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Di�raction of Light by Finite Amplitude Ultrasonic Waves
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In the late 1950s the Ultrasonic Group at Michigan State University introduced light di�raction to study
distortion of ultrasonic waves in liquids under the direction of Prof. Egon Hiedemann. In this paper some results
of these studies will be presented with detailed description of the author's measurements of B/A. The rate at
which the harmonics are developed (the wave distortion is an indication of the harmonics present) during the
propagation of the initially sinusoidal ultrasonic wave depends on the nonlinearity of the medium. The light
which is di�racted by the distorted wave results in asymmetric pattern contrary to the Raman�Nath theoretical
prediction. From the light intensity measurements due to the generated second harmonics � �ltered out by
a metal plate � the nonlinearity parameter B/A was determined. Developments in studying �nite amplitude
standing ultrasonic waves in a liquid �lled cavity will be also discussed. Using light di�raction measurements it
was observed that above a threshold amplitude, fractional harmonics of the driver transducer are also generated
in addition to the generated harmonics. It was recently observed that above a second threshold value of the driver
amplitude the system undergoes chaotic behavior. Further increase of the driver amplitude returns the system
from chaos to stable oscillation.
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1. Introduction and background

1.1. Di�raction of light by ultrasonic waves

In 1932, Debye and Sears [1] in the USA and Lucas and
Biquard [2] in France independently observed that when
a monochromatic light beam propagates perpendicularly
through an ultrasonic beam, the light will di�ract into
several orders. A theoretical model was suggested by Sir
Raman and Nath [3] (it is known today as the Raman�
Nath theory). They proposed that the ultrasonic wave
behaves like a di�raction grating for the light which will
produce the di�raction orders. Starting with the elec-
tromagnetic wave equation and introducing a variable
refractive index for the light, they were able to predict
the intensity of each order as well as the positions of the
orders. The intensity of the di�racted light in the mn-th
order is proportional to the square of the mn-th order
Bessel function normalized to the incident light intensity
as given by Eq. (1),

In = J2
n(v). (1)

Jn is the mn-th order Bessel function with the argument
v, which is called the Raman�Nath parameter related to
the pressure of the ultrasonic wave

v = 2πµa/λ, (2)
where a is the width of the sound �eld, λ is the wave-
length of the light and µ is the variation of the refractive
index of the liquid due to the density variation caused
by the ultrasonic pressure. The angle Θ of the di�racted
light is given

sin(Θ) = nλ/λ∗, (3)
where λ∗ is the wavelength of the sound.
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1.2. Di�raction of light
by �nite amplitude ultrasonic waves

The intensity distribution of the di�racted light is sym-
metrical i.e. the intensity of the �rst di�racted light to
the right from the incident light is the same as to the left,
because it is the square of the Bessel functions. The the-
ory of Raman and Nath was in good agreement with the
experimental results for low intensity ultrasound i.e. for
in�nitesimally small ultrasonic amplitudes. Zankel [4]
observed asymmetry in the di�raction pattern. It was
demonstrated that the major e�ect of the asymmetry is
due to the large amplitude of the ultrasonic waves or the
so-called �nite amplitude in contrast with the in�nites-
imal amplitude. As a sinusoidal wave propagates with
�nite amplitude the ultrasonic waveform distorts thus
causing the asymmetry in the light di�raction pattern.
The asymmetry in the �rst orders (the di�erence in the
negative and positive order) of the measured light in-
tensity increases with distance as shown in Fig. 1, illus-
trating that the wave distortion increases with distance.
The asymmetry in the di�raction pattern also increases
with the increase of fundamental pressure as illustrated in
a photograph in Fig. 2, which was taken by Breazeale [5].

The asymmetry in the di�raction pattern is increasing
with increasing distance of the ultrasound and with in-
creasing sound intensity as illustrated in Fig. 2. The dis-
tortion of the ultrasonic waveform will be explained after
a brief review of nonlinear acoustics which is described
brie�y in the next section.

1.3. Nonlinear acoustics in �uids

In general, a sound beam changes its wave shape as it
propagates in a �uid (as well as in solids) whose pressure
density relationship does not obey Hooke's law. This
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Fig. 1. Intensity of light measured in the �rst order
for a 4 MHz ultrasonic wave in water as function of the
pressure at a distance from the source (a) at 10 cm and
(b) at 50 cm. Reproduced with permission from Ref. [4].
Copyright by Acoustical Society of America.

Fig. 2. Light di�raction by ultrasonic waves in water
with frequency of 1.76 MHz at 3, 20, and at 36 cm.
Reproduced with permission from Ref. [5]. Copyright
by Acoustical Society of America.

means that harmonics are generated as the wave pro-
gresses. For in�nitesimal amplitudes the change in wave
shape is so small that it can be neglected, however, it has
to be considered for �nite amplitude waves. The distor-
tion of a �nite amplitude wave is due to the nonlinear
property of the medium in which the wave propagates.
Fox and Wallace [6] in 1959 assumed a power series

relation between pressure and density
P = P0 +A(ρ− ρ0)/ρ+B/2(ρ− ρ0/ρ0)2, (4)

where P and ρ are the instantaneous pressure and density
of the liquid, respectively, P0 and ρ0 are the pressure
and density of the undisturbed liquid and B/A is called
the nonlinearity parameter for liquids. They derived a
nonlinear wave equation for liquids, given in Eq. (5) for
a one-dimensional dissipationless case, for the particle
displacement ξ,

∂2ξ/∂t2 = c2(∂2ξ/∂x2)/(1 + ∂ξ/∂x)(B/A+2), (5)
where ξ is the particle displacement and c is the velocity
of sound in the liquid.
For in�nitesimal amplitude waves the value of ∂ξ/∂x

is much less than 1 and it can be neglected and Eq. (5)
reduces to the linear wave equation as expected. Fubini-
Ghiron [7] in 1935 used an analytical method to obtain an
exact solution of the nonlinear wave equation, the paper
which was published in Italian in Alta Frequenza was not
discovered before the same solutions were obtained inde-
pendently by Hargrove [8] (at Michigan State University)
and Keck and Bayer [9] (Brown University) in 1960.
The solutions of Eq. (5) for the pressure amplitudes Pn

of the mn-th harmonic of the distorted wave are given as

Pn(k) = (2P1(0)/nk)Jn(nk), (6)
where Jn is the mn-th order Bessel function, k = x/L,
the ratio of the propagation distance x to the disconti-
nuity distance L, that is the distance in a dissipationless
liquid where the distorted wave slope will become in�-
nite. The value of L is given by

L = c3ρ0{2[B/(2A) + 1]P1(0)f}−1, (7)
where P1(0) is the peak acoustic pressure amplitude of
the initial sinusoidal wave with frequency f .

1.4. Determination of the nonlinearity parameter B/A
for liquids

One can calculate an expression for the amplitude of
the second harmonic at any distance x from the source
by expanding the Bessel function in a power series and
dropping higher order terms

P2(x) = π/2[(B/A+ 2)/ρ0c
3](xfP1(0)2. (8)

From Eq. (8), the nonlinearity parameter B/A is given
as

B/A = 2c3ρ0/πf [P2(x)/xP1(0)
2 − 2]. (9)

Curves representing P2(x)/P1(0)
2 for a given medium,

temperature and frequency and for various distances and
initial pressures should extrapolate with zero slope to a
common point for xP1(0) = 0. The nonlinearity param-
eter B/A may then be determined from

B/A={(2c3ρ0/πf)}[P2(x)/xP1(0)
2]xP1(0)=0−2. (10)

As can be seen from Eq. (10) the amplitude of the second
harmonic P2(x) and the amplitude of the fundamental
P1(0) need to be measured to obtain the value of B/A
for a given liquid and at a given frequency of the initial
ultrasonic wave.

1.5. Experimental arrangement and procedure
to determine B/A

The experimental arrangement is shown schematically
in Fig. 3. Light from the Hg vapor lamp S is condensed by
lens L1 onto the source slit SL1. The lens L2 is adjusted
by autocollimation to render the light parallel. The col-
limated light beam passes through a specially designed
tank, and lens L3 produces an image of the source slit SL1

in the plane of the entrance slit SL2 of the photomulti-
plier microphotometer P. A �lter which passes the 5461 Å
Hg line is located inside the photomultiplier. The trans-
ducer Q is air-backed by 1 × 1 in2 quartz excited at its
fundamental frequency. The acoustic �lter F is a stainless
steel plate with a 1 mm thickness.
When a light passes through an ultrasonic wave in the

liquid, various orders of di�raction are observed in the
plane of the photomultiplier entrance slit.
The peak change of refractive index µ is related to

the peak sound pressure amplitude. From measurements
of light intensity in the di�racted orders v may be deter-
mined from Eq. (1). To determine the pressure amplitude
P from v the relationship between the change of index
refraction µ and change in pressure P must be known.
In this work we used a formula obtained by Eykman [11]
in 1895:
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Fig. 3. Schematic diagram of the experimental ar-
rangement. Reproduced with permission from Ref. [10].
Copyright by Acoustical Society of America.

µ=[(µ0−1)(µ0+1.4µ0+0.4)/(µ2
0+0.8µ0+1)]P, (11)

where µ0 is the refractive index of the undisturbed
medium and P is the change of pressure.
Using Eq. (11) we obtain the relationship between

P and v:
P = 0.56v/a [atm] (12)

for water and
P = 0.25v/a [atm] (13)

for m-xylene, where a is in cm.
Determinations of P1(0) were made from di�raction or-

der light intensities for small sound amplitudes and near
the transducer where the waveform is undistorted (a nec-
essary condition to use the Raman�Nath theory, Eq. (1)).
It was then assumed that the voltage across the trans-
ducer and P1(0) are linearly related, values of P1(0) were
obtained from the voltage across the transducer.

Fig. 4. Plots of the reduced variables for determination
of B/A. Reproduced with permission from Ref. [10].
Copyright by Acoustical Society of America.

Fig. 5. Schematic diagram of the di�raction pattern
produced by a laser beam di�racted by a �nite ampli-
tude ultrasonic standing wave in a water �lled one di-
mensional cavity. Below the threshold (a) and above
threshold (b).

For certain angles of incidence of the ultrasonic wave
on the acoustic �lter plate the fundamental component
of the ultrasonic wave is re�ected and the second har-
monic is transmitted [5, 12]. Using a weak ultrasonic
wave with fundamental frequency corresponding to the
second harmonic frequency of the �nite amplitude wave
to be investigated, measurements of the second harmonic
component of the �nite amplitude ultrasonic waves were
made in water and in m-xylene for a 3.0 MHz fundamen-
tal frequency.
Figure 4 shows P2(x)/x(P1(0)2 vs. xP1(0) for water

and Fig. 5 is a similar plot for m-xylene. From extrapo-
lation of these data to xP1(0) = 0 and using Eq. (8):

B/A = 6.2

for water and
B/A = 9.6

for m-xylene. The estimated errors are within 10%.
The value of B/A for water is about 15% higher than

what is reported later. One source of error of the opti-
cal measurement is due to the conversion from refractive
index variation µ to the acoustic pressure P .

2. Subharmonic generation in water-�lled
one-dimensional cavity

While studying �nite amplitude standing waves in a
liquid �lled cavity bounded at one end by a rigid re�ector
and the other end by a quartz transducer, extra orders
in the di�raction pattern were observed [13, 14]. The ex-
tra orders appear only above a certain threshold voltage
of the driver transducer. In Fig. 5, the di�raction pat-
tern is shown for below the threshold value of parametric
excitation in Fig. 5a, and above the threshold in Fig. 5b.
The extra di�raction orders shown in Fig. 5b were ob-

tained due to the subharmonics generated at approxi-
mately at half the frequency of the driver.
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The acoustical frequency spectrum shown in Fig. 6 cor-
responds to the optical di�raction pattern in Fig. 5b.
It was taken by the spectrum analyzer. The driver fre-
quency is called 2f , which is 4 MHz in this case and the
driver voltage is 100 V.

Fig. 6. Frequency spectrum at driver's voltage 100 V.

The other frequencies are grouped as follows: (1) 4f ,
6f � these are the second and third harmonics of the
driver. These components are present even below the
threshold value of the parametric excitation and are due
to the nonlinearity of the liquid. (2) The frequency pairs
at f , 3f , and 5f i.e. about one half, three halves and �ve
halves the driver frequency, are sometimes called more
appropriately fractional harmonics. These components
are a�ected by the amplitude of the driver and other pa-
rameters e.g. the liquid used, geometry e.g. the system
etc. With increased amplitude of the driver, the com-
plexity of the spectrum increases. It has been recognized
only recently that the cascade of bifurcation leads essen-
tially to chaos in the system, which will be discussed in
the next section.

3. Chaos and beyond in a liquid �lled ultrasonic
resonant system [15]

As was pointed out in the previous section, discussing
the mechanism of subharmonic generation, increase of
the driver's amplitude produces a cascade of bifurcation.
The problem was recently revisited with an improved ex-
perimental system shown in Fig. 7.
It consists of an interferometer with optical precision

controls used to adjust the positions of the piezo-electric
transducer (1�10 MHz driven by a powerful ampli�er)
and a receiving transducer attached to an aligned re�ec-
tor with lapped �at and parallel surfaces used to measure
the generated frequency components in the cavity.
A visual assessment of the phenomena is obtained by

passing laser light through the ultrasonic beam as indi-
cated in Fig. 8. The laser light is di�racted into various
orders n at angles given by Eq. (3).

Fig. 7. Experimental system.

Fig. 8. Laser beam di�raction by ultrasonic wave:
(a) linear region, (b) nonlinear region, (c) subharmonic
region.

Figure 8 shows the di�raction patterns obtained for
various transducer drive amplitudes (voltages): (a) low
amplitude ultrasonic waves (5 V); (b) �nite amplitude
waves (50 V) resulting in an asymmetric di�raction
pattern; and (c) parametric resonance (150 V) pro-
ducing extra di�raction orders due to the generation
of the subharmonics.

3.1. Path to chaos

A signi�cantly higher transducer drive voltage (450 V)
in the parametric resonance region leads to a cascade of
bifurcations with increasing drive amplitudes that cul-
minates in the generation of the chaotic pattern shown
in Fig. 9a. Instead of distinct di�raction orders, the laser
produces a smeared out image due to the chaotic oscilla-
tions. Further increases in the transducer drive voltage
(to 500 V) leads to a second region of stability follow-
ing the region of chaotic instability. The di�raction pat-
tern in the second region of stability is shown in Fig. 9b.
The pattern is similar to that of Fig. 8c, indicating the
presence of stable subharmonics.
The chaotic behavior in the liquid �lled ultrasonic res-

onant system is generated at a second threshold (it was
pointed out earlier that subharmonic generation requires
a threshold power input). It is signi�cant to notice from
Fig. 9b that at additional power level the chaos reverses
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Fig. 9. Laser beam di�raction ultrasonic waves: (a) in
the chaotic region (450 V), (b) beyond chaotic re-
gion (500 V).

into stable oscillation i.e. beyond chaos. This observa-
tion is quite rare in chaotic systems although some the-
oreticians are predicting the reversal of chaos. It should
be mentioned that hysteresis is also observed when the
power level changes from chaos to beyond and back to
chaos. The question remains unanswered is the physical
mechanism involved when chaos is produced. One pos-
sible mechanism is �turbulence� which may take place in
the water at high power. Another possibility is phase
transformation in water i.e. boiling and subsequent for-
mation of bubbles. Both of these mechanisms are exam-
ples of chaotic behavior. Additional work is required to
evaluate the source of chaos in this system.

4. Summary

It was demonstrated that di�raction of light through
ultrasonic waves with �nite amplitudes provides new
observations and better understanding in nonlin-
ear acoustics.
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