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1. Introduction

There are several forms of nonlinear evolution equa-
tions that are studied in the areas of applied mathe-
matics, theoretical physics and in the engineering sci-
ences [1-26]. Of particular interest is the dynamics of
shallow water waves governed by certain nonlinear evolu-
tion equations. In this context, one frequently encounters
the well known Kortweg—de Vries (KdV) equation, Pere-
grine equation, Kawahara equation, Gardner equation,
Gear—Grimshaw equation and the Bona—Chen equation.
These models exhibit single layered as well as two-layered
fluid flow on lakes and shores.

Another well-known model, the Benjamin-Bona-
Mahoney (BBM) equation, models the dynamics of shal-
low water waves in the presence of advection. The model
considered in this paper extends the BBM equation by
including the so-called dual-power law nonlinearity and
is augmented by the explicit presence of a dissipative
perturbation term. The inclusion of these additional fea-
tures leads to the hybrid dissipative equation referred
to as the Benjamin-Bona-Mahoney—Burgers (BBM-B)
equation. The primary aim of this paper is to utilise
three different approaches to find exact shock wave
solutions, also known as topological soliton solutions,
to the BBM—-B equation.

2. Governing equation

The BBM-B equation that is studied is [5, 8]

wp + aug + (blu” + b2u2”) Uy + CUgy + kg = 0. (1)
The wave profile is represented by wu(z,t). The coeffi-
cient a represents the strength of advection or drifting,
while b; and bs measure the strengths of the two non-
linear terms with the exponent n being the power law
nonlinearity parameter. Finally, the parameters ¢ and k

are the dissipative diffraction coefficient and the higher-
order spatio-temporal dispersion coefficient, respectively.
Thus Eq. (1) models the shallow water wave flow on lakes
and beaches with a dissipative factor that is given by
the coeflicient c.

Equation (1) is not integrable by the inverse scattering
transform. Therefore we resort to other integration tools
that are fully discussed in the sections that follow. These
mathematical tools include the ansatz method, the Lie-
symmetry approach and the G’/G-expansion method.
Utilising these three integration architectures we find ex-
act 1-soliton solutions and derive parameter constraint
equations that are necessary to ensure the existence of
these solutions.

3. Ansatz approach

This section focuses on extracting the shock wave so-
lution to Eq. (1). The starting point is to select the
travelling wave ansatz given by

u(z,t) = Atanh? 7, 7= H(x — \t). (2)
Here, the shock wave is described by the four parameters
A, H, A and p. The parameters A and H represent, re-
spectively, the dilation factor (amplitude) and the steep-
ening factor of the wave, whereas A is the speed of the
wave. The shape parameter p is determined upon the
application of the balancing principle.

Substituting (2) into (1) gives

(a = \) (tanh”~' 7 — tanh” ' 7)

+b A™ (tanh”p+p—1 7 — tanh™PTPH! T)
+hy AP (taunh%p“’*1 7 — tanh?"PHPrl T)

+cH{(p—1)tanh?~*7—2p tanhPr+(p+1) tanh?*7}

(1221)
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—kAH? [(p—1)(p — 2) tanh? > 7
—{2p°+(p—1)(p—2)} tanh? ' 7
+{2p” + (p+1)(p+2)} tanh?*' 7

—(p+1)(p+2) tanh?** 7] = 0. (3)
By the balancing principle, equating the exponents 2np+
p+1 and p+ 3 leads to p = 1/n. It should be noted that
the same result is arrived at when 2np+p—1 and p+1 are
equated to each other. Further, there are two standing
alone perturbation terms expressed through tanh? =2 7
and tanh? 7. Therefore, setting their coefficients to
zero leads to the solution p = 1, which immediately im-
plies that n = 1. Thus, the BBM-B equation with dual
power-law nonlinearity reduces to the BBM—-B equation
with dual nonlinearity, thus (1) can now be recasted as

U + Qg + (blu + b2u2) Uy + ClUgy + ktger = 0. (4)
Finally, setting the coefficients of the remaining linearly
independent functions tanh’ 7, ( = 0, 1, 2, 3, 4) in (3)
to zero leads to

a
S —n7cs )
a — b2A2
S —-o7cs ©
biA = 2cH, (7)
by A% = 6A\LH>. (8)

Now, from (5) and (6), equating the two values of the
speed A gives

by A% — 2kby A’H? — 6akH? = 0. (9)
In terms of the model parameters a, b1, bo, ¢ and k, the
wave parameters are

1 [2byc? — 3ab?k
A= —| —m——— 1
blw ", 7 (10)
2092 — 3ab?k
H= \\ 7 dkb et (11)

- 2b2€2

= @7
which completely characterises the topological 1-soliton
solution.

(12)

4. Lie-symmetry analysis
We now turn to the Lie-symmetry architecture to con-
struct the solution to the BBM-B Eq. (1).

4.1. Constructing infinitesimal generators

In this section we perform a Lie group analysis of (1).
We assume (1) is invariant under a one-parameter Lie
group of point transformations

t* =t +er(x,t,u) + O(?),
ot =z + (. t,u) + O(€),

u* = u+en(z,t,u) + O(e?), (13)
with infinitesimal generator
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V = (o ) g+ € ) o (s (14)

oz ou’
If the vector field (14) generates a symmetry of (1), then
V' must satisfy the Lie invariance condition

pr®V(A) sz =0, (15)
where A = uy + auy, + (blu" + bQ’LLG) Uy + Clgy + Klgpt.
Applying the third prolongation pr®V to (18), we find
the following system of symmetry equations:

0" = Du(n) = up Dy (€) — wDy(r) =
Dy (n = &ua — Tur) + EUas + Tlar =
e + (Mu — &a)ta — Taus — Sl — TyUguy,
0" = Dy(n) — us Dy(€) — ueDy(7) =
Di(n — Euy — Tuy) + Eugt + TUy =
N — Extig 4+ (N — T )Up — Totly — EgUptly — T2,
N = Dy(0") — gt Do (T) = gz D (§) - . .,
0" = Dy(™) = Uget Do (T) = Ugaa Du(€) - - -

nxwt = Dt(nzz) - ua:a:tDt(T) - quth<§) sty (16)
and the invariant condition now reads

nt + an® + biu"n® + b2u2"n$ + blnnumunfl

+2bonnuu?™ " e 4 kn*®t = 0. (17
Here, D; denotes the total derivative operators
0 0 0
Di:% i — ¥ e cee, ‘:1’27
8$l+uau+u]6uj+ !

and (z!,2%) = (t,z).

Then, in terms of the Lie-symmetry analysis, one
can get

£:CQa 77:07

where ¢; and ¢y are arbitrary constants. Equation (1)
admits the two-dimensional Lie algebra, called the prin-
ciple algebra, with basic operators [11]:

0 0

a0 ‘/2 = 5

ot Ox

It is easy to check that the symmetry generators form a
closed Lie algebra

[Vi,Va] =0,

T =1C1,

‘/1:

[V2, V1] = 0. (18)

To obtain the group transformation generated by the
infinitesimal generators V; and Va, we solve the following
initial value problems:

d(@) _ g(:z(s)i(s),ﬂ(f))’ z(0) = =,

de
%(;)) - T(;f(g)j(g),a(s)), #0) = t,
W o (z0).1036). a0 =u,  (19)
where ¢ is a small parameter.
Symmetry group

So, we obtain the Lie-
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g:(z,t,u) = (Z,t,0).
Exponentiating the infinitesimal symmetries of (1), we
get the one-parameter groups g;(e) generated by V; (i =
1, 2):

g1: (xatvu) — (lf,t+€,u),

g2 : (I,LU) = (LL‘ +‘C:7tall'L)'

The symmetry groups g; and g demonstrate the time-
and space-invariance of the equation. Consequently, we
obtain the Theorem

Theorem 1 If u = f(x,t) is a solution of third-order
equation (1), so are the functions

91(5) : f(xvt) = f(x - 8715),
92(€) - f(,t) = f(z,t —e). (20)

4.2. Symmetry reductions
and ezxact group invariant solutions

By balancing the nonlinear term with that of the
highest order partial derivative in (1), similar to
that of the ansatz method discussed above, we make

the transformation
1

u(z, t) = f(&)™, (21)
where f(€) is a non-zero real-valued function of the single
independent variable &.

4.2.1. Infinitesimal generator Vy

The group-invariant solution corresponding to V;
where £ = t is the group-invariant is obtained by sub-
stituting (21) into (1) and leads to f’(§) = 0. Upon inte-
grating, leads to the trivial solution u(z, t) = C, where
C is a constant.

4.2.2. Infinitesimal generator Vs

For the generator V., where ¢ = x is the group-
invariant, reduces (1) to the ordinary differential equa-
tion (ODE):

n(a+buf +baf?)ff + (1= n)(f)? +enff" =0,
where f’ is the derivative with respective to &.

4.2.8. Infinitesimal generator Vi + AV,
For the linear combination V; + AV4, where £ = x — A\t
is the group-invariant, leads to the ODE:

n*(a—N+bif+baf?)f2f +en(l—n)f(f)?
+n2ef? " — kAL = n)(1 - 2n)(f')?

—3nkA(1 —n)ff f" —n2kXF2f" = 0. (22)
If A # 0, then the solution to (22) is in the form of a
travelling wave with speed A.

By applying the generalised algebraic method to (22),
one can obtain explicit travelling wave solutions [6]. Be-
cause the detailed description of the method can be found
in [6], we omit it here and consider its application to the
BBM-B equation with dual power-law nonlinearity.

Suppose that (22) can be written as

F©) =D aip'(9), (23)
1=0
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where a; (i = 0,...,p) are constants to be determined
for some positive integer p and that the functions ()
satisfy the Riccati equation
¢ = A+ Bp+ Cp (24)
By balancing terms in (22), we get p = 1, so that in this
case
f(&) = ao + arep. (25)
Substituting (25) into (22) and using (24), then collect-
ing coefficients of monomials of ¢ with the aid of MAPLE,
followed by setting each coefficient to zero, we get for any
positive n the following parameter values:
kX(Ba; — 2Cag)? — (Be — nA\)na? + 2Ccnagay
a =

n2a? ’

A= ao(Bal 2— C’CLQ)7

ay
CkA(n+1)(n+2)(Ba;—2Cag)—n(n+1)Ccay
b= 2 2 )
n?aj
C*kA(n+1)(2n +1
by = ( 5 g( ) (26)
n2a?

where B, C, ¢, k, ag, a1, A are arbitrary constants. The so-
lutions read

e [1 ~ tanh (? g)] , (27)
16 =5 |1 - oot (3¢ (29)
F(6) = 52 (1~ (tanh (A€) & isech (4], (29)
£ = S 1~ (coth (A =esch (A0))],  (30)

=22 o (s (26) oo (26))] - @

1058 s 0 @
R ™
f(&) = ao :1 - Amfh(gg_B : (34)
£(6) = ao :1 S0 B | (39)
(&) = a0 :1 ~ Atanh(A€) f;iiAsech(Af)] , (36)
(&) = a0 :1 A coth(Af)A;Bf: Acsch(Ag)] » (37)

with A = (2Cap — Bay)/ay > 0, v+ = VF? L+ E?,
where ' and F are two non-zero real constants satisfy-
ing F2 — E? > 0. Additional solutions can be obtained in
terms of trigonometric functions under the substitution
A —iA.
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5. The (G'/G)-expansion method

The objective of this section is to use the (G'/G)-
expansion method [14] to solve the BBM-B Eq. (1).
As we have done previously, we assume the solution to (1)
can be expressed as a travelling wave

u(z,t) =U(), {=x—At, (38)
where A is a constant and prime denotes the derivative
with respect to £. Substituting U(§) with wave variable
¢ in (1) then integrating once and setting the constant of
integration to zero, we find

by ., b2

(a )\+n+1U +2n—|—1
In setting the constant of integration to zero does reduce
the generality of the solution of (39). However, if U(¢)
has at least one tail that asymptotically approaches zero,
such as a shock wave, then setting the constant of inte-
gration to zero is perfectly reasonable. Periodic solutions
are also possible although there is a loss of an arbitrary
constant in the final solution [15]. Making the transfor-
mation U(€) = (&)= in (39) yields

2 by ba 2 2 ’
n (a /\+n+1f+2n+1f>f +enff
—kXN1 =n)(f)2 —nkXff" =0, (40)
where f(£) is a real non-zero function.

According to the (G’/G)-expansion method [14] the
function f(&) is expressed as a polynomial in (G'/G):

m G/ [
= a; | =) +aog, am #0. 41
/() ; (G) 0 m # (41)
where a; (i =0, 1,..., m) are constants to be determined
and G(&) satisfies a second-order linear ordinary differ-
ential equation
d’G(¢) | dG(g)
G =0 42
T v+ uG(O) = 0 (2
where v and p are arbitrary constants. The general so-
lutions to (42) are

ﬁ(Cl sinh (£ &)+Co COsh(st)> v g0,

UQ") UtcU'—kAU"=0. (39)

G/ (§) _ 2\ C1 cosh(¥Z¢)+Ca sinh (¥ ¢) (43)
G(f) m( —C1 sin(YFLE)+C5 cos(Y52€) )_V B<0
2\ 0y cos(VL2E22 6 oy sin( SRy ) Y ’

where 3 = v? — 4y and Oy, Oy are arbitrary constants.
By considering the homogeneous balance between f*
and ff” in (40) we get 4m = 2m+2, hence m = 1. Then,

f(&) =ao+ar <g> ;a1 £0. (44)

Following Wang et al. [14], substituting (44) into (40)
and using (42), we get the following constraints on the
parameters:

=0,

G.-W. Wang et al.

n(an — ve)

A= ———=
n? +kv? "’
n+1) (vkna(n + 2) — v2ke(n + 1) + en?
b
1= )
-+ 1) BB e
ag = 0,

o= 4 E(n+1)2n+ 1)(an — vc)
' nba(n? + kv?) ’

where v # 0 with n, bs, ¢, a, k being arbitrary. The so-
lution is

f(g):i\/k(n+1)(2n+l)(an—)\c) (G)

nba(n? + kA2) G

Since g = 0, then hyperbolic functions only appear in
the solutions

(G’ ) V2 (Crsinh (Y2 €)+Ch cosh(YE €)\ v )
G) 2 \Cycosh(¥Z €)+Cosinh(L2¢)) 2

From (45) we get the wrong impression that there are
two arbitrary constants, Cy and C5. In fact there is only

one, C' = Cy/C; (or D = C1/Cs). The solutions may be
rewritten as

k(n+1)2n+ 1)(an — vc)

f€) == an(nQ + ku2)
N tanh(@f) +C\ v
* [ 2 <1+Ctanh(\/;72§)> 2] 1o
F() = 4 H ;ZE?ZQT;(:Z? e
Vi2 (14 Ceoth(Fe)\ v
) [ 2 ( coth(@f) +C ) 21 . “n

It is possible to further simplify these solutions

k(n+1)(2n 4+ 1)(an — ve)
nba(n? + kv?)

x [tanh (Jf(g + £o)> - ;] : (48)

FE) =+ k(n —&-Tld))i?ZQ—F—’_ll)cE/a;)l —ve)
X [coth (W(f +§o)> - ;] , (49)

2

f&) = i\/

where
V2
tanh (; §0> =C.
These results show that there is both a topological soli-

ton (shock wave) solution (48) and a singular soliton so-
lution (49) available for the BBM-B equation.
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6. Discussion

We have used three seemingly different approaches in
an attempt to find travelling wave solutions to the hy-
brid BBM-B equation (1). The ansatz method produced
only one solution where as the Lie-symmetry method and
the (G'/G)-method produced multiple solutions. It is
tempting to claim that these solutions are all new. Many
have claimed this in previous studies of other nonlin-
ear evolution equations (see for example [16-19]. Re-
cently, Parkes [20, 21] and Kudryashov [22, 23] have crit-
icised such claims. They showed convincingly that in
most cases the new solutions are merely old solutions
in disguise.

It is well known that for every tanh solution (27)
(or (48)) there is a coth solution (28) (or (49)), being
related via the substitution A — A — in/2. Solu-
tions of the tanh — coth type (31) are disguised coth so-
lutions [21] and are related via the hyperbolic identity
2 coth(AE/2) = tanh(AE/4) + coth(AE/4). Further, (29)
can be expressed as (30) via A{ — A€ — in/2, which
in turn (30) can be reduced to (28) or (27) by using
coth(A&/2) = coth(AE) + csch(AE) or tanh(AE/2) =
coth(Ag&) — csch(AE).

Also, Egs. (34) to (37) are related and can be recast
as either (27) or (28), this is most easily seen by setting
B = 0. Likewise, on setting F' = 0, (32) and (33) can be
reduced to (28) and (27), respectively.

However, the singular soliton solution (28) is not a
bound solution and as such may have no physical mean-
ing in the context of (1). The unbounded increase in
the amplitude of the wave may be due to wave-breaking
or filamentation, in either case signalling an instabil-
ity of some kind. Moreover, solutions of the type (29)
are clearly complex in contradiction to the requirement
that f(£) be real in both the Lie-symmetry method and
(G'/G)-method. As such these solutions must be dis-
counted, however, often they are not (see [24-26] as il-
lustrative examples).

7. Conclusions

We have derived and discussed the shock wave and
other solutions for the dissipative shallow water wave
equation governed by the BBM-B equation with dual
power-law nonlinearity. The shock wave solution (27),
often referred to as a topological soliton solution, is ob-
tained using three approaches — the ansatz method, Lie-
symmetry method and the (G’/G)-expansion method.
The latter two approaches also provide singular soli-
ton solutions (such as (28) or (49)) however these so-
lutions are useful only if they are physical meaningful.
We demonstrated that the multiple solutions obtained
via the Lie-symmetry and (G’/G)-method are not new
solutions but disguised solutions of (27) and (28).

In relation to the shock wave solution of (1), solu-
tions (2), (27), and (48) (for n = 1) are essentially the
same. This is not surprising as all three methods are
reformulations of the well know tanh-expansion method
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[21, 23]. Any differences in the solutions are wholly at-
tributable to the slightly different constraints that are
applied in each case.

The ansatz method is the most direct and efficient of
the three methods although using a symbolic computer
package such as MAPLE or MATHEMATICA makes the cal-
culations in all cases rather straightforward.
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