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The e�ects of random transverse crystal �eld are investigated in the mean-�eld approximation on the spin-1
model. The transverse crystal �eld is applied on a lattice in a bimodal random distribution with a tunable parameter
adjusting the strength of one mode with respect to the other one. Then, the phase diagrams are calculated on the
reduced temperature-transverse crystal �eld planes for given values of probability p and coordination number q at
zero external magnetic �eld h. It was found that the model gives both second- and �rst-order phase transitions
and tricritical points which is a well-known behavior of the spin-1 model. In addition, the model also yields critical
end points and end points for the �rst-order phase transition lines for appropriate p values.
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1. Introduction

The existence of crystal �eld (CF) in the spin-1 Ising
model, called as the Blume�Capel (BC) model, leads
to the �rst-order phase transitions and tricritical points
(TCP). This is caused by the competition between the
bilinear exchange interaction and CF which are uniaxial,
i.e. both are along the z-axis. Instead of the uniaxial
one, the CF along the x-axis, i.e. transverse to the bi-
linear exchange interaction parameter direction, is also
very interesting, therefore, it has been getting a lot of
attention.
The e�ects of transverse CF were investigated for dif-

ferent spin systems. One of the �rst works studies the
structure of phase transitions for spin-one Heisenberg fer-
romagnet with uniaxial and biaxial single-ion anisotropy
which was investigated within the mean-�eld approxima-
tion (MFA) [1]. The next one uses the MFA and random
phase approximation to investigate the thermodynamic
properties of spin-one Heisenberg ferromagnet with uni-
axial and biaxial anisotropy [2]. The magnetic properties
of spin-one Heisenberg ferromagnet with general crystal
�eld potential were investigated by using the linked clus-
ter expansion [3]. In addition to these, the ferromagnetic
spin-1 Ising model with transverse CF was studied within
the framework of e�ective �eld theory (EFT) on honey-
comb, square, and cubic lattices [4]. The phase diagram
of the spin-1 Ising model in the presence of a biaxial CF
anisotropy was studied within the framework of a varia-
tional approach which was based on the Bogolyubov in-
equality for the free energy and where the e�ects of trans-
verse CF Dy on the phase diagram in the T�Dx plane
were investigated [5]. The magnetic properties of spin-1
Ising model were studied with transverse CF and exter-
nal magnetic �eld within the framework of the EFT with
a probability distribution technique which accounts for
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the self-spin correlations. The in�uence of transverse CF
on the phase diagrams, hysteresis loops and susceptibil-
ity was discussed [6]. A ferromagnetic spin-1 Ising model
with transverse CF term was investigated by means of
mapping to the usual spin-1/2 transverse Ising model
and the location of the T = 0 quantum critical point was
determined exactly in one dimension [7]. The ferromag-
netic spin-1 Ising model with biaxial CF on honeycomb
lattice was studied in the EFT with correlations and the
e�ects of the biaxial anisotropy parameters on the phase
diagrams and tricritical points were investigated [8].

The ferromagnetism of spin-3/2 Ising model with
transverse CF on honeycomb, square, and simple cu-
bic lattices was investigated within the framework of
the EFT with correlations [9]. The critical behavior
and magnetic properties of the spin 3/2 Blume�Emery�
Gri�ths model were investigated on a square lattice
within the framework of EFT based on the use of a proba-
bility distribution technique and the e�ects of transverse
CF on the magnetic properties were examined [10]. The
ferromagnetic spin-2 Ising model with transverse CF was
studied within the framework of the EFT on honeycomb,
square, and cubic lattices [11]. The mixed-spin and bi-
layer models were also considered in the study of the
transverse CF. The magnetic properties of mixed spin-
1/2 and spin-1 Ising model on honeycomb lattice were
investigated within the framework of a generalized star-
triangle mapping transformation. The particular atten-
tion was focused on the e�ects of uniaxial and biaxial CF
anisotropies that basically in�uence the magnetic behav-
ior of the spin-1 atoms [12].

The critical behaviors of mixed spin-1/2 and spin-sB
Ising system with transverse CF were studied by the use
of EFT with correlations and e�ects of the transverse CF
on transition temperatures were investigated numerically
for honeycomb and square lattices [13]. The phase dia-
grams of ferromagnetic or ferrimagnetic bilayer system
consisting of two magnetic monolayers (A and B) with
di�erent spins (SA = 1/2; and SB = 1; 3/2) and dif-
ferent interaction constants coupled together in a trans-
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verse CF were studied within the framework of the EFT
with correlations [14]. Using the EFT with a proba-
bility distribution technique that accounts for the self-
spin-correlation functions, critical temperature and layer
longitudinal magnetizations of ferromagnetic or ferrimag-
netic mixed Ising bilayer system with both spin-1/2 and
spin-1 (or spin-3/2) in transverse CF were studied and
their averages were examined [15].

In addition, the randomness may also change the crit-
ical behaviors of the system considerably, therefore, the
random CF (RCF) e�ects on the spin models were also
studied by using many approximate techniques in which
the uniaxial RCF e�ects were mostly considered. The
randomness of the transverse CF was not considered
as much, i.e., only a few works can be reported. The
phase transition properties of the spin-1 Blume�Emery�
Gri�ths model with random transverse CF were studied
by the EFT on simple cubic lattice. The phase diagrams
were obtained in the T�Dx space with the ratio α be-
tween the biquadratic interaction and the exchange inter-
action as well as a tunable parameter l of the transverse
CF [16]. The critical properties of random transverse CF
Ising model with bond dilution were studied on a square
lattice with EFT. Under both weak and strong bond di-
lution conditions, three cases (α = 0;±0.5) of transverse
CF ratio was considered in obtaining the global phase di-
agrams in T�Dx space for the changes in random trans-
verse CF concentration [17]. The magnetic properties
and phase diagrams of a ferrimagnetic multilayer system
consisting of L layers of spin-1/2 A atoms, L layers of
spin-1 B atoms and a disordered interface in between
that is characterized by a random arrangement of A and
B atoms of ApB1−p type and a negative A�B coupling,
were studied within the framework of EFT. The e�ects
of transverse CF Dx on the magnetic properties were ex-
amined [18]. It is clear that the random transverse CF
e�ects on the spin systems have only been considered in
the EFT, therefore, it is also necessary to analyze the
model with some other techniques.

There are also some materials which display the evi-
dence for the existence of the biaxial crystal �elds. The
biaxial CF has e�ects on the magnetic properties of some
polymeric molecular-based magnetic materials, such as:
NiF2 [19], NiNO3 ·6H2O [20], Ni(CH3COO)2 ·4H2O [21],
Mn(CH3COO)2 ·3H2O [22], CoF2 [23], CoCl2 ·6H2O [24],
and a series of compounds Fe(dc)2X [25], where X stands
for halids and dc for the dithiocarbamate or diselenocar-
bamate groups, respectively (see also [12]).

Therefore, in this work, we consider the e�ects of ran-
dom transverse CF on the spin-1 model in the mean-�eld
approximation (MFA). The transverse CF is applied to
the lattice in a bimodal form. While one of the modes
having the transverse CF values Dx, the other one is
adjusted with a tunable parameter to αDx with prob-
abilities p and 1 − p, respectively, throughout the lat-
tice. After having obtained the order-parameters and
free energy, the phase diagrams are obtained on the
(∆x = Dx/J, kT/J) planes for constant transverse CF

case when q = 3, 4, 5 and 6 and for transverse RCF case
on a square lattice (q = 4). The latter case was inves-
tigated in detail by varying the probability p with an
increment of ∆p = 0.1 in the range (0, 1) for the values
of α = 0,±0.5 and �1.0. Then, the global phase diagrams
on the (∆x, kT/J) planes were calculated and discussed.
The rest of this work is organized as follows. The next

section is devoted to the formulation of the model in
terms of the MFA. The last section includes our illus-
trations and �ndings in addition to a brief summary and
conclusions.

2. The formulation

The Hamiltonian for the spin-1 model including the
transverse RCF e�ects may be given as

H = −J
∑
〈i,j〉

Szi S
z
j −

∑
i

Dx
i (Sxi )2 − h

∑
i

Szi , (1)

where J is the bilinear exchange interaction between the
nearest-neighbor (NN) spins, h is the longitudinal exter-
nal magnetic �eld, Dx

i is the random transverse CF along
the x-axis and 〈i, j〉 indicates the summation over the NN
spins. Sxi and Szi are the components of spin-1 operator
at site i which are given in the matrix form as

Sxi =
1√
2

 0 1 0

1 0 1

0 1 0

 and Szi =

 1 0 0

0 0 0

0 0 −1

 .(2)

It is assumed that the random transverse CF for the site
i is distributed according to

P (∆x
i ) = p δ(∆x

i −∆x) + (1− p)δ(∆x
i − α∆x), (3)

with ∆x
i = Dx

i /J and α is a tunable parameter which
adjusts the strength of the transverse CF.
Using the mean-�eld approximation, H in Eq. (1) may

be put in the form

−βHMFA = −β
∑
i

H(i)
MFA, (4)

where

−βH(i)
MFA = βqJSzS

z
i + βDx

i (Sxi )2 + βhSzi , (5)

with Sz = 〈Szi 〉, β = 1/(kT ), k is the Boltzmann constant
and q is the number of the NN's.
In order to calculate the components of the order-

parameters, i.e. the dipolar and quadrupolar moments,
the partition function is needed which is given by the
de�nition as:

Zi = Tr(i) exp(−βH(i)
MFA) =

eλ1 + eλ2 + eλ3 , (6)

where −βH(i)
MFA can be represented with the below ma-

trix as

−βH(i)
MFA = (7) β(qJSz +Dx

i /2 + h) 0 βDx
i /2

0 βDx
i 0

βDx
i /2 0 β(−qJSz +Dx

i /2− h)


and the eigenvalues of which are the desired λ's in Eq. (6).
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After a straightforward calculation of the determinant in
Eq. (7), the eigenvalues are found to be

λ1 = βDx
i ,

λ2 =
β

2
[Dx

i +
√

(Dx
i )2 + 4(qJSz + h)2],

λ3 =
β

2
[Dx

i −
√

(Dx
i )2 + 4(qJSz + h)2], (8)

or in terms of the reduced quantities β′ = βJ,H = h/J
and ∆x

i = Dx
i /J , they are given as

λ1 = β′∆x
i ,

λ2 =
β′

2
[∆x

i +
√

(∆x
i )2 + 4(qSz +H)2],

λ3 =
β′

2
[∆x

i −
√

(∆x
i )2 + 4(qSz +H)2]. (9)

After having found the eigenvalues of the Hamiltonian,
we can now insert them into Eq. (6) to obtain the explicit
form of the partition function. Thus, the free energy can
now be calculated from the partition function by using
the de�nition F = −(1/β) lnZi, that is

f =
F

J
= − 1

β′
ln[eλ1 + eλ2 + eλ3 ], (10)

which will be used to obtain the order parameters of
the model. Thus, the dipolar moment, or magnetiza-
tion, along the z-axis is given in terms of the eigenvalues,
i.e. Eq. (9), as

Sz = 〈Szi 〉 = −∂F
∂h

=

1

β

∂ lnZi
∂h

=
Tr(i) [Szi exp(−βH(i)

MFA)]

Zi
=

1

β
[
∂λ1

∂h eλ1 + ∂λ2

∂h eλ2 + ∂λ3

∂h eλ3

eλ1 + eλ2 + eλ3
] =

1

β′
[
∂λ1

∂H eλ1 + ∂λ2

∂H eλ2 + ∂λ3

∂H eλ3

eλ1 + eλ2 + eλ3
]. (11)

Similarly, the quadrupolar order-parameter Qx along the
x-axis is obtained as

Qx = 〈(Sxi )2〉 = − ∂F

∂Dx
i

=
1

β

∂ lnZi
∂Dx

i

=

Tr(i) [(Sxi )2 exp(−βH(i)
MFA)]

Zi
=

1

β
[

∂λ1

∂Dx
i

eλ1 + ∂λ2

∂Dx
i

eλ2 + ∂λ3

∂Dx
i

eλ3

eλ1 + eλ2 + eλ3
] =

1

β′
[

∂λ1

∂∆x
i

eλ1 + ∂λ2

∂∆x
i

eλ2 + ∂λ3

∂∆x
i

eλ3

eλ1 + eλ2 + eλ3
]. (12)

In order to obtain the phase diagrams of the model at
zero external magnetic �eld, one sets H = 0 which leads
to the spontaneous magnetization of the model. Thus,
the simpli�ed version of the magnetization at zero H is
found as

Sz =
4Szq

W (∆x
i )

×
eβ

′∆x
i /2 sinh(β

′

2 W (∆x
i ))

eβ
′∆x

i + 2eβ
′∆x

i /2 cosh(β
′

2 W (∆x
i ))

, (13)

with W (∆x
i ) =

√
(∆x

i )2 + 4q2S2
z . In addition, the

quadrupole moment, Qx, with H = 0 may be simpli-
�ed as

Qx =
[

eβ
′∆x

i + eβ
′∆x

i /2(cosh(
β′

2
W (∆x

i ))

+
∆x
i

W (∆x
i )

sinh(
β′

2
W (∆x

i )))
]/

[
eβ

′∆x
i + 2eβ

′∆x
i /2 cosh(

β′

2
W (∆x

i ))
]
. (14)

After having calculated the free energy, the magnetiza-
tion along the z-axis and quadrupolar order parameter
along the x-axis, we are now ready to numerically study
their temperature variations to obtain the critical behav-
iors of the random transverse CF on the spin-1 system.
Note again that the CF distribution given in Eq. (3) must
be applied to the above equations to include the e�ects
of randomness of the CF into the model which is done
by employing the standard random case [26]. It should
also be mentioned that the mean-�eld equations are cal-
culated iteratively and in each step of calculation Eq. (3)
is applied which alters the mean-�eld equations including
the random transverse CF e�ects.

3. Results and conclusions

In this section, the phase diagrams are illustrated on
the (∆x, kT/J) planes for the case with constant trans-
verse CF, i.e. p = 1.0, and the random transverse CF
case by varying the probability or the concentration p in
the range (0, 1) with an increment of ∆p = 0.1 when the
tunable parameter α is set to the values 0.0, ±0.5 and
-1.0 for q = 4, i.e. on a square lattice. In the phase dia-
grams, the second- and �rst-order phase transition lines
are shown with the solid and dashed lines, respectively.
The tricritical, critical end points, and end points are la-
beled with the triangles, circles, and stars, respectively.
Before illustrating the phase diagrams, we have to ex-

plain the procedure of �nding the phase transition tem-
peratures and special points. As the temperature is
increased, the magnetization goes to zero continuously
separating the ferromagnetic phase from the paramag-
netic one at the second-order phase transition tempera-
ture Tc where the quadrupolar moment exhibits a cusp
and the free energy is single-valued. At the �rst-order
phase transition temperature, Tt, the order-parameters
present jump discontinuities and the free energy is multi-
valued. The phase region is ferromagnetic below each line
and paramagnetic above each line. The tricritical point
(TCP) is the point at which the Tc-line terminates from
where the Tt-line emerges and at the critical end point
the Tc-line intersects with the Tt-line.
Figure 1 is obtained for p = 1 which corresponds to

constant CF case. The second-order lines, or the Tc-lines,
appear at negative ∆x when kT/J = 0.0. Their temper-
atures increase very sharply with the very little increase
of ∆x at its lowest negative values. As ∆x increases fur-
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Fig. 1. The phase diagrams on the (∆x, kT/J) plane
for the constant transverse CF case (p = 1.0) when q =
3, 4, 5 and 6.

ther, the Tc-lines make almost half circles. With the fur-
ther increase of ∆x, the Tc-lines terminate at lower tem-
peratures at the tricritical points (TCP) from where the
�rst-order phase transitions lines, i.e. Tt-lines, emerge.
They gradually decrease in temperature and disappear
at higher positive ∆x values at zero kT/J . It is clear
that all the critical lines have similar shapes for each
q, but their temperatures increase as q increases. The
TCP's are also seen at higher kT/J 's for higher q's. It
should be noted that the shapes of these critical lines are
very similar with Fig. 1 of [4] and Fig. 1a of [6] where the
lines are only the Tc-lines with no TCP's. In addition,
the temperatures of these lines are higher and∆x extends
further in the range for the MFA, i.e. in this work. Note
that the existence of TCP of this work is in agreement
with Fig. 1b of [5] and the shape of critical line is also
very similar.

Fig. 2. The phase diagrams on the (∆x, kT/J) planes for the random transverse CF case when p is varied between 0.0
and 1.0 with the increment of ∆p = 0.1 when q = 4 for (a) α=0.0 (p = 0.93 was also included in this case), (b) α=-1.0,
(c) α=-0.5 and (d) α=0.5.

Figure 2 is obtained for the random transverse CF
case. Again the phase diagrams are calculated on the
(∆x, kT/J) planes with the values of the tunable param-
eter are set to α=0.0, ±0.5 and -1.0 in Eq. (3) and where
the lines are labeled with the values of p:

(i) In Fig. 2a, α is set to zero. When p = 0.0, the
crystal �eld is turned o� for all the sites on the lattice,

thus only the �rst term of the Hamiltonian remains. As
a result of this independence from the CF, the system
gives a straight line in the form of a Tc-line as expected.
When 0.1 ≤ p ≤ 0.9 and p = 0.93, the Tc-lines has three
portions: the left and right wings decrease in tempera-
ture as p increases and they reach to constant tempera-
tures as |∆x| becomes large and in the middle portion the
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temperatures of the Tc-lines increase as p increases. All
the lines intersect at two special points with ∆x = 0.0,
which correspond to p = 1.0 case, and ∆x

∼= −5.7 at
kT/J = 2.678. When p = 1.0, we see that the Tc-line
goes to zero at about ∆x

∼= −8.0, TCP is about ∆x
∼= 3.9

and kT/J ∼= 1.023 and the Tt-line terminates at∆x
∼= 8.0

which is the same plot as in Fig. 1. A portion of Tt-
line without connection to anywhere is also found when
p = 0.9 and 0.93. This may be such that the Tt-line of the
case with p = 1.0 is broken from the TCP and becomes
shorter as p gets smaller in the �gure with p = 0.9 and
0.93. It should also be mentioned that the magnetization
gives two phase transitions for the appropriate values of
the system parameters: Tt at lower temperatures and Tc
at higher temperatures for p = 0.9 and 0.93, therefore,
their lines also separate the ferromagnetic phases from
paramagnetic phases in the di�erent regions of the phase
diagrams.

(ii) In Fig. 2b, α=-1.0. The critical lines completing
each other to 1.0 are symmetrical, such as (0.0, 1.0), (0.1,
0.9), etc. This is expected as seen from Eq. (3). When
p = 0.0 and 1.0, there is only one TCP for each case.
But for the interval values, there are two TCP's. For
negative ∆x's, the TCP's are seen at lower temperatures
for higher p values. But for positive ∆x's, it occurs the
other way around. In this case, the Tc-lines coincide only
once at ∆x = 0.0.

(iii) α=-0.5 in Fig. 2c. Again p = 1.0 case is the same
as before. For negative ∆x, the model exhibits both Tc-
and Tt-lines meeting at the TCP's for 0.1 ≤ p ≤ 0.9
as seen from the �gure. As p increases, the places of
the TCP's move towards right and upward. When ∆x

is positive, we see that the model does not display any
TCP's for p=0.0, 0.1 and 0.2, but the TCP's are seen
for p = 0.3, 0.4, 0.5 and 1.0. In addition, the critical end
points (see inset when p = 0.9 for example) and end
points of the Tt-lines are also seen when p = 0.6, 0.7, 0.8
and 0.9. The latter two points have not yet been reported
in any other works as far as in our knowledge.

(iv) α = 0.5 case is illustrated in Fig. 2d. Only the Tc-
lines for the negative ∆x and the combinations of the Tc-
and Tt-lines meeting at the TCP's for the positive ∆x are
found. The TCP start from higher temperatures when
p = 1.0 and its temperatures decrease as p decreases, then
it starts increasing with further decrease of p. Again the
Tc-lines cross each other at two special points at ∆x

∼=
−4.02 and kT/J ∼= 2.89 and at ∆x = 0.0 and kT/J ∼=
2.678.

In conclusion, the e�ects of the random transverse CF
was investigated in the MFA on the spin-1 system. Its
e�ects were examined on the phase diagrams by varying
the probability p on a square lattice. It was found that
the model gives both second- and �rst-order phase tran-
sitions and thus TCP's. In addition, it was also found
that the model also yields critical end points and the end
points for the �rst-order phase transition lines for appro-
priate values of p which was not observed in the previous
works i.e. [16, 17]. The Tt tail is short as seen in the inset

of Fig. 2c that is why its existence might have escaped
from the eye in [16, 17]. Clearly, the transverse CF and
its randomness a�ect the critical behaviors of the model
considerably. The existence of the special points where
all the Tc-lines intersect other than ∆x = 0.0 may have
a special interpretation and usage.
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