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We compare theoretically predicted, by means of ab-initio calculations, dielectric tensor and related experimental values obtained from Mueller-ellipsometry measurements of an insulating monoclinic (optically biaxial)
crystal of Cu(H2 O)2 (en)SO4 , en = C2 H8 N2 . We concentrate on the static limit, ω → 0.
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1. Introduction

Cu(H2 O)2 (en)SO4 was recently investigated especially
for its magnetic properties: it is an insulating (with a
calculated gap of about 2 eV) magnetically quasi-onedimensional spin S = 1/2 antiferromagnet (with the Néel
temperature of 0.9 K) [13]. In this paper we utilize the
theoretical electronic structure obtained in [3] to calculate the macroscopic dielectric tensor and compare it to
what can be inferred from Mueller-ellipsometry measurements (of the PCR SCR A type) carried out in the 190 to
1700 nm range (6.50.7 eV). The material crystal belongs
to the monoclinic system and thus is optically biaxial,
i.e. displays anisotropy. Contrary to orthorhombic crystals (biaxial crystals of highest crystallographic symmetry), the crystallographic axes of a monoclinic crystal do
not x all the axes of the dielectric frame, dened as
the frame where the real part of the (generally complex)
dielectric tensor is diagonal. This makes the situation
complex on the one hand, but on the other hand more
experimental features, such as the orientation of the dielectric frame, can be checked against theory.
2. Geometry

The material belongs to the prismatic class of the monoclinic crystal system, i.e., has the 2/m point-group symmetry [4]. As is conventionally done, we call the symmetry axis the b axis. This crystallographic axis is perpendicular to the other two, a and c, axes, and the latter form
an angle of 105.5◦ , see Fig. 1. The ellipsometry measured
light reection from a crystal facet parallel to the ac plane
(with the b axis perpendicular to it). The orientation
(Miller indices) of the facet, the shaded area in Fig. 1,
was checked by X-ray diraction. Generally, frequencydependent (macroscopic) dielectric tensor ε(ω) expressed
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Fig. 1. The relation between the crystallographic axes
a, b, c, the considered crystal facet (shaded area) parallel
to the ac plane, and used orthogonal (righthanded) systems (xyz) and (x0 y 0 z 0 ). The b, y and y 0 axes coincide,
the (xyz) and (x0 y 0 z 0 ) systems are mutually rotated by
the angle φ around the y axis. The (x0 y 0 z 0 ) system is the
principal frame for <ε. We dene (positive) x0 to lie in
the quadrant of positive x and z axes, and φ ∈ h0, 90i◦
there.

in any orthogonal coordinate system (xyz) is a complex
symmetric matrix, εij (ω) = εji (ω); i, j ∈ {x, y, z}. Hence
its real and imaginary part can be individually diagonalized by an (ω -dependent) orthogonal transformation,
which, however, may be dierent for each part; we call
the resulting frames the principal frame for the real and
imaginary part, or alternatively the dielectric and absorption frame, respectively. Fortunately, the monoclinic
symmetry requires that the b axis be also one of the
principal-frame axes (for both parts) [5]. This implies
(i) that ε expressed in the (xyz) system whose orienta εxx 0 εxz 
0 εyy 0
tion is given in Fig. 1 must have the form
εzx

0 εzz

and (ii) the existence of an orthogonal (x0 y 0 z 0 ) coordinate system whose y 0 axis coincides with the crystal b
axis (and the y axis) and in which the real part of ε is
diagonal; there <ε =: diag(εx0 , εy0 , εz0 ). The relation between (xyz) and (x0 y 0 z 0 ) is a simple rotation about y by
the angle φ. (Similarly there is a rotation about y which
diagonalizes the imaginary part of ε, but this will be of
no interest to us now.)
When light of a frequency at which the material is
nonabsorbing (=ε = 0) is shed on the sample and its ray
lies in either the x0 b or the z 0 b plane, then due to the
above-discussed diagonality of <ε there is no conversion
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between the s and
p polarizations (i.e., the Jones matrix
0 
form,
with vanishing rsp and rps ; we
is of the rpp
0 rss
ignore any possible depolarization, which is supported by
the experiment). This is true for any angle of incidence
(in the ideal-geometry setup); only the azimuth, φ, plays
a role. In the following we primarily want to compare
a theoretical prediction of φ to the experiment in the
limit ω → 0. In this limit (i) the absorption is low (the
material has a gap), (ii) ε dispersion is weak and we can
then expect that φ only weakly depends on frequency,
(iii) we may trust ab-initio calculations the most.
3. Computational methodology

Both electronic-structure and optics calculations were
performed using the VASP code [6] within the density
functional theory, using the projector-augmented-wave
pseudopotential method with the generalized gradient
approximation parameterized by Perdew, Burke, and
Ernzerhof in its GGA+U extension as implemented in the
code following Dudarev [7] and using U = 5.5 eV. This
value follows from the analysis in [3]. The material conventional unit cell contains four chemical formula units
(Z = 4), 96 atoms altogether. The Brillouin zone was
sampled on a k -point mesh with 6×4×5 points. Used lattice parameters and atomic positions are reported in [2].
We calculated both the frequency-dependent ε (using
the LOPTICS method of VASP with NBANDS=800),
and the static limit (using the LEPSILON method) and
checked these two agree. By means of diagonalizing the
calculated ε the theoretic prediction for φ is obtained.
4. Results

Figures 2 and 3 show the calculated real and imaginary
parts of the dielectric tensor expressed in the (xyz) frame.
The anisotropic behaviour is clearly visible in both parts.
Looking at the real part and considering the static limit
we see that the o-diagonal element εzx is much smaller
then the diagonal elements, however, is comparable to the
diagonal elements dierence. This has two consequences:
(i) Diagonalization of ε will yield eigenvalues close to
what can be read from the inset (actually, as should be
clear, the <εyy directly gives εy0 , while only the x and z
components mix). Mathematically this follows from
 the
δ
fact that diagonalization of the matrix ε̄+∆
δ ε̄−∆ yields
√
2
2
eigenvalues ε = ε̄ ± ∆ + δ . (ii) The azimuth angle
of the dielectric frame need not be small (as one could
wrongly expect at rst). The essence of this fact can

be understood from diagonalization of the matrix 1δ 1δ ,
which always leads to a 45◦ rotation irrespective of the
value of δ (but for the strict δ = 0 case).
The calculated elements of the diagonalized <ε at ω =
0 are εx0 = 2.55, εy0 = 2.83, εz0 = 2.74. The calculated
azimuth φ which diagonalizes ε is given in Fig. 4 for the
whole measured spectrum.
Turning attention to the spectrum of =ε, Fig. 3, we see
no absorption till about 2 eV and then a marked absorption in the blue region. This is not in accord with reality

Fig. 2. Calculated elements of <ε in the (xyz) frame;
elements not shown are zero (but εxz = εzx ). In the inset the ω → 0 limit of the diagonal elements is detailed.

Fig. 3. Calculated elements of =ε in the (xyz) frame;
elements not shown are zero (but εxz = εzx ). The inset
depicts the visible part of the spectrum.

since the crystal is apparently blue, hence we would expect absorption in the yellow region and then much lower
or no absorption in the blue region. This discrepancy is
one of the reasons why we concentrate mainly on the
static limit in this contribution.
In Fig. 4 the calculated azimuthal rotation φ needed
to diagonalize the real part of the dielectric tensor is displayed. As expected, the angle shows a smooth behaviour

Fig. 4. Calculated azimuth, φ, of the dielectric frame
as a function of light energy.
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towards the static limit with a nearly constant value of
about 25◦ . At this azimuth as well as related azimuths
diering by multiples of 90◦ we should see no polarization
conversion. This is almost seen in the experiment, Fig. 5,
at the angles of (approximatively) 65, 155, 245 and 335
degrees (these are complements to 360◦ of the angles just
mentioned; the beam azimuth rotates eectively in the
opposite sense than the sample). Almost, rst because
we see the curves do not always drop completely to zero.
This, however, may well be just an artefact of not having
a ne enough azimuthal step. Second, the minima do not
really coincide. Our current opinion on this is that the
sample alignment was not perfect inasmuch the b axis was
not identical with the axis of azimuthal rotation. (The
best we can then do to predict the minima positions for
the ideal alignment is to take the averages; these are the
above numbers.) The misalignment may further also be
the reason for why the sample does not look the same
after a rotation by 180◦ (which it would strictly have to
if the b axis were the axis of rotation).

Fig. 5. Measured ratios |rps /rss | and |rsp /rpp | as a
function of rotation of the sample for light of 1240 nm
and 45◦ incidence angle. We dene the Jones matrix as
rpp rps
rsp rss .

5. Conclusions

We have calculated the complex frequency-dependent
macroscopic dielectric tensor for the material. The
nonzero-frequency results are not satisfactory: the predicted colour is wrong. In this respect we note that we
have only used the ground-state DFT framework, which
although suitable for the static limit is not really the right
tool for determining non-zero frequency behaviour. (The
so-called GW approximation together with the BetheSalpeter equation, or alternatively the TDDFT framework, should be used instead. In this way also excitonic
eects, which may exist and modify the spectrum, could
be included.)
On the other hand, the theoretically predicted orientation of the dielectric frame in the static limit
here the most studied aspect, related to the system's
monoclinicityagrees with the experiment well.
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In the static limit we have predicted the three principal
indices of refraction. It would be desirable to compare
these to the experiment. Unfortunately, at this point we
seem to need some more information from the experiment that would help us disentangle the action of the
individual refraction-index components. (For instance,
in the `diagonalized' setup the reection of s polarization
depends only on either nx0 , or nz0 . From the knowledge
of incidence angle and the absolute value of |rss | at least
these two refractive indices could be calculated. Such an
absolute value is not readily available, though.)
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