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Entangled states are essential in basics quantum communication protocols and quantum cryptography. Ferro-
magnetic contacts can work as a spin detector, giving possibility of converting information about electron spin to
the electric charge, and therefore, detection of entangled states with the electric current measurements is possible.
Method of con�rming entanglement with non-ideal detectors is presented, the impact of decoherence and noise on
states and quality of entanglement is discussed. Entanglement witness (EW) operator method is compared with
the CHSH inequalities approach. Required spin polarization for the EW is lower than for the CHSH inequalities.
System with asymmetric spin polarizations of detectors was analyzed, including the CHSH inequalities and the
EW method.
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1. Introduction

Quantum entanglement is a basic ingredient of quan-
tum communication protocols. Characterization of gen-
erated entangled states is an important issue in applica-
tions, due to non-ideality of detectors and noise in gen-
erated states.
In general, the entanglement can be considered as

a correlation that arises from interaction between two
quantum subsystems. Subsystems are, however, corre-
lated on any distances what posed a fundamental prob-
lem in understanding of quantum mechanics � correla-
tions should be non-local, in opposition to classical view
or can be explained in terms of the local hidden vari-
able theory (LHV). Great number of experiments con-
�rmed non-local nature of entanglement and therefore,
quantum mechanics [1]. Non-local character of entan-
gled states can be con�rmed by the CHSH inequalities
violation check. If speci�c combination of correlation
functions exceeds classical limit, states can be consid-
ered as correlated non-locally. However, in some appli-
cations, only non-separability of states is important, and
con�rmation of non-locality don't play a crucial role. The
maximally entangled states can be de�ned for two-spin
system (Bell states) as:

|ψ±AB〉 =
1√
2
(|↑A↓B〉 ± |↓B↑A〉) ,

|φ±AB〉 =
1√
2
(|↑A↑B〉 ± |↓B↓A〉) . (1)

Prepared state, due to interactions with reservoir, is
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mixed with white noise from environment and can be
represented as the Werner state:

ρWA,B(λ) = λ |ψ〉 〈ψ|+ (1− λ)I/4, (2)

where A,B are two subsystems, |ψ〉 is one of the Bell
states, λ is visibility parameter (λ = 0 white noise, λ = 1
pure state) and I is identity operator. Werner states,
depending on the value of visibility parameter, can be
considered separable or not.

Fundamental conclusion is that for the Werner state
with λ > 1

3 the entanglement can the detected [2]. It can
be shown by introducing the entanglement witness (EW)
operator method. Separability criterion for density ma-
trices [3] gives possibility for de�ning an observable that
provides information only about separability of state and
no information about non-locality. Entanglement witness
(EW) operator can be de�ned in the following way:

W = (|φ−〉〈φ−|)TB , (3)

where |φ−〉 is a projection operator onto a negative eigen-
value of partially transposed density matrix of the sys-
tem:

ρTB

A,B =

∑
i,j,k,l

ci,j,k,l|i〉〈j|A ⊗ |k〉〈l|B

TB

=

∑
i,j,k,l

ci,j,k,l|i〉〈j|A ⊗ |l〉〈k|B . (4)

For two spins system, the EW for the singlet state can
be given by:

W3D = 1
2 (I+

∑
i=x,y,z

σ̂i ⊗ σ̂i), (5)

where σ̂i is i�component of the Pauli matrix. Therefore,
three correlation measurements are required to con�rm
non-separability of state. The EW can be reduced to
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two-dimensional (2D) case:

Vij = 1
2 (I+ σ̂i ⊗ σ̂i + σ̂j ⊗ σ̂j). (6)

When considering the value of entanglement witness in
a speci�c state, information about separability is given
by the sign of average value: generally, an observable
can be considered as an entanglement witness if for some
entangled state a condition

〈W〉 ≡ tr(ρA,BW) < 0 (7)

is satis�ed and, for all separable states

〈W〉 ≡ tr(ρA,BW) ≥ 0 (8)

is satis�ed. These considerations can be applied to a
system with generator of two-spins entangled states (eg.
superconducting electrode) [4], and two transport chan-
nels with non-ideal detectors.

Fig. 1. Considered system with equivalent con�guration. Additional depolarization channels with ideal detectors are
equivalent to non-ideal detectors. a) shows the situation when in the system detectors are non-ideal; b) shows the
equivalent con�guration � however here, detectors are ideal but in each transport channel electrons spins are interfered
by depolarizing channel..

2. Ferromagnetic detectors

In case of electrons, spin measurements can be per-
formed with electric current measurements using mag-
netic electrodes. E�ciency of the detectors can be ex-
pressed as the spin polarization pη, which is related to
density of states at Fermi level ρη,± for majority (ρη,+)
and minority (ρη,−) charge carriers.

pη =
ρη,+ − ρη,−
ρη,+ + ρη,−

, (9)

where η denotes channels A,B.

In order to describe measurements with non-ideal fer-
romagnetic detectors, �rstly, von Neumann measure-
ments described by projection operators have to be in-
troduced

P̂i = |i〉 〈i| (10)

where measurements are ideal. The probability of the
state i = {↑, ↓} is given by pi = tr(ρ̂P̂i), where ρ̂ is a
density matrix, and z spin component can be obtained
using the operator σ̂z = (1) |↑〉 〈↑| + (−1) |↓〉 〈↓|. When
detectors are non-ideal, the e�ective spin polarization is
p < 1, the measurement operators Eq. (10), have to be
generalized. State |↑〉 can be also detected as a state
|↓〉 with some probability. Measurements can be gener-
alized by the POVM (positive operator valued measure)

operators M̂i, that are positive and form a complete set∑
i M̂i = I. The POVM for single spin can be postulated

as:

M̂↑ = ξ+ |↑〉 〈↑|+ ξ− |↓〉 〈↓| , (11)

M̂↓ = ξ+ |↓〉 〈↓|+ ξ− |↑〉 〈↑| , (12)

where ξ± are related to density of states at the Fermi level
in a ferromagnetic detector: ξ± ≡ ρ±

ρ±+ρ∓
= 1

2 (1 ± p).

Therefore, z spin component can be given by:

σ̂pz = M̂↑ − M̂↓ = pσ̂z. (13)

Non-ideal measurements can be considered to be an
equivalent with depolarizing channel as depicted in

Fig. 1. The depolarizing channel operator for single-qubit
system can be de�ned as:

ε(ρ̂) = pρ̂+ 1
2 (1− p)I, (14)

where p is a detector e�ciency that corresponds to the
spin polarization and density matrix ρ̂ of state before de-
polarization. It can be shown that for any observable Ô
and density matrix ρ̂ [5]

tr
(
ε(ρ̂)Ô

)
= tr

(
ρ̂ε(Ô)

)
. (15)

Depolarized von Neumann measurement projection op-
erators are an equivalent to POVM measurements [5]:

ε(P̂i) = M̂i (16)

and therefore

tr
(
ε(ρ̂)P̂i

)
= tr

(
ρ̂M̂i

)
. (17)

3. Entanglement witness method

The EW operator method allows for detection, which
states can be considered as entangled. Taking the depo-
larized Werner state:

εA ⊗ εB ρWA,B(λ) = ρWA,B(λ pA pB), (18)

where εη denotes the depolarizing channel η, and ρ
W
A,B(λ)

denotes the Werner state de�ned in Eq. (18). Here, asym-
metry of detectors e�ciencies is assumed (pA 6= pB). The
EW can be applied to the considered state. Assuming the
Werner state in Eq. (18) consisted of the singlet state and
noise, 2D (6) and 3D (5) the EWs give average values:

tr
(
ρWA,B(λ pA pB)W3D

)
= 1

2 (1− 3λ pA pB),

tr
(
ρWA,B(λ pA pB)Vij

)
= 1

2 (1− 2λ pA pB). (19)

States are entangled if averages (19) are negative. For
CHSH inequalities required e�ciency of detectors pA, pB
and visibility of state λ is given by:

1−
√
2λ pA pB < 0. (20)

For strong asymmetry in detectors e�ciency, entan-
glement can also be detected: for example, assume that
λ = 1, when pA = 1 only pB = 1

3 is required to detect
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entanglement with W3D, see Fig. 2. These results can be
useful in experiments � use of asymmetric and non-ideal
detectors can simplify the experimental setup.

Fig. 2. Minimal required spin polarizations pA and pB
to detect entangled state with the EWs and the CHSH
inequality. Value of visibility parameter is �xed λ =
0.9. Dashed line denotes required e�ciency for SIMCAP
protocol..

We also discuss requirements for the spin polarization
of two detectors in case of some basic quantum cryptog-
raphy algorithm. An example of quantum cryptography
protocols that requires speci�c e�ciency of detector to
preform it are the SIngle�copy Measurement and ClAsical
Processing (SIMCAP) protocols [6]. Minimal e�ciency
required to preform this protocol is given by:

pA pB >
1
2
√
5
≈ 0.45 (22)

it is clear that bound is lower than for CHSH inequalities,
but greater than EWs in 3-D and 2-D.

4. Summary

We have discussed general properties and applications
of nonideal ferromagnetic detectors in measurement of
the entanglement witness operator, and compared it with
the CHSH inequalities approach. Detectors described by
POVM operators were introduced in order to consider
non-ideal spin measurements. It can be found that EWs
requires lower spin polarizations of detector to detect en-
tanglement, and obtained state can be considered entan-
gled and useful in performing some quantum algorithms.
However, there are cryptographic algorithms which re-
quire higher e�ciencies of detector in order to preform it
(eg. SIMCAP protocols). Quantum description of non-
ideal measurements was discussed and applied to intro-
duce a noise into the characteristics of EWs. Asymmetric
spin polarizations of detectors was introduced into the
system. We have concluded that in case of non-ideal de-
tectors, only one of the detectors have to be highly spin
polarized, shown in Fig. 2.
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