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1. Introduction
Electric eld or temperature gradient can generate various spin-related phenomena in systems with spin-orbit
interaction. One of the most interesting phenomena is
the spin Hall eect (SHE) [13], where an external electric eld generates spin current owing perpendicularly
to the eld. Consequently, SHE gives a unique possibility to create pure spin current in nonmagnetic systems,
which in turn can be used for electric manipulation with
orientation of magnetic moments.
In general, Rashba spin-orbit coupling acquires not
only a uniform component, but also a spatially uctuating term (due to random distribution of dopant ions,
some imperfections of quantum well interfaces etc.) that
contributes to spin and momentum relaxation times, and
also substantially aects spin transport. It has been
shown recently that even in the system where Rashba
spin-orbit interaction vanishes on average, the spatial
uctuations of the Rashba eld can generate a nonzero
SHE [4, 5]. In this paper we consider a more realistic
case of a two-dimensional electron gas (2DEG) with both
spatially uniform and random components of the Rashba
eld. We also determine the relaxation time due to the
random Rashba term.

2. Model
Hamiltonian of a two-dimensional electron gas with
Rashba spin-orbit interaction takes the form (we use the
units with ~ = 1)
X †  k2
H=
Ψk
δkk0 + α(σx ky − σy kx )δkk0
2m
kk0


λkk0 
0
0
+
σx (ky + ky ) − σy (kx + kx ) Ψk0 ,
(1)
2
where the rst term (diagonal in the spin space) stands
for the kinetic part with m being the electron eective
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mass, the second term describes the uniform (constant)
part of the Rashba spin-orbit interaction with the Rashba
parameter α, while the last term represents the spatial
uctuations of the Rashba eld, which will be treated
perturbatively. The parameter λkk0 describes the random Rashba spin-orbit interaction. Spatial average of
this parameter vanishes, hλ(r)i = 0. However, the correlation function, hλ(r)λ(r 0 )i = C(r − r 0 ), is nonzero.
Fourier transform Cq of C(r − r 0 ) takes the form [6]

Cq = |λq |2 = 2πhλ2 i(2R)2 e−2qR ,
(2)
where R is the spatial scale of the uctuations, and
q = k − k0 is the momentum change due to scattering by
uctuations of the Rashba eld.
R/A
The Green functions, Gk (ε), corresponding to the
nonperturbative part of the Hamiltonian (1), is a matrix
in the spin space and can be written as
R/A

Gk
with

R/A

R/A

R/A

= Gk 0 σ0 + Gk x σx + Gk y σy ,

(3)

1 R/A
R/A
(G
+ Gk − ),
(4)
2 k+
ky,x R/A
R/A
R/A
(Gk + − Gk − ),
(5)
Gk x,y = ±
2k
R/A
where Gk ± = (ε−Ek ± ± i Γ )−1 , Ek ± = k 2 /2m±αk are
the two electron bands of 2DEG with constant Rashba
spin-orbit interaction, ki (i = x, y ) is the i-th component
of the vector k, σn with n = (0, x, y, z) are the unit and
Pauli matrices in the spin space, and Γ = 1/2τ with τ
being the total relaxation time. Both Γ and τ depend on
k , which is not indicated explicitly.
R/A

Gk 0 =

3. Relaxation time
The total relaxation time includes scattering from impurities, τi , and scattering from the random Rashba eld,
τr : τ −1 = τi−1 + τr−1 . To determine τr we calculate the
self energy in the Born approximation:
Z
d2 k0
ΣkR =
Vkk0 GR
(6)
k 0 Vk 0 k .
(2π)2
Here Vkk0 is the perturbation due to random Rashba
eld, the last term in Eq. (1). Taking into account the
explicit form of Vkk0 and Green function GR
k0 , one nds
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shows that for α > 10−11 eVm, the relaxation time due
to random Rashba eld is longer in a system with both
uniform and random components of spin-orbit eld than
in a system with random component only.

4. Spin Hall eect

Fig. 1. Relaxation rate (for subband Ek + ) due to random Rashba eld plotted as a function of the correlation
length R for indicated
values of µ and α. The other pap
rameters are hλ2 i = 1.5×10−12 eVm and m = 0.05m0 .

According to the Kubo-Streda formula [8], we write
the spin Hall conductivity as a sum of two components:
sz
sz I
sz II
sz II
σxy
= σxy
+ σxy
. The component σxy
is the contribution to the spin Hall conductivity, which depends on
states below the Fermi level. This contribution vanishes
in the case considered. Thus,
Z
e
d2 k
sz
sz I
σxy
Tr{ĵxsz GR (µ)v̂y GA (µ)}. (9)
= σxy
=
2π
(2π)2
The spin current operator is ĵisn = [ĵi , ŝn ]+ /2e, where
ŝn = σn /2 is the n-th component of the electron spin and
ĵi = ev̂i is the charge current operator with v̂i = ∂H/∂ki
being the electron velocity operator. The perturbation
expansion for the Green functions in the above expression leads to a series of Feynman diagrams depicted in
Fig. 3, that contribute to the spin Hall conductivity.

Fig. 3. The Feynman diagrams contributing to the
spin Hall conductivity in the dc limit.
Fig. 2. Relaxation time (for subband Ek + ) due to random Rashba eld plotted as a function of parameter α
for indicated values of µ and R. The other parameters
are as in Fig. 1.
R
R
that ΣkR = Σ0k
σ0 . The imaginary part of Σ0k
determines
R
the relaxation rate: ImΣ0k = Γr and Γr = 1/2τr . The
explicit form of Γr at the Fermi level, µ, is given as
Z
Z

1
Cq
Γr (µ) =
dqq dθ
4kF2 + q 2 − 4kF q cos θ
4π
8
× [δ(µ − Ek-q + ) + δ(µ − Ek-q − )] ,
(7)
where θ is the angle between vectors k and q . Note,
the vector k is on the Fermi circle of one of the subbands
p with the corresponding Fermi wavevectors equal
to m2 α2 + 2mµ ∓ mα. In the limit of α → 0, the relaxation rate Γr reduces to Γr0 given by the expression [7]
Z
q
m 2kF
Γr0 =
Cq 4kF2 − q 2 dq.
(8)
2π 0
The relaxation rate is plotted in Fig. 1 as a function of
the correlation length R for indicated values of the uniform Rashba coupling parameter α. One can see that
for long-range correlations Γr increases linearly with R.
When the system is in a dirty limit, R → 0, the relaxation rate tends to zero as R2 . The relaxation time due
to uctuations of the Rashba eld decreases with increasing uniform Rashba coupling parameter α. This behavior
is shown explicitly in Fig. 2, where the relaxation time
is plotted as a function of the parameter α. This gure

Therefore, the
P spin Hall conductivity can be written as:
e
sz
= 2π
Tr kk0 (D1 + D2 + D3 ). The diagram D1 is the
σxy
so-called bare bubble diagram and represents the universal intrinsic contribution to the spin Hall conductivity [9]:
sz int
= e/8π . The diagrams D2 and D3 are associated
σxy
with the presence of anomalous velocity vertex and they
are a consequence of the random Rashba eld.
The spin Hall conductivity can be P
thus written as
e
e
sz
sz
sz
= 8π
= 2π
σxy
, where δσxy
+ δσxy
Tr kk0 (D2 + D3 ).
Writing explicitly contributions from the diagrams D2
and D3 and taking into account that k0 = k − q , we get
the following expression:

sz
Fig. 4. The contribution δσxy
as a function of uniform
Rashba coupling parameter α for indicated values of R
and µ = 4 meV. The relaxation rate Γ = 0.5 meV. The
other parameters are as in Fig. 1.
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sz
Fig. 5. The contribution δσxy
as a function of the correlation parameter R for indicated values of µ and α.
The relaxation rate Γ = 0.5 meV. The other parameters are as in Fig. 1.
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In Fig. 4 the contribution to the spin Hall eect due
to random component of the Rashba eld is plotted as
a function of the uniform Rashba coupling parameter α.
sz
The contribution δσxy
tends to zero for suciently large
sz
values of the parameter α. Behavior of δσxy
as a function of the correlation length R is shown in Fig. 5. In
the limit of long-range correlations, the spin Hall conductivity is a linear function of R, but in the dirty limit
sz
δσxy
decreases with R as R2 . These results are consistent with the results obtained for 2DEG in the presence of
random Rashba eld only [4] and for 2DEG with Dresselhaus spin-orbit interaction and random Rashba eld [10].
sz
In Fig. 5, in turn, the contribution δσxy
is depicted as a
function of the Fermi level. The spin Hall conductivity
decreases with increasing chemical potential. The sharp
peak appears at the minimum of the lower subband. For
µ = 0 the spin Hall conductivity reveals a singularity.

5. Summary
We have analyzed SHE in a two-dimensional electron
gas with spatially uniform and random components of
the Rashba spin-orbit eld. The spin Hall conductivity
has an universal intrinsic contribution equal to e/8π , and
sz
sz
an additional term, δσxy
. The contribution δσxy
strongly
depends on the spatial length of correlations and is suppressed for suciently large value of the Rashba coupling
constant α.
sz
plotted as a function
Fig. 6. The contribution δσxy
of the chemical potential. The relaxation rate Γ =
0.5 meV. The other parameters are as in Fig. 1.

Z
Z
Z
Z
e
Cq
dkk
dqq
dθ
dφ
2π
(2π)2
(2π)2
4m
× [kx (2ky − qy )(t1 cos φ − fy t2 ) − kx (2kx − qx )

δσ sz xy =

(10)

±(µ − Ek-q − )δ(µ − Ek-q − )]

(11)

and



× [δ(µ − Ek-q + ) ∓ δ(µ − Ek-q − )]

(12)

(k − q cos θ) sin φ − q cos φ sin θ
p
k 2 − 2kq cos θ + q 2

(13)

fx =

(k − q cos θ) cos φ − q sin φ sin θ
p
.
(14)
k 2 − 2kq cos θ + q 2
sz
The corresponding numerical results obtained for δσxy
−1
are presented in Figs. 46. Here, we assume that τr → 0
and the main contribution to Γ , treated here as a constant parameter, comes from scattering by impurities.
fy =
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× (t3 (fx sin φ − fy cos φ) − t4 )] ,
where

π
R
A
R
t1,3 = −i
GA
k + Gk − − Gk − Gk +
Γ
× [(µ − Ek-q + )δ(µ − Ek-q + )
R
A
R
t2,4 = π GA
k + Gk − + Gk − Gk +
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