PLSypr is
higher than P55, For example, the influence of non-
homogeneity on PLSL, is (%13.88; %13.94; %12.82;
%13.33) and (%13.36; %12.04; %11.54; %9.68) and on
the values of P55 is (%6.84; %7.14; %6.33; %4.44) and
(%6.06; %6.42; %5.66; %6.45) as R/h =20; 30; 40; 50
respectively, for L/R =2 and 3, respectively. The dif-
ference between the values of PESs and P for FG
orthotropic shells is reasonable (about 10%), whereas,
this difference for homogeneous orthotropic shell is very
slight. The effect of shear deformation on the PiSinr
irregularly decreases, as R/h increases.

0.5 -
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04 3 "\ —+— HomFOSDT —+— HomFOSDT
——-—-Hom CST —-#-Hom CST
.

2 0.3 4 ——— NH Lin FOSDT —=— NH Lin FOSDT
13X 4 ——+ - NHLmn CST ————NH L C5T
-
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0 . . .
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Fig. 2. Variations of PESpr and PES: for H and FG

cylindrical shells versus R/hfor different L/R.

5. Conclusions

The buckling of shear deformable FG orthotropic cylin-
drical shells under a lateral pressure is investigated. The
expressions for non-dimensional critical lateral pressure
on the basis of FOSDT and CST are obtained. The nu-
merical results support the following conclusions: The
critical lateral pressures for homogeneous and FG or-
thotropic cylindrical shells decrease with increasing R/h.
The effect of non-homogeneity on the critical lateral pres-
sures changes irregularly, as R/h increases. The influence
of non-homogeneity on the values of PLSspr is higher
than P5&. The difference between the values of PL&ipr
and PEEL for FG orthotropic shells is reasonable.
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