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Majority-Vote Model on Scale-Free Hypergraphs
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Majority-vote models on scale-free hypergraphs are investigated by means of numerical simulations with dif-
ferent variants of system dynamics. Hypergraphs are generalisations of ordinary graphs in which higher order of
social organisation is included by introducing hyperedges corresponding to social groups, connecting more than two
nodes. In the models under study, opinions of agents (two-state spins) placed in nodes are updated according to a
probabilistic rule with control parameter representing social noise. The probability of a single spin flip depends on
the average opinion within only one social group (hyperedge) the agent belongs to. This introduces an intermediate
level of social interactions, in contrast with the case of networks, where the opinion of an agent usually depends on
the average opinion of all neighbours. In all cases under consideration a second-order phase transition to a state
with an uniform opinion was found as a function of the social noise, with the critical value of the control parameter
and the critical exponents depending on the hypergraph topology and details of the system dynamics (node or
hyperedge update).
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1. Introduction

The majority vote (MV) model with two states [1]
(for review see [2]) is a nonequilibrium stochastic model
of the opinion formation. In this model, agents (two-state
spins) update their opinions at discrete time steps fol-
lowing the opinion of the majority of their neighbours
(or that of the majority of a selected subset of their
neighbours) with certain probability 1− q, 0 ≤ q ≤ 1/2,
which controls the degree of randomness in the system
dynamics. The update rules are not associated with any
Hamiltonian and the model does not obey the detailed
balance. According to [3] such non-equilibrium stochastic
spin systems with up-down symmetry on regular lattice
can exhibit second-order phase transition and belong to
the universality class of the corresponding equilibrium
Ising model. In fact, the MV model on regular two- [1, 4]
and three-dimensional [5] lattices was shown to exhibit a
second-order phase transition with the critical exponents
belonging to the universality class of the corresponding
equilibrium Ising model; it was also shown to follow the
mean-field (MF) critical behaviour above a finite up-
per critical dimension [6]. In contrast, the critical expo-
nents for the MV model on various sorts of complex net-
works [7–13], e.g., small-world [9], scale-free (SF) [10, 11],
Apollonian [12], Archimedean [13], etc., networks are
clearly different than those for the corresponding equi-
librium Ising model; therefore, in these cases the MV
model does not belong to the universality class of the cor-
responding Ising model. Recently, there has been grow-
ing interest in models of interacting systems on various
generalised complex networks (for review see [14]). Fol-
lowing this interest, in this paper we study the critical
properties of the MV model on complex hypergraphs,
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which generalise the concept of complex networks in the
following way: in networks pairs of nodes are connected
by edges, while in hypergraphs groups of more than two
nodes are connected by hyperedges [15]. With respect to
models of opinion formation, hyperedges can connect dif-
ferent groups of people the agent belongs to and interacts
with, e.g., family members, co-workers, friends, discus-
sion groups, etc. As an example we consider complex SF
hypergraphs in which the distribution of hyperdegrees
of nodes (number of hyperedges ki attached to a given
node i) obeys a power law P (ki) ∝ k−αi .

2. Evolving scale-free hypergraphs

SF hypergraphs can be constructed as evolving hyper-
graphs using a preferential attachment algorithm which
generalises that for evolving SF networks [16–18]. The al-
gorithm starts with n nodes connected bymh hyperedges,
each of which connects all initial n nodes. In each step
of the construction m new nodes are added to the hy-
pergraph (1 ≤ m ≤ n − 1) which are then connected by
mh ≥ 1 new hyperedges to mh sets of n−m randomly
chosen existing nodes according to the following prefer-
ential attachment rule: The probability to attach a new
hyperedge to the existing node i is proportional to the

hyperdegree ki of this node, pi = ki

(∑
j kj

)−1
, where

the summation runs over all existing nodes. It should
be emphasised that all m new nodes are connected by
each new hyperedge to n−m nodes which may, but need
not be connected by another hyperedge or hyperedges.
The process stops after a desired number of nodes N in
the hypergraph is reached. The resulting hypergraph is
SF, with the distribution of the hyperdegrees of nodes
obeying a power law, P (k) ∝ k−α, α = 1 + n

n−m , for
k ≥ mh, with the exponent α > 2. The exponent does
not depend onmh, which modifies only the normalisation
constant and the range of the distribution. It should be
noted that the above-mentioned model allows multiple
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connections of the same nodes with different hyperedges
(in particular, the first n nodes are connected by mh ≥ 1
hyperedges).

3. The model

The MV model on a hypergraph consists of a set of
spin-like variables σ, representing opinions of agents.
Each spin can take one of two values: +1 or −1. Spins
are located in nodes of a complex hypergraph.

The critical properties of the model are investigated
by numerical simulations. We introduce two types of dy-
namics: hyperedge-update and node-update, both focusing
on the formation of the opinion in groups. The hyperedge-
update dynamics is as follows. One hyperedge e is ran-
domly selected and the majority opinion is checked in
this very hyperedge. Next the value of each spin σi in
the selected hyperedge is flipped with probability

wi(σ) =
1

2

1− (1− 2q)σi sgn

∑
j∈e

σj

 , (1)

where the sgn(. . .) is the majority opinion in the group
(hyperedge) e, equal zero in case of lack of majority and
the sum runs over all nodes attached to the hyperedge e.
The control parameter q can be interpreted as a social
temperature and plays a role similar to that of temper-
ature in equilibrium systems. The closer to zero the q
is, the greater the probability of agreement with the lo-
cal majority. Next, the procedure is repeated until all
the hyperedges in the model are updated. Thus, one time
step of the simulation consists in updating all hyperedges
and every hyperedge is updated once per one time step,
only the sequence is random. The opinion of the agent
in each node is updated as many times as the number of
hyperedges the node is attached to (the hyperdegree of
the node).

The node-update dynamics is as follows. One node i
and one of its hyperedges e are randomly selected. Next,
the majority opinion in the selected hyperedge is de-
termined and the σi is updated with probability given
by Eq. (1). One time step of the dynamics consists in
updating all nodes in random order.

It should be noted that in both kinds of dynamics, the
state of the spin σi is included in the sum in Eq. (1),
which to some extent models the agents’ supportiveness
(devotion to the opinion they currently hold).

The main difference between the proposed dynamics
rules is, that in the case of hyperedge-update dynam-
ics the agent’s opinion in each node in every time step
is updated as many times, as the number of hyperedges
attached to this node. One can say that each agent in-
teracts with all his/her neighbours, which makes the dy-
namics more MF like. On the other hand in the case
of node-update dynamics, the agent, independent of its
hyperdegree, interacts with only one group of its neigh-
bours (hyperedge). This situation resembles that on reg-
ular low-dimensional hypercubic lattices where the num-
ber of neighbours is finite and rather small; nevertheless,

in our model different time steps the agent can interact
with different groups of neighbours.

4. Methods of simulations and analysis

Simulations for both variants of dynamics are per-
formed in the same way. The SF hypergraph with the
parameters n, m, mh is generated using the algorithm
described in Sect. 2. For each value of q, we assume uni-
form initial conditions (all spins set to 1). Next Ttrans
time steps of simulation are performed to overcome the
transient (Ttrans = 104 for the hyperedge-update dynam-
ics and 105 for the node-update dynamics) and T steps
of actual survey (T = 104 for the hyperedge-update and
105 for the node-update dynamics). All steps are repeated
20−60 times for each value of q with different realisations
of the SF hypergraph.

To study the critical behaviour the variable m is de-
fined, which is the average opinion in the system,

m =
1

N

N∑
i=1

σi.

Next, the magnetisation M , susceptibility χ and the
fourth-order Binder cumulant U4 are examined,

M(q) = [〈|m|〉]av , (2a)

χ(q) = N
[(
〈m2〉 − 〈|m|〉2

)]
av
, (2b)

U4(q) = 1−
[
〈m4〉
3〈m2〉2

]
av

. (2c)

The angle brackets 〈. . .〉 denote average over T time
steps and square brackets [. . .]av denote averaging over
different realisations of the hypergraph.

The above quantities are expected to obey finite size
scaling (FSS) relations. We assume that the form of these
relations is analogical to those for interacting systems on
complex (e.g. SF) networks [19], i.e.,

M = N−β/νfm

(
N1/ν(q − qc)

)
, (3a)

χ = Nγ/νfχ

(
N1/ν(q − qc)

)
, (3b)

q∗(N)− qc ∝ N−1/ν . (3c)
The critical noise value qc can be obtained from the in-

tersection point of the Binder cumulant functions for dif-
ferent sizes N of the particular hypergraph. Next, from
Eq. (3a,b) the exponents β/ν and γ/ν, respectively, can
be determined. Furthermore, Eq. (3c) can be used to cal-
culate the exponent 1/ν using the value q∗(N) for which
the susceptibility χ of the model on the hypergraph with
N nodes has a maximum value. Finally, it is checked if
the obtained exponents fulfill the hyperscaling relation,

2
β

ν
+
γ

ν
= Deff , (4)

where the effective dimensionality Deff = 1 is expected
in the case of systems on complex networks or hyper-
graphs which do not have any particular spatial dimen-
sion [19].
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5. Results
In Fig. 1 the dependence of the Binder cumulant U4 on

the noise parameter q is shown for exemplary SF hyper-
graph for different values of N . Second-order phase tran-
sition is clearly visible, with U4 values decreasing from
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Fig. 1. The Binder cumulant U4 as a function of the
noise parameter q for the exemplary SF hypergraph with
n = 3, m = 1, mh = 3 and with node-update dynamics.
Results were obtained for N = 103, 2 × 103, 5 × 103,
104, 2× 104, 5× 104, 105. The critical noise qc ≈ 0.152
was obtained as the curves intersection point.
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Fig. 2. Log-log plot of the magnetisation M and sus-
ceptibility χ as a function of the number of nodes N
for SF hypergraphs with: n = 3, m = 2, mh = 3
(squares); n = 3, m = 1, mh = 3 (circles); n = 4,
m = 3, mh = 3 (triangles). Empty symbols correspond
to the hyperedge-update dynamics, solid symbols rep-
resent the node-update dynamics. Each curve was ob-
tained at the critical noise value qc (see Table). Solid
lines show the best fits with the slopes −β/ν and γ/ν.

2/3 to 0 while passing the critical noise value qc. In prin-
ciple from the analysis of the Binder cumulant the critical
noise value qc can be determined, at which curves for all
values of N intersect. In practice (even for equilibrium
models) the curves usually do not intersect exactly at one
point and qc can be only estimated as the limit of the in-
tersection points of the U4 curves for increasing N . In
agreement with Eqs. (3a,b), at q = qc the magnetisation
and susceptibility scale as M ∝ N−β/ν and χ ∝ N−γ/ν ,
respectively, as shown in Fig. 2. From the dependence
M(N) and χ(N) at q = qc the critical exponents β/ν
and γ/ν are obtained, which are summarised in Table for
SF hypergraphs with different topologies and dynamics.
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Fig. 3. Displacement of the point of maximum suscep-
tibility q∗ from qc vs. the number of nodes N for dif-
ferent SF hypergraphs and dynamics (see Fig. 2 for de-
tails). Solid lines show the best fits with the slope −1/ν.
The accuracy of the slope estimation is confined due to
finite resolution of q in simulations.
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Fig. 4. Magnetisation M and susceptibility χ as func-
tions of the noise parameter q for exemplary SF hy-
pergraph (see Fig. 1 for details). Dashed lines in both
plots show the critical value of noise qc. Rescaled results
with the critical exponents from Table are shown in the
insets.



A-58 T. Gradowski, A. Krawiecki

According to Eq. (3c) it is expected that the displace-
ment of the point of maximum susceptibility q∗ from qc
scale as N−1/ν . This can be seen in Fig. 3, although the
accuracy of estimation of the exponent 1/ν is limited due
to finite resolution of q in simulations. In Fig. 4 the mag-
netisation and susceptibility are plotted as functions of q.
The decreasing displacement of the maximum of the sus-

ceptibility is observed while increasing the size N . Using
the critical exponents from Table, the rescaled values of
M and χ are plotted (Fig. 4, insets). In accordance with
Eq. (3a,b), in both cases the data collapse into one curve,
which confirms the correctness of the obtained exponents.
Moreover, the exponents β/ν, γ/ν fulfill well the hyper-
scaling relation (4), with Deff ≈ 1, as expected.

TABLE
The critical noise qc and the critical exponents for different hypergraphs for both described
types of dynamics.

Hypergraph Hyperedge-update Node-update
qc β/ν γ/ν 1/ν Deff qc β/ν γ/ν 1/ν Deff

n = 3, m = 1, mh = 1, α = 2.5 0.158 0.26 0.48 0.46 1.00 0.117 0.14 0.74 0.33 1.02
n = 3, m = 1, mh = 3, α = 2.5 0.166 0.26 0.49 0.56 1.01 0.152 0.14 0.73 0.34 1.01
n = 3, m = 1, mh = 10, α = 2.5 0.167 0.26 0.48 0.49 1.00 0.162 0.15 0.72 0.29 1.02
n = 3, m = 2, mh = 3, α = 4 0.101 0.28 0.47 0.44 1.03 0.075 0.29 0.46 0.44 1.04
n = 4, m = 2, mh = 1, α = 3 0.145 0.31 0.42 0.39 1.04 0.104 0.23 0.58 0.37 1.04
n = 4, m = 3, mh = 3, α = 5 0.114 0.27 0.48 0.54 1.02 0.079 0.30 0.44 0.39 1.04
n = 6, m = 3, mh = 1, α = 3 0.213 0.29 0.45 0.45 1.03 0.171 0.24 0.57 0.34 1.05

6. Conclusions
For both hyperedge- and node-update dynamics and

for a broad range of the exponent α in the hyperdegree
distribution the MV model on SF hypergraphs clearly
presents second-order phase transition as q is varied.
In particular, the transition occurs at qc < 1/2 even for
2 < α < 3, in contrast with the Ising model on SF net-
works, which exhibits phase transition at finite temper-
ature only for α > 3, where in the latter case α is the
exponent in the distribution of the node degrees.

The model under study obeys the same FSS relations
as those for interacting systems on complex networks,
and the effective dimensionality isDeff ≈ 1, as expected.

In the case of hyperedge-update dynamics the criti-
cal exponents β/ν, γ/ν and 1/ν weakly depend on the
network topology (parameters n, m, mh) and are close
to their MF values for the Ising model, which are 0.25,
0.5, 0.5, respectively. This supports the conjecture from
Sect. 3 that this kind of dynamics is MF-like.

In contrast, in the case of node-update dynamics the
values of β/ν, γ/ν, 1/ν depend substantially on the hy-
pergraph topology (mainly on the parameters n, m).
In particular, there is significant difference between the
values of the exponents for hypergraphs with 2 < α < 3
and for hypergraphs with α > 3. The values of the ex-
ponents β/ν, γ/ν differ significantly from those for the
equilibrium Ising model on SF networks with the same
exponent α, reported in Ref. [19]. The above result bears
certain resemblance to the dependence of the critical ex-
ponents on the system dimension, and thus on the num-
ber of neighbours, in the case of the MV model on regular
hypercubic lattices [6]. This supports the conjecture from
Sect. 3 that the MV model with node-update dynamics
is more similar to that on low-dimensional hypercubic
lattices.

This paper suggests that the study of opinion forma-
tion can be extended to models on generalised complex
networks (including hypergraphs), with the dynamics
within social groups taken into account.
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