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We consider theoretically a system composed of a quantum dot coupled to a topological superconducting wire.
The dot, being in Coulomb blockade (CB) regime is additionally coupled to the normal leads. The topological wire
hosts Majorana states, which, as we show, characteristically modies conductance through the dot. An unpaired
Majorana state in the wire causes a unique temperature dependence of zero bias conductance vs. gate voltage.
It decreases in-between CB peaks and on the sides of the peaks from the plateau at ∼ e2 /2h when temperature
increases. At the same time conductance increases at the CB peak positions. It is accompanied by zero bias anomaly
in dierential conductance. For nite overlap of Majorana states in the wire the zero bias anomaly disappears.
Instead, two characteristic Fano resonances of opposite symmetry appear, positioned mirror-symmetrically with
respect to zero bias.
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1. Introduction

Majorana fermions, exotic quasiparticles which are
their own antiparticles, were proposed by E. Majorana
in the context of particle physics [1]. They are exciting due to both their fundamental properties and potential application in topologically robust quantum computing [2]. The most promising scalable system in solid state
appears to be a one dimensional p-type superconducting wire, originating from the idea proposed by Fu and
Kane [3]. This type of superconductivity is realized in a
system of a semiconductor nanowire with Rashba interaction, placed in proximity to usual s-type superconductor,
both subjected to an external magnetic eld [4]. The rst
promising experimental realization was demonstrated by
Mourik et.al. [5]. To make quantum computing on Majorana states feasible one needs methods for their unambiguous identication. One of them is measurement
of transport characteristics of a quantum dot (QD); in
Kondo regime [6] or eectively noninteracting [7], attached to one end of a topological superconducting wire.
We assume that the dot is in Coulomb blockade (CB)
regime and show that a simple transport measurement
through the dot is sucient to distinguish the presence
of Majorana bound states in the wire. More sophisticated
conditions like Kondo regime of QD or/and its symmetric coupling to the leads are not necessary. A peculiar
temperature dependence of QD zero bias conductance
vs. gate voltage complemented with its dierential conductance vs. bias gives a sucient information on the
existence of Majorana states in the wire.
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Fig. 1. Schematic of the device setup.
Quantum
dot (QD) is coupled to a topological superconducting
wire made of semiconductor wire with large spin-orbit
interaction in proximity to s-wave superconductor, both
subjected to external Zeeman eld.

HQD−E + HQD−M S , where the Hamiltonian of the QD
coupled to the electrodes is as follows:
HQD−E = εd d†σ dσ + U nσ nσ̄
i
X h †
+
tα ckα,σ dσ + h.c.

2. The model and theoretical approach

The schematic of the device considered is shown
in Fig. 1. The total Hamiltonian has the form H =
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QD

+

k,σ,α=L,R
X
k,σ,α=L,R
d†σ

εkα,σ c†kα,σ ckα,σ .

(1)

Operator
creates an electron with spin σ on the QD
level εd . U is Coulomb repulsion between dot's electron
occupancies with opposite spins: nσ = d†σ dσ , and tα
(198)
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represents hopping between the dot and lead α = L, R.
Finally, c†kα,σ creates electron with momentum |k|, spin
σ and energy εkα in the lead α. The QD's level εd can be
shifted by gate voltage VG with respect to Fermi level,
positioned at zero energy, εF = 0. We assume that
the critical Zeeman eld needed to induce p-wave superconductivity, which is ∼ 0.15 T [5], is low enough not
to induce observable Zeeman splitting of the dot's active level due to a small g -factor in quantum dots [8].
For g = −0.44 it introduces negligible Zeeman splitting
∼ 3.8 µeV. The dot is additionally side-coupled to Majorana bound state (MBS) by the hopping tm :
HQD−M S = tm (d†↓ γ1 + γ1 d↓ ) + 2 i εm γ1 γ2 .
(2)
We assume that spin-down sector only of the dot is coupled to the MS due to its helical properties [9]. εm ∼
e−L/ξ represents the coupling between two Majorana
states, where L is the wire length and ξ is the superconducting coherence length. The Majorana operators
can be expressed in √terms of ordinary fermionic
√ operators: γ1 = (f + f † )/ 2 and γ2 = −i (f − f † )/ 2.
Our goal is to calculate QD retarded Green's function Grσ (t − t0 ) = −i θ(t − t0 )hdσ (t)d†σ (t0 ) + d†σ (t0 )dσ (t)i.
In order to do this we rst rewrite HQD−M S in terms of
usual fermionic operators and then apply equation of motion (EOM) technique for Green's functions in Hubbard
approximation [10], see also [11].
√
We have further introduced the notation t̃m = tm / 2
and ε̃m = 2εm . In the wide band limit of the density
in the leads ρ0 (≡PρL = ρR ) we obtain:
P of states
2
k,α |tα | /(ω ∓ εkα ) = −(i/2)
α Γα ≡ −i Γ, where
Γα = 2π|tα |2 ρ0 is the broadening gained by QD level
coupled to lead α. The obtained dot's Green's function,
Grd,↓ (ω) ≡ hhd↓ ; d†↓ iiω has the form:
Grd,↓ (ω)

=

M 2B
C+ −M H+ + i ΓX+
2A
i ΓX− + C+ −MM
H+ + i ΓX+

X− − M −
C− − M H− +

,

X± = ω ± εd ± U (1 − hn↑ i),
C± = (ω ± εd )(ω ± εd ± U ),
H± = 2(ω ± εd ) ± U + i Γ,
A = 2(ω + εd )2 + Γ2 ,
B = 2εd + U + i Γ,
M=

2t̃m ω
.
ω 2 − ε2m

(3)

Upon substitution into Eq. (3) tm = 0 and exchange of
spin indices we obtain familiar Hubbard Green's function
for spin-up sector, uncoupled from the topological wire.
It has two charge peak structure placed at Hubbard resonances εId↑ ≡ εd↑ and εII
d↑ ≡ εd↑ + U .
QD occupancies for spin-up hn↑ i and spin-down hn↓ i
have been calculated selfconsistently and the current
has been calculated within Landauer formalism; for the
methods applied see [11].
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3. Numerical results and discussion

In numerical calculations we took a constant value of
density of states in the leads: ρ0 = 1/2D with width 2D.
The quantity D is taken as a unit. The ratio U/Γ = 20
(Γ ≡ ΓL = ΓR ) has been taken large in the paper. From
the experimental point of view it prevents the formation
of the strongly correlated state in the dot and Kondo
eect in the investigated temperature range.

Fig. 2. Zero bias conductance vs. QD level position for
spin-up (A), spin-down (B) sectors and the sum (C).
The calculations are performed for various temperatures: T = 10−4  dashed line, T = 10−3  dotted
line and T = 10−2  dash-dotted line. Conductance
for T = 0  solid line has also been calculated for comparison. Other calculations parameters are tm = 0.01,
εm = 0, U = 0.5, ΓL = ΓR = 0.05 U .

Zero bias conductance and its spin components vs. QD
level position for εm = 0 and various temperatures is
shown in Fig. (2). In T = 0 the conductance in spindown sector G↓ = e2 /2h for symmetric coupling, independently of the position of the dot's level. It is caused
by MBS located at Fermi energy, which conducts half
of a fermion. When temperature increases the spindown conductance begins to depart from the value of
half conductance quantum toward lower values. On the
contrary, at the same time it begins to increase at the
Coulomb blockade peak positions. It causes a characteristic behavior of the total conductance. It cannot be
mixed with Kondo physics [12], where the conductance
decreases in-between CB peaks but increases on the sides
of the peaks. It has also opposite eect as compared to
usual temperature enhancement of the background conductance. Importantly, this peculiar behavior of the conductance is robust to the asymmetry of the dot's coupling to the leads. For instance for extremely asymmetric

200

P. Stefa«ski

arrangement ΓR = 0.1ΓL it has exactly the same behavior as shown in Fig. (2) with conductance values scaled
down. The constant plateau of G↓ in T = 0 now assumes the value ∼ 0.16(e2 /h), as compared to 0.5(e2 /h)
for symmetric coupling.
For nite overlap, εm 6= 0, between MBS in the wire
they form a Dirac fermion f . The spin-down conductance
is practically undistinguishable from spin-up conductance and displays two Coulomb blockade peaks. Thus,
zero bias conductance measurements are in this case not
sucient for spotting Majorana states. A measurement
of the bias dependence of dierential conductance gives a
complementary information on the existence of Majorana
bound states. In Fig. (3) a representative dierential

II
where µR = εII
d↑ and µR = εd↓ . They are caused by
the spin selective hybridization of the dot to Majorana
state [6, 9]. For εd = −0.1 the rst Hubbard peak is close
to the Fermi level and in
√ spin-down sector it gets split
into two peaks at ω ∼ ∓ 2tm due to hybridization with
MBS. At
√ eV /2 ∼ −0.2 µL becomes aligned with the peak
at ω ∼ 2tm and a√the same time µR is in resonance with
the peak at ω ∼ − 2tm . At the bias eV /2 ∼ 0.2 we have
opposite chemical potentials alignment. As a result two
peaks of equal height appear in the dierential conductance at eV /2 ∼ ∓0.2. Conductance peaks in spin-up
sector located at eV /2 ∼ ∓0.1 appear when µR = εId↑
and µL = εId↑ , respectively.
Panel (C) displays the situation for εm 6= 0. In this
case the zero bias Majorana peak disappears. Instead
two characteristic Fano resonances [13] develop of opposite asymmetry, located at eV /2 ∼ ∓0.1 mirror symmetrically with respect to eV = 0 line. They arise as
a result of quantum interference between split hubbard
√
resonance in spectral density, located at ω ∼ ∓ 2tm ,
with fermionic f level positioned at ω = ∓2tm . The picture does not change qualitatively for asymmetric coupling, there is a downward rescaling only of the conductance values.
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Fig. 3. Dierential conductance vs. bias voltage for
spin-up (dashed), spin-down (solid) and the sum (dotted) for εd = −0.1. Panel (A) is for tm = 0, panel (B)
is for tm = 0.1 and εm = 0, panel (C) is for tm = 0.1
and εm = 0.05. The calculations are performed in temperature T = 10−4 and U = 0.5, ΓL = ΓR = 0.05U .

conductance vs. bias for εd = −0.1 is presented. For the
dot coupled to the leads only, shown in panel (A), differential conductance exhibits four peaks. They develop
each time when one of the chemical potential of the leads,
µα , comes into resonance with one of the Hubbard peaks.
Starting from negative bias we have the sequence of resonances: for eV /2 ∼ −0.4 µL = εII
d , for eV /2 ∼ −0.1
µR = εId , eV /2 ∼ 0.1 µL = εId and eV /2 ∼ 0.4 µR = εII
d .
In panel (B) the case when QD is hybridized with unpaired MBS is shown. The presence of Majorana bound
state is indicated by zero bias peak. Also double peaked
structures can be observed, positioned in mirror symmetry with respect to eV = 0 line. For eV /2 ∼ −0.4 two
II
peaks appear when µL = εII
d↓ and µL = εd↑ . Similarly
two peaked structure can be observed for eV /2 = 0.4,
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