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We study the ground state phase diagrams of the extended Hubbard model with the pair�hopping interaction J ,
i.e. the Penson�Kolb�Hubbard model. We concentrate on the case of attractive J (J > 0) which can stabilise
s-wave pairing superconductivity in the system and competes with the on-site repulsive U . The evolution of the
phase diagrams and order parameters for arbitrary electron density and representative values of the interaction pa-
rameters are analyzed within the (broken symmetry) Hartree�Fock approximation. The calculations are performed
for the case of nearest-neighbors electron hopping t on the d = 2 square lattice.
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1. Introduction

The extended Hubbard model with pair hopping inter-
action i.e. the so-called Penson�Kolb�Hubbard (PKH)
model is conceptually simple e�ective model for studying
correlations and electron orderings and for description of
superconductivity in narrow band systems with short-
range, almost unretarded pairing [1�12]. The model
Hamiltonian is the following:

H = −t
∑
〈ij〉σ

(
c+iσcjσ +H.c.

)
−
∑
iσ

µniσ + U
∑
i

ni↑ni↓

−1

2
J
∑
〈ij〉

(
c+i↑c

+
i↓cj↓cj↑ +H.c.

)
, (1)

where t is the single electron hopping integral, U is the
onsite density�density interaction, J is the pair hopping
(intersite charge exchange) interaction, µ is the chemi-
cal potential, the limit 〈ij〉 restricts the sum to nearest
neighbors.

In this report we present the ground state phase dia-
grams and order parameters evolution of the PKH model
for the case of attractive J (J > 0) which favorizes s-
wave pairing state, i.e. the state with the Cooper-pair
center-of-mass momentum q = 0 and which competes
with repulsive U . The properties of the model will be
compared with those of the attractive Hubbard (AH)
model [13, 14]. The calculations are performed for ar-
bitrary electron density (0 < n < 2) within the (bro-
ken symmetry) Hartree�Fock approximation. The case
of repulsive pair hopping interaction (J < 0) which can
stabilize eta�pairing superconductivity and, for U < 0,
charge ordering will be discussed in a separate work [15].

We determine a set of self-consistent equations as the
minimum of the free energy of the system F with respect
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to the variational parameters: order parameters of con-
sidered orderings xα (α = S, F, AF) and chemical poten-
tial µ, i.e. by the equations

∂F

∂xα
= 0 and

∂F

∂µ
= 0, (2)

where superconducting order parameter for s-wave
pairing xs = 1

N

∑
i〈ci↓ci↑〉, antiferromagnetic with

the staggered magnetization order parameter xAF =
1

2N

∑
i,σ σ exp(Qi ·Ri)〈c+iσciσ〉, (Q = Π

a ,
Π
a ,...), and ferro-

magnetic order parameter xF = 1
N

∑
i,σ σ〈c

+
iσciσ〉.

We have studied the case of alternating (hypercubic)
lattices. We have restricted our analysis to the one- and
two-sublattice site orderings and considered only homo-
geneous phases S, F, AF. In order to determine the phase
boundaries we have compared the corresponding free
energies of the phases. The paper does not consider
mixed ordered phases, bond orderings and phase sepa-
rated states, which are now under investigation.

Results and discussion

We have analysed the ground state properties of the
model (1) for d = 2 square (SQ) lattice. In the follow-
ing we present numerical results for the case restricted to
the nearest-neighbors single electron hopping t and pair
hopping J . We determine the mutual stability of s-wave
pairing superconductivity (S), ferromagnetic (F), anti-
ferromagnetic (AF) and nonordered (N) phases in such
a case.
The ground state diagrams and ordering parameters

evolution for various representative values of the system
parameters are shown in Figs. 1�3.
In Figs. 1, 2 the phase diagrams are plotted as a func-

tion of interactions (U , J) and a concentration n, whereas
Fig. 3 shows the plots of order parameters as a function
of the concentration n and the on-site interaction U for
�xed values of the other model parameters.
The diagram U/4t vs. n for J/4t = 1 is given in Fig. 1.

All the phase transitions lines between ferromagnetic,
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Fig. 1. The phase diagram as a function of U and n
for �xed J/4t = 1. All the phase transition lines are
of the �rst�order. Denotations: ferromagnetism (F),
antiferromagnetism (AF) and s-wave superconducting
state (S). All diagrams are plotted for nonfrustrated 2D
square lattice (SQ).

Fig. 2. The phase diagrams as a function of J and n
plotted for: (a) U/4t = 2 and (b) U/4t = 3. The transi-
tions between ordered phases are of the �rst�order and
those involving nonordered (N) phase are of the second�
order. Other denotations as in Fig. 1.

antiferromagnetic and s-wave superconducting orderings
are of the �rst order. Ferromagnetic and antiferromag-
netic phases appear on the diagram above a critical value
of repulsive U (Uc) dependent on n, whereas s-wave su-
perconducting state is stable for U < Uc. In the diagram
AF phase occurs in a �nite range of concentration n close
to half-�lling.
The ground state phase diagrams J vs n for two �xed

values of U are shown in Fig. 2. The transitions be-
tween ordered phases are of �rst order while the transi-
tions to nonordered phase are of second order. As the
repulsive on-site interaction U > 0 competes with J > 0

Fig. 3. Order parameters (a) as a function of carriers
concentration n for �xed values of interaction parame-
ters U/4t = 2.0 and J/4t = 0.57, (b) as a function of U
for �xed values of parameters n = 0.9 and J/4t = 1.0.
The stability ranges of the di�erent phases are indicated
by the vertical lines. Symbol x denotes order parameter
(xs, xF and xAF) for respective phases. Other denota-
tions as on Figs 1, 2.

the S phase appears only above some critical value J/4t,
which depends on U/4t and n. Increase of U/4t broadens
the range of concentrations n for which the ferromagnetic
state is stable and reduces the ranges of antiferromag-
netic and nonordered phases (compare Fig. 2a and b).

Our analysis of a general case of arbitrary U/4t and
J/4t shows that for J > U/2 the S phase is the lowest
energy state at T = 0 for any values of single electron
hopping and carrier concentration (0 < n < 2).

Examples of the concentration dependence of the or-
der parameters for the �xed values of interactions and
their evolution with increasing U for �xed n and J/4t are
presented in Fig. 3a and b, respectively. At the points
of the �rst-order transitions between ordered phases the
values of the order parameters are �nite, whereas super-
conducting order parameter vanishes (xs → 0) at the
second-order transition to nonordered phase (compare
Fig. 3a with Fig. 2a) and at the empty-band limit n = 0.
For strong interactions nonordered phase disappears from
the phase diagram (see Fig. 3b and Fig. 1). In Fig. 3b
one can see the evolution of the order parameters pass-
ing through a sequence of �rst-order phase transitions
(S-AF-F) with increasing U (compare Fig. 1).

Comparing the properties of the superconducting s-
wave phase of the attractive Hubbard model (U < 0,
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J = 0) with those of the PKH model with intersite at-
tractive pair hopping interaction J > 0 for U = 0 (i.e. the
PK model) one �nds in both cases gradual evolution from
the BCS-like limit to the tightly bound pairs regime with
increasing couplings [1, 3, 13, 14]. In both cases the in-
teractions stabilize the s-wave superconductivity for any
coupling strength. However the nonlocal pairing mecha-
nism (intersite charge exchange) makes the dynamics of
electron pairs in the PK model to be substantially dif-
ferent from that in the AH model. As a result these
two systems present, except for the weak coupling limit,
di�erent thermodynamic and electrodynamic properties
behaviours [1, 3, 13, 14, 16].
In the AH model with increasing |U | the inverse square

London penetration depth λ−2(T = 0) continuously de-
creases, while the Tc increases exponentially for small |U |,
then it goes through a round maximum and decreases as
t2/|U | for large coupling (cf. e.g. Fig. 10 in Ref. [3]).
Analogous behavior as Tc exhibits the thermodynamic
critical �eld Hc(0) (cf. e.g. Fig. 5 in Ref. [3]).
On the other hand, in the PK model the λ−2(0) in-

creases with J , there is no maximum of Tc and H2
c (0)

at the intermediate J and both these quantities increase
linearly with J for large coupling (Refs. [1, 3, 16]).
As we have seen repulsive U restricts the range of sta-

bility of S�phase in the PKH model and can generate ei-
ther �rst or second order transitions to various nonsuper-
conducting states. Moreover it can modify the properties
of S-phase [7, 17].
More detailed study of the model, considering also pos-

sible mixed orderings and phase separations and analyz-
ing the in�uence of repulsive U on thermodynamic and
electromagnetic properties of S-phase for d-dimensional
hypercubic lattices will be given elsewhere [17].
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