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The development of quantum computing in quantum dots systems requires highly e�cient and continuous solid-
state source of spatially separated spin-entangled electrons. One of the approaches is a use of double quantum dot
system connected to superconducting lead, where Cooper pairs provide a source of naturally entangled electrons.
Apart from the source, an useful tool for detection of quantum entanglement is needed. We present entanglement
detection by the ferromagnetic electrodes using entanglement witness operator method and direct measurement
of spin polarized current in the system. We investigate requirements that have to be ful�lled by ferromagnetic
detectors.
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1. Introduction

Quantum entangled states are an essential ingredient
of quantum algorithms. Various physical systems can be
used in order to obtain such states and manipulate them.
However realizations in condensed matter physics seem
to be the most promising since in these systems scalabil-
ity can be achieved [1]. We investigate system consisting
two quantum dots coupled to superconducting electrode
and metallic electrodes or ferromagnetic detectors [2, 3],
shown in the Fig. 1. In such system, superconducting
electrode can serve as a source of naturally existing en-
tangled states � Cooper pairs, which are in the singlet
spin state. Electron pairs are able to tunnel and occupy
the separate quantum dots while both of their spins pre-
serve entanglement. Due to the use of entanglement wit-
ness method, an entanglement of electrons on the quan-
tum dots can be con�rmed, by only direct measurements
of spin polarized current using ferromagnetic detectors.

2. The Model Hamiltonian

We consider double quantum dots (QDs) system where
each dot has a single level εη (η = L,R), and the
Coulomb interaction U between dots. We assume that a
single QD cannot be doubly occupied, due to the strong
on-site Coulomb interaction. We assume that a single
QD cannot be doubly occupied, due to the strong on-site
Coulomb interaction. The dots are coupled to a single
superconducting and two ferromagnetic electrodes as de-
picted in Fig. 1. Therefore, the Hamiltonian of quantum
dots can be given by:

Ĥddot =
∑
η,σ

εη,σn̂η,σ + U
∑
σ,σ′

n̂L,σn̂R,σ′ , (1)

where n̂η,σ is the number operator of particles in a quan-
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Fig. 1. Scheme of the studied system [4], where SC
denotes superconducting electrode, QDη quantum dots,
and Fη magnetic electrodes, where η = R,L. Voltage is
applied to the ferromagnetic electrodes.

tum dot η and U is the energy of the Coulomb interaction
between the dots.

The tunneling between the dots and electrodes can be
described by the following Hamiltonian:

Ĥt,F =
∑
k,σ,η

(
VFη,σc

†
η,k,σdη,σ + H.c.

)
, (2)

Ĥt,S =
∑
k,σ,η

(
VSη,σc

†
S,k,σdη,σ + H.c.

)
, (3)

where F/S denote the ferromagnetic and superconduct-

ing electrodes, respectively, c†η/S,k,σ are creation opera-

tors for electrons with momentum k and spin σ in Fη/S
electrodes, dη,σ are annihilation operators for electrons
with spin σ in a QD η and VS/Fη,σ denotes the tunnel-
ing matrix amplitudes between the QDs and the super-
conducting/ferromagnetic electrodes. The e�ective spin
polarization of ferromagnetic electrodes is de�ned as:

pη =
ρη,↑ − ρη,↓
ρη,↑ + ρη,↓

, (4)

where ρη,σ denotes the density of states at Fermi level
for σ =↑, ↓ majority/minority carriers and η = L,R elec-
trode. Then the coupling strengths are given by:

ΓFη,↑,↓ =
1

2
(1± pη) ΓFη, (5)

where ΓFη = 2π(ρη,↑ + ρη,↓)|VFη|2 and ΓS = 2πρS |VS |2.

(490)

http://dx.doi.org/10.12693/APhysPolA.127.490
mailto:busz@ifmpan.poznan.pl


Entanglement Detection by Current Measurements in Double Quantum Dot System 491

Fig. 2. The electric current IS as a function of the sym-
metric voltage µL = µR = µ for the symmetric system
ΓL = ΓR and degenerate dots levels εL = εR, spin polar-
ization p = 0.9 (P - the parallel and AP - the antipar-
allel orientation of ferromagnetic lead magnetization)
and detuning δ/U = 0. The temperature kBT = 0.01U
and superconducting coupling ΓS/U = 0.5. Three dis-
tinctive point are marked: C at µ/U = −1.5, B at
µ/U = −0.5, A at µ/U = −0.01 by dashed lines..

After tracing out the superconducting electrode degrees
of freedom we obtain an e�ective Hamiltonian that takes
into account the coupling to the superconducting lead [2]:

Ĥe� = Ĥddot −
ΓS
2

(d̂†R,↑d̂
†
L,↓ − d̂

†
R,↓d̂

†
L,↑ + H.c.), (6)

where ΓS =
√

ΓSLΓSR and the second term in Eq. (6)
describes non-local proximity e�ect. The diagonalization
of Hamiltonian, Eq. (6), leads to coupling between two
states: |0〉 and |S〉 = 1√

2
(|↑L↓R〉 − |↓L↑R〉) that results

in new states:

|±〉 =
1√
2

√
1∓ δ

2εA
|0〉 ∓ 1√

2

√
1± δ

2εA
|S〉, (7)

where δ = εR+εL+U denotes a detuning parameter. En-
ergies of states in the diagonal basis are:E± = δ/2± εA,
εA =

√
δ2/4 + ΓSLΓSR/2. That indicates that the non-

local proximity e�ect changes the ground state of the
system. Tunneling rates Wji between states i, j can be
determined from the Fermi golden rule [2, 5]. Occupation
probabilities obey the master equation:∑

i 6=j

(WijPj −WjiPi) = 0, (8)

where probabilities Pi are normalized, ΣiPi = 1. The
current �owing in the electrode η can be obtained from:

Iη =
e

~
∑
i 6=j

Pi W
η
ji, (9)

where e is the electron charge, the current rates W η
ji take

into account the number of electrons transferred between
lead η and QDη.

The current calculated for di�erent con�gurations of
the ferromagnetic electrode magnetization is shown in
Fig. 2. IAP denotes the current for the antiparallel align-
ment and IP for the parallel con�guration. Suppression

of the current in region µ/U > 0.5 results from the triplet
blockade [2]. The current in the parallel con�guration of
electrodes is lower than in the antiparallel con�guration.
This corresponds to the fact that Cooper pairs are in
spin-singlet states and the antiparallel alinement of elec-
trode magnetizations better �ts to the antiferromangetic
order of the singlet state.

3. Entanglement detection

One way to detect quantum entanglement can be
achieved by applying of the entanglement witness oper-
ator approach. Entanglement witness is an observable,
for which an average value in a speci�c state is [6-8]:

〈Ŵ 〉 ≥ 0 for all separable states,

〈Ŵ 〉 < 0 for some entangled states. (10)

Entanglement witnesses for non-ideal (pη < 1) ferromag-
netic detectors can be postulated in a form:

Ŵ3D =
1

2

(
I + (M̂x + M̂y + M̂z)

)
(11)

and reduced to the two-dimensional 2D case:

V̂ij =
1

2

(
I + (M̂i + M̂j)

)
, (12)

where i, j ∈ {x, y, z}, i 6= j. Here the operators M̂i

(i = x, y, z) can be related to the spin correlations by

M̂i ∝ σ̂i ⊗ σ̂i, (13)

and can be measured by the spin polarized electric cur-
rent:〈

M̂z

〉
=
I↑↑ + I↓↓ − I↑↓ − I↓↑
I↑↑ + I↓↓ + I↑↓ + I↓↑

. (14)

Here Iij denotes the value of the current �owing through
the system with the magnetization of L electrode in i
direction, and of R electrode in j direction both among
the z-axis. It can be proved that operators Eq. (11) and
Eq. (12) are entanglement witnesses for the studied sys-
tem since they ful�ll the conditions given by Eq. (10).
With use of obtained current�voltage characteristics, av-
erage values of entanglement witnesses (for several values
of the voltage) are shown as a function of the spin polar-
ization p = pL = pR and symmetric coupling ΓL = ΓR
(Figs. 3 and 4).
The range of applicability of witness operators corre-

sponds to the area where the average value of operator
is negative. The minimal required spin polarization for
entanglement detection can be read out from plots. Two-
dimensional entanglement witness requires a higher spin
polarization of leads than three-dimensional.

4. Summary

We investigate the system of double quantum dot cou-
pled with superconducting electrode acting as a source
of entangled electrons and two ferromagnetic electrodes
serving as spin-resolved detectors. The superconducting
non-local proximity e�ect gives rise to coupling of sin-
glet state with vacuum state, which resulted in non-local
Andreev re�ection. Therefore, spin entangled electron
singlet states were induced on the dots. Using of the



492 P. Busz et al.

Fig. 3. 3D entanglement witness Ŵ3D for all three
characteristic steps A, B, C marked on Fig. 2. Detec-
tion of entanglement is possible for spin polarization:
p(C) >∼ 0.707, p(B) >∼ 0.654, p(A) >∼ 0.765.

Fig. 4. 2D entanglement witness Ŵ2D for all three
characteristic steps A, B, C marked on Fig. 2. Detec-
tion of entanglement is possible for spin polarization:
p(C) >∼ 0.817, p(B) >∼ 0.775, p(A) >∼ 0.859. Di�er-
ent witnesses Vij have identical form when averaging in
singlet state.

entanglement witness method to our system we demon-
strate how to detect the spin entanglement by the electric
current measurements. The minimal required spin po-
larizations of ferromagnetic detectors for entanglement
detection were determined. Point B, µ/U = 0.5, corre-
sponds to the lowest spin polarization p = 0.654 required
for the entanglement detection.
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