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Two systems of spins s = 1/2 with the Heisenberg interactions are investigated: (i) an equilateral trapezoid
and (ii) a regular hexagon. Both cases are compared with the corresponding sublattice Hamiltonians to determine
splitting and mixing of energy levels with a given total spin of sublattices. It is shown that small modications
of the Hamiltonian parameters may signicantly change (magnetic) properties of the eigenstates, especially probability of nding system in a state with determined value of the sublattice total spin.
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1. Introduction

The simplied picture of magnetic molecules is provided by the so-called rotational-band or sublattice
model [1, 2]:
2
2
HSM = 2JSA · SB = J[S 2 − (SA
+ SB
)],
(1)
where SA(B) is the total spin of sublattices A and B ,
respectively, and S = SA + SB is the total spin of
the system; 0 ≤ SA(B) ≤ ms, 0 ≤ S ≤ 2ms, and
the total magnetization M are good quantum numbers.
For antiferromagnetic (AFM) interactions the Hamiltonian (1) yields the singlet ground state (GS) with S = 0,

SA = SB = ms. However, the AFM isotropic Heisenberg
Hamiltonian with the nearest neighbors (nnH) interactions leads to lower GS energy [3, 4]. Moreover, the eigenstates of these Hamiltonians are dierent. For the SM the
GS with S = M = 0 is the generalized Néel state [5, 6],
where SA = SB = ms and −ms ≤ MA(B) ≤ ms. The actual GS of the nnH Hamiltonian is a linear combination
of all states with S = 0 (so M = 0). The aim of our
work is to consider eigenstates modications in two simple cases with s = 1/2; for such systems all calculations
can be done exactly.

Fig. 1. hSA2 i in one of two states with (a) S = 0 and (b) S = 1.
H = 2[s2 · s3 + (1 + α)(s1 · s2 + s3 · s4 )

2. Geometrical deformations

The AFM Hamiltonian is considered (H = H/J ,
J > 0), where small parameters α and β describe deformation of a square (γ ≈ 0) or a tetrahedron (γ ≈ 1)
to a trapezoid or a rectangle (β = 0):
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+(1 + 2β)s1 · s4 + γ(s1 · s3 + s2 · s4 )];
(2)
z
Since S commutes with H, it is enough to consider a sixdimensional space of states with M = 0. To determine
2
the mean values hSA(B)
i, the vectors |S; SA SB i, with
S = 0, 1, 2 and SA(B) = 0, 1, are determined. The unique
non-trivial symmetry (1 ↔ 4, 2 ↔ 3) gives us three symmetric states, |2; 11i, |0; 00i, |0; 11i, and the only one
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antisymmetric state |1; 11i. For the other two states combinations are considered
|S = 1i± = 2−1/2 (|1; 10i ± |1; 01i);
(2)
note that the rst one is antisymmetric with respect to
2
the trapezoid symmetry; in both states hSA(B)
i = 1.
The states |2; 11i and |S = 1i− do not mix with any
other state due to the symmetry. So we are left with two
symmetric states for S = 0 and two antisymmetric states
for S = 1. Two special cases are discussed below.
For β = 0 the system can be considered as a rectangle. In this case only the symmetric states with S = 0
and SA = SB = 0, 1 form linear combinations with
2
hSA(B)
i = S and 2−S , respectively (see Fig. 1). Changes
in the parameter γ lead to quantitative only modication
of the diagram, but S increases for growing γ . It can be
shown that S = 1 for α = 2(γ − 1) when γ 6= 1. The dependence S(α) is asymmetric: for 0 < γ < 1 S(α) grows
more rapidly for α < 0 (it tends to 3/2) than for α > 0
(limα→∞ S(α) = 1/2).
If α = β then the mixing of SA(B) -eigenstates is possible for antisymmetric states with S = 1 only. The eigen2
states have hSA(B)
i = 1 + S and 2 − S , respectively
(see Fig. 1). Though this diagram is qualitatively similar
to the previous one, the mixing of states is more
√ intensive. It can be shown that limα→±∞ S = (5 ∓ 5)/10.
In a general case (α 6= β ) the mixing of the eigenstates
2
of the sublattice spins SA(B)
is present for both values
S = 0, 1. The results obtained are, at least qualitatively,
similar to those presented above.
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is another level E 0 related to doubly degenerated lev2
els |1; 1/2, 3/2i and |1; 3/2, 1/2i, so the mixing of SA(B)
eigenstates is possible in this case, too. The other four
states (labeled by A02 , and E 0 for S = 0, and by A02
for S = 1) have determined values SA(B) = 1/2.
The linear combinations of the states labeled by A01
(S = 0, 1) have the symmetry A1 for S = 1 and
B1 for S = 0 (one of these states is the GS of the
Hamiltonian considered). The probabilities of measured
given values of SA(B) are determined by the probability p(Γ , α) of SA = 3/2 in one state of each pair; in
2
this state hSA(B)
i = 3p + 3/4. These probabilities for
Γ = A1 and B1 are presented in Fig.
√ 2. In the nnH
model we have p(B√1 , 0) = 2/(13 + 3 13) ≈ 8.4% and
p(A1 , 0) = 2/(9 + 3 5) ≈ 12.7%.

3. A regular hexagon

The system of six spins s = 1/2 with the AFM Heisenberg coupling is considered (0 ≤ α ≤ 1):
6
3
X
X
H=
sj · sj+1 + α
sj · sj+3 .
(4)
j=1

j=1

For α = 1 the SM is revealed, whereas α = 0 leads to
the nnH Hamiltonian. The coupling of the second neighbors does not yield any qualitative changes. The considerations are restricted to 20 states with M = 0.
SA = SB = 3/2 for S = 3 and in one of states with S =
2. The other four states with S = 2 are (anti)symmetric
combinations of states with SA 6= SB . The appropriate
coecients do not depend on α and the probability of
SA = 3/2 is constant: p = 50%. The same result is
obtained for one pair of states with S = 1.
2
Considering each of the operators SA(B)
individually it is easy to notice that states with SA(B) = 1/2
(and xed MA ) are related to two-dimensional representation E 0 of the dihedral group D3 . Therefore, the level
|S; 1/2, 1/2i, S = 0, 1, is four-fold degenerated and splits
to levels labeled by irreps A01 , A02 , and E 0 (the apostrophe distinguishes them from the irreps of D6 ). To obtain
the eigenstates of (4) labeled by the irreps of D6 , linear
combinations with the fully symmetric state |S; 3/2, 3/2i
(labeled by A01 ) have to be introduced. For S = 1 there

Fig. 2. The probabilities p(Γ , α) for Γ = A1 , B1 , E2
and 0 ≤ α ≤ 1. In the inset |α| ≤ 5.
The doubly degenerated levels labeled by E2
for S = 1 are linear combinations
√ of states labeled
by E 0 : (|1; 3/2, 1/2i − |1; 1/2, 3/2i)/ 2 and |1; 1/2, 1/2i.
The calculated probability p(E2 , α) (of
√ SA = 3/2) is plotted in Fig. 2; p(E2 , 0) = 32/3(51 + 5 17) ≈ 14.9%.
4. Final remarks

The magnetic molecules synthesized never have ideal
symmetry (for example see [7, 8]), so considerations of
spin systems with broken symmetry is important to better understand properties of real magnetic molecules.
The examples discussed in this paper show that even
small modications in Heisenberg-like spin Hamiltonians
may lead to distinct changes in properties of the corresponding eigenstates. On the contrary, small changes of
Hamiltonian parameters do not inuence the thermodynamic quantities, like the specic heat, since the statistical sum is slightly changed, especially at low temperatures. Therefore, tting of microscopic parameters to experimental data based on the thermodynamic properties
frequently leads to ambiguous results. Moreover, statedependent parameters, like spinspin correlations, may
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be signicantly dierent in states with similar energies
(see, for example, some plots in [3]).
Similar eects are observed when a simplied model,
like the sublattice one, is applied: the rst energy gap,
determining the specic heat at low temperatures, is well
approximated by such models, but other properties of
the eigenstates (especially excited ones) are not predicted
properly.
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