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In the paper, the values of the thermodynamic critical �eld (HC) for francium have been calculated. It has
been assumed the wide range of the pressure: p ∈ 〈7.2; 14〉 GPa. The analysis has been performed in the framework

of the strong-coupling formalism. It has been predicted that the value of the ratio HC(0)/
√
ρ(0) increases with

the increasing pressure from 3.08 meV to 5.84 meV, where ρ(0) denotes the electron density of states at the Fermi
level. The dimensionless parameter TCC

N (TC) /H
2
C(0) is smaller than in the BCS theory and decreases with

pressure from 0.150 to 0.141. The symbol TC represents the critical temperature and CN is the speci�c heat
for the normal state.
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1. Introduction

Francium is the most rarest and unstable of the natu-
rally occurring elements. The longest lived francium iso-
topes are 212Fr and 223Fr which have half-lives of about
20 min [1]. It is a highly radioactive alkali metal similar
to cesium. Compared to other elements, knowledge of
the physical and chemical properties of francium is not
large enough.
The recent theoretical studies predict existence of su-

perconductivity in compressed Fr with the critical tem-
perature (TC) reaching a value of about 7 K at 14 GPa [2].
The performed calculations of the electronic structure
using density functional theory show pronounced e�ect
of pressure on physical properties of Fr. Under small
pressure we can see a phase transition from hcp to bcc,
which is stable up to 14 GPa. Moreover, the electron�
phonon coupling constant (λ) and critical temperature
signi�cantly increase with pressure.
In this paper, we theoretically studied the mag-

netic properties of francium under high pressure: p ∈
〈7.2; 14〉 GPa. In particular, using the strong-coupling
Eliashberg theory of superconductivity, we investigated
the pressure and temperature e�ect on the thermody-
namic critical �eld.

2. Calculations and results

The central quantity of the Eliashberg theory is the
Eliashberg spectral function (α2F (Ω)), which expresses
the electron�phonon interaction in the form of a spectral
density. The α2F (Ω) can be obtained from the ab initio
calculations or it can also be derived, from experiments
by inversion of tunnelling spectra and then used as input
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in the Eliashberg equations to determine the thermody-
namic properties of superconducting state. The Eliash-
berg equations on the imaginary-axis for the order pa-
rameter (∆n = φn/Zn) and the wave function renormal-
ization factor (Zn) take the following form [3�5]:

φn =

π

β

M∑
m=−M

K (iωn − iωm)− µ?θ (ωC − |ωm|)√
ω2
mZ

2
m + φ2m

φm, (1)

Zn = 1 +
1

ωn

π

β

M∑
m=−M

K (iωn − iωm)√
ω2
mZ

2
m + φ2m

ωmZm, (2)

where ωC denotes the cut-o� frequency (ωC = 10Ωmax),
θ is the Heaviside function, n-th Matsubara frequency
is derived from the expression: ωn ≡ πkBT (2n− 1),
with n = 0,±1,±2, . . . and kBT being the temperature
in energy units (kB represents the Boltzmann constant).
The Coulomb pseudopotential (µ?) describes the e�ects
of the electron repulsion. It is a parameter that must
be �tted in order to reproduce the experimental data.
Due to the absence of experimental results for supercon-
ducting francium, we take the commonly accepted values
of Coulomb pseudopotential: µ? = 0.1.
The electron�phonon pairing kernel is de�ned as:

K(iωn − iωm) ≡ λ Ω2
C

(ωn − ωm)
2

+ Ω2
C

, (3)

where the symbol ΩC represents the characteristic
phonon frequency, whose value has been chosen so that
the critical temperature estimated on the basis of the
Eliashberg equations would be in a good agreement with
the value presented in the paper [2]. The Eliashberg
equations have been solved numerically for 2201 Matsub-
ara frequencies (M = 1100) using a numerical method
presented in the papers [6, 7] and successfully used in
the recent studies [8�10].
In Eq. (3), the electron�phonon coupling constant can

be expressed:

(231)
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λ ≡ 2

∫ ∞
0

dΩ
α2F (Ω)

Ω
. (4)

It is worth emphasizing that the Eliashberg theory can
be successfully applied if the electron�phonon coupling
is strong (λ ≥ 0.5). In the case of francium the value
of λ increases from 0.94 to 1.13 for investigating range of
pressure [2].
Solutions of Eqs. (1) and (2) can be used directly to

compute the free energy di�erence between the supercon-
ducting and normal state [11]:

∆F

ρ(0)
= −2πkBT

M∑
n=1

(√
ω2
n + ∆2

n − |ωn|
)

×

(
ZS
n − ZN

n

|ωn|√
ω2
n + ∆2

n

)
, (5)

where ρ(0) denotes the electron density of states at the
Fermi level. The functions ZS

n and ZN
n represent the wave

function renormalization factors for the superconducting
and normal state, respectively.
Then, the thermodynamic critical �eld can be cal-

culated with the help of the following expression [12]
(cgs units):

HC√
ρ(0)

=
√
−8π [∆F/ρ(0)]. (6)

The results obtained for compressed francium are pre-
sented in Fig. 1.

Fig. 1. The thermodynamic critical �eld as a function
of the temperature for selected values of pressure.

We can note that with the temperature increases the
value of HC(T )/

√
ρ(0) noticeably decreases and reaches

zero at TC. On the other hand, the applied pressure
causes an increase of HC(0)/

√
ρ(0) from 3.08 meV to

5.84 meV, where HC(0) = HC(T0) and T0 = 0.2 K.
It should be noted that this result is related to the growth
of the electron-phonon coupling constants with an in-
crease of pressure (see Fig. 2).
In the last step, the values of the dimensionless ra-

tio RH ≡ TCC
N (TC) /H2

C(0) has been calculated. Sym-
bol CN denotes the speci�c heat in the normal state:

CN = γT , where γ is the Sommerfeld constant [13, 14]:

γ ≡ 2π2k2B
3

ρ(0)(1 + λ). (7)

The Eliashberg approach, in contrast to the BCS the-
ory [15], takes into account a strong electron�phonon cou-
pling and retardation e�ects, so it would be expected to
reach for Fr a value of RH lower than 0.168 (BCS predic-
tion). Indeed, this situation is clearly visible to examined
element, where RH ∈ 〈0.150; 0.141〉. The exact results
are presented in Fig. 2.

Fig. 2. The electron�phonon coupling constant
(open circle) and the RH ratio (open square) as a
function of the pressure.

The similar result was observed in the radioactive α-
phase of polonium (Po) at the reduced volume (V/Vexp =
0.93), where [RH ]Po = 0.147 [9]. Let us note that also
critical temperature and thermodynamic critical �eld for
Po clearly correspond to the results obtained for fran-
cium at 14 GPa, in particular: [TC]Po = 7.11 K and

[HC(0)/
√
ρ(0)]Po = 5.95 meV [9].

3. Conclusions

In presented paper we discussed the e�ect of high pres-
sure (p ∈ 〈7.2; 14〉) on the superconducting properties
of francium within the framework of Eliashberg theory.
In particular, the presented model enables us to study
the pressure behaviors of the thermodynamic critical �eld
and RH ratio. Based on carried out calculations we
found that thermodynamic critical �eld at the tempera-
ture close to absolute zero (HC(0)/

√
ρ(0)) increases with

pressure from 3.08 meV to 5.84 meV. On the other hand,
RH ratio decreases from 0.150 to 0.141.
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