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We report study on the thermodynamic properties of the novel high-pressure superconducting phase of boron
with hexagonal P63/mcm structure. Our analysis is conducted at the pressure of p = 400 GPa, which is motivated
by the highest value of the superconducting transition temperature (TC) observed previously under such conditions
for the P63/mcm boron. Our investigations of the thermodynamic properties are performed within the Eliashberg
formalism, due to the strong-coupling character of the considered material. In particular, we calculate the ther-
modynamic properties of the superconducting state which allows us to determine the values of the characteristic
dimensionless parameters; the zero-temperature energy gap to the critical temperature, the ratio of the speci�c
heats, as well as the ratio connected with the zero-temperature thermodynamic critical �eld.
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1. Introduction

Studies of superconductors under the condition of high
pressure (p) are at present of great importance [1]. This
interest steams from the fact that due to the externally
applied pressure it is possible to induce the superconduct-
ing phase or enhance its properties in various materials.
One of the most interesting results, in this domain,

concern the case of the simple metals [2�4]. For exam-
ple, the elements like lithium or calcium have been ex-
perimentally proved to be characterized by the relatively
high maximum superconducting transition temperatures
(TC) of the order of ≈14 K (at p = 30.2 GPa) [5] and
≈29 K (at p = 216 GPa) [6], respectively. Moreover, on
the basis of the theoretical calculations it has been shown
that both of these materials are the strong-coupling su-
perconductors [7, 8].
Following these results, one of the most recent related

investigations consider the possibility of inducing super-
conducting phase in the metallic boron. Early theoreti-
cal research revealed that boron in the high-pressure α-
Ga phase is expected to be a superconductor with a low
electron�phonon coupling constant (λ) equal to 0.39 [9].
Although, recently Li et al. predicted novel B10 hexago-
nal P63/mcm structure of boron, which is energetically
more stable then the α-Ga phase within the pressure
range from 375 to 500 GPa [10]. Moreover, on the ba-
sis of the ab initio calculations, Li et al. showed that
the highest TC value for the B10 can be obtained for
p = 400 GPa. Under such conditions the B10 super-
conductor is characterized by the relatively high value of
the electron�phonon coupling constant equal to 0.82.
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In this work, we present study of the selected thermo-
dynamic properties of this novel superconducting phase
of boron at p = 400 GPa. Due to the mentioned value
of the electron�phonon coupling constant, the B10 super-
conductor at p = 400 GPa should be analyzed within the
strong-coupling limit (λ > 0.3 [11]). For this purpose
we perform our analysis within the Eliashberg formal-
ism [12], a strong-coupling generalization of the Bardeen�
Cooper�Schrie�er theory [13, 14].

2. Theory

In particular, our numerical calculations are carried
out using the set of the isotropic Eliashberg equations
(for the computational details please see [15] and [16]),
which are solved on the imaginary axis and in the mixed
representation by adopting the electron�phonon Eliash-
berg spectral function presented in [10]. Furthermore, we
assume that the Coulomb pseudopotential value is equal
to 0.1, following value assumed in the paper [10]. More-
over, the Matsubara frequencies (ωm ≡ π

β (2m−1), where

parameter β is given by β ≡ 1/kBT , and kB denotes the
Boltzmann constant) are limited to M = 1100. Due to
this fact the stability of our calculations is ensured for
temperatures greater than T0 = 5 K. Finally, the cut-o�
frequency is set to be ωC = 10Ωmax, where Ωmax is the
maximum phonon frequency equal to 246.95 meV.

3. Results

In Fig. 1A, we present calculated maximum value of
the order parameter (∆m=1) as a function of tempera-
ture (T ). The point where ∆m=1 = 0 allows us to quanti-
tatively determine the value of the superconducting tran-
sition temperature, which in our case is equal to 48.86 K.
Supplementary results of the dependence of the order pa-
rameter (∆m) onm for selected values of temperature are
presented in the inset of Fig. 1A.
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Fig. 1. The dependence of the maximum value of the
order parameter (A) and the maximum value of the
wave function renormalization factor (B) on tempera-
ture. Insets present the order parameter (A) and the
wave function renormalization factor (B) as a function
of m for selected values of temperature.

On the other hand, Fig. 1B depicts maximum value
of the wave function renormalization factor (Zm=1) as
a function of temperature. From the physical point of
view, this dependence describes, with a good approxi-
mation, the functional behavior of the electron e�ective
mass (m∗

e) on temperature; m?
e(T ) ' Zm=1(T )me, where

me denotes the band electron mass. In what follows, the
obtained maximum value of the electron e�ective mass
at T = TC is equal to 1.82 me. At this point we would
like to underline that m?

e(TC) can be also calculated on
the basis of the following simple analytical formula:

m?
e(TC) = (1 + λ)me. (1)

By using this formula, one can easily note that the cal-
culated value is in the perfect agreement with the value
obtained previously on the basis of the Eliashberg equa-
tions. This fact ensures the accuracy of our numerical
computations.
Similarly as in the case of the order parameter, re-

sults presented in Fig. 1B are supplemented by the func-
tional dependance of the Zm on m for selected values of
temperature.
On the basis of the results presented in Fig. 1A and B

we are next able to determine the temperature depen-
dence of the free energy di�erence between the supercon-
ducting and normal state, the thermodynamic critical
�eld as well as the speci�c heat of the superconduct-
ing state (for the computational details please see [15]
and [16]).
The calculated free energy di�erence between the

superconducting and normal state (∆F/ρ(0), where
ρ(0) denotes the electronic density of states at the Fermi
level) is plotted versus temperature in the lower part
of Fig. 2A. The upper part of Fig. 2A presents the tem-
perature dependence of thermodynamic critical �eld de-
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Fig. 2. The free energy di�erence between supercon-
ducting and normal state (A � lower panel) and the
thermodynamic critical �eld (A � upper panel) as
a function of temperature. The speci�c heat of the
normal and superconducting state as a function of
temperature (B).

termined using the following expression:

HC/
√
ρ(0) =

√
−8π[∆F/ρ(0)]. (2)

Obtained maximum value of the HC/
√
ρ(0) equals

36.83 meV at T = T0.

In Fig. 2B we present the speci�c heat of the normal
and superconducting state calculated as a function of
temperature. The speci�c heat of the superconducting
state is determined by using the following relation:

CS = CN + ∆C, (3)

where CN denotes the speci�c heat of normal state, and
∆C is the di�erence between the speci�c heat of super-
conducting and normal state. The maximum value of the
CS/kBρ(0) at T = TC equals 138.75 meV.

Moreover, in Fig. 2B, the characteristic jump of the
speci�c heat of the superconducting state can be clearly
observed at T = TC.

Obtained results for the thermodynamic critical �eld
and the speci�c heat of the normal and superconducting
state allows us next to determine the corresponding di-
mensionless ratios:

RH ≡ TCCN (TC) /H2
C(0), (4)

and

RC ≡ ∆C (TC) /CN (TC) , (5)

respectively. The calculated values are: RH = 0.156 and
RC = 1.75.

In the �nal step, we calculate the physical value of
the energy gap at the Fermi level (2∆(0)). For this
purpose we solve the Eliashberg equations in the mixed
representation (for more details please see papers [15]
and [16]). Obtained results of the order parameter on
the real axis (∆(ω)) as a function of frequency (ω) for
selected values of temperature are presented in Fig. 3.
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Fig. 3. The real and imaginary part of the order pa-
rameter as a function of frequency. The results are pre-
sented for selected values of temperature. The rescaled
Eliashberg function for B10 superconductor at 400 GPa
is also depicted.

On the basis of these results and by using the following
expression:

∆(T ) = Re[∆(ω = ∆(T ), T )], (6)

where ∆(0) is assumed to be ∆(0) ' ∆(T0), the calcu-
lated 2∆(0) value equals 16.13 meV. Moreover, similarly
as in the case of the previous calculations, we are able to
determine the corresponding dimensionless ratio for the
energy gap de�ned as:

R∆ ≡ 2∆(0)/kBTC. (7)

In our case the calculated value amounts: R∆ = 3.83.

4. Summary

In the present paper we have determined the selected
thermodynamic properties of the novel high-pressure B10

superconductor, by using the strong-coupling Eliashberg
formalism.
In particular, for the chosen pressure value p =

400 GPa, the calculated value of the superconduct-
ing transition temperature is relatively high and equal
to 48.86 K.
Moreover, we have analyzed the thermodynamic prop-

erties such as the thermodynamic critical �eld, the spe-
ci�c heat of the normal and superconducting state, and
the energy gap at the Fermi level. Results obtained
for these thermodynamic properties can be summarized
by the calculated values of the corresponding dimension-
less ratios: RH = 0.156, RC = 1.75, and R∆ = 3.83.

We note that within the Bardeen�Cooper�Schrie�er
theory the characteristic dimensionless parameters take
values: RBCS

H = 0.168, RBCS
C = 1.43, and RBCS

∆ = 3.53.
At this point we note that the di�erences between our
results and the values predicted by the BCS theory arise
due to the occurrence of the strong-coupling and retarda-
tion e�ects in the analyzed B10 superconductor. In what
follows, our results point out that the B10 superconduc-
tor at p = 400 GPa cannot be properly described within
the BCS theory.
Finally, the calculated electron e�ective mass is high

and equal to 1.82 me.
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