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Thermoelectric Transport through the Double Quantum Dot

in the Sequential Tunneling Regime
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The charge and spin thermoelectric transport in the system composed of a central molecule in contact with two
normal electrodes in an external magnetic �eld of the Zeeman type have been studied. Such system can support
pure spin current for applications in spintronics. By appropriate gate tuning of each of the dots it is possible to
electrically control the direction of the spin current or tune the device operating as a thermoelectric generator to
optimal performance.It has been shown that the device is poor energy converter in the parameter region where its
thermoelectric �gure of merit attains very large values.
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1. Introduction

Recent experimental advances in nanotechnology has
sparked a lot of work on quantum dots and molecules.
As a result the control of the single photon, electron or
spin has been achieved. One of the perspective directions
of nanotechnology is building devices which can operate
as e�cient energy harvesters or refrigerators. Tradition-
ally it is the usage of the Seebeck e�ect, which allows
energy generation from waste heat. The Seebeck e�ect is
quanti�ed by the Seebeck coe�cient S which is a voltage
V generated in the system by the temperature di�erence
δT = Th−Tc between hot and cold sides of it under open
circuit condition: S = −(V/δT )I=0. The useful materials
are characterized not only by large values of the Seebeck
coe�cient S but also by large thermoelectric �gure of
merit ZT. ZT is de�ned as ZT= GS2T/κ, where G is the
conductance, κ � thermal conductance and T � tem-
perature and requires good thermoelectric performance,
but small thermal conductivity [1].
The largest ZT is obtained for the devices operating

in a reversible way when their output power vanishes.
Thus the mere increase of ZT in nanodevices is useless
unless their output power is �nite. The goal is thus to
optimise the operation of nanoengines and to �nd the
conditions for obtaining the maximum power with the
maximum possible e�ciency. The other important direc-
tion of study is the control of the spin and its �ow i.e. the
spin current. The spin counterpart of the Seebeck e�ect
has been found [2] very useful to experimentally obtain
and control the �ow of pure spin current. The e�ciency
of the heat to spin voltage conversion [3] depends on the
spin Seebeck coe�cient Ss.
Here we shall use the model of the central system which

may describe single level quantum dot with quadruple
degeneracy (like the carbon nanotube quantum dot), a
two level quantum dot or two single level quantum dots
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in parallel. In the last case the central system is called
quantum dot molecule and intensively studied in the limit
of the Coulomb blockade [4, 5] with the goal to �nd con-
�gurations with enhanced Seebeck coe�cient Sc or ther-
moelectric �gure of merit ZcT [6, 7] or their spin coun-
terparts i.e. spin Seebeck coe�cient Ss and spin thermo-
electric �gure of merit ZsT [8, 9].
In this paper we study thermally induced charge, spin

and heat �ow in a sequential tunneling limit. In this
limit we use master equation approach to calculate cur-
rents. The method is not able to describe the Kondo
e�ect but it treats Coulomb interactions between elec-
trons exactly and the coupling between the central region
and external leads to the �rst order. Beside the charge
and spin currents we shall also calculate the performance
of the system as an energy harvesting device. Such a
device takes heat from the hot lead performs work and
releases rest heat to cold reservoir. The e�ciency of the
device at the maximum power [10] is a typical question
one asks studying real engines. The e�ciency of the en-
gine is de�ned as the ratio of power P to the heat �ux
from the hot reservoir η = P/Q̇h. For the reversibly
operating heat engine η is limited by the Carnot value
ηC = δT/Th. The e�ciency of endoreversible heat engine
at maximum power is given by the Curzon�Ahlborn [10]
limit ηCA = 1−

√
1− ηC.

2. The model and approach

The interacting quantum dots are described by the
Hamiltonian

H = Hel +HDQD +HT,

where

Hel =
∑

k,ν=L,R

∑
σ=↑,↓

(ενk − µν)c†νkσcνkσ

is the energy operator for external electrodes. The cen-
tral system is described by the Hamiltonian

HDQD =
∑
i=1,2

∑
σ=↑,↓

εiσd
†
iσdiσ

+U1n1↑n1↓ + U2n2↑n2↓ +
∑
σ,σ′

U12n1σn2σ′,
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while the coupling term between external leads and the
central part reads

HT=
∑
i=1,2

∑
k,ν=L,R

∑
σ=↑,↓

(γiνkc
†
νkσdiσ+H.c.).

The operators d†iσ (diσ) create (annihilate) electron of

spin σ on the dot i = 1, 2, while c†νkσ(cνkσ) create (an-
nihilate) spin σ electrons in the state k of electrode ν.
nσ = d†σdσ is the number operator. The σ dependence
of the on-dot energy εdσ is due to the external magnetic
�eld: εdσ = εd + gσµBB, g↑ = 1, g↓ = −1. The e�ective
couplings between the i-th dot and ν-th electrode

Γνi =
∑
k

γiνkδ(ε− ενk)

is energy independent in the wide band limit. In the fol-
lowing we shall use units with electron charge e, Boltz-
mann constant kB and Bohr magneton µB all equal to 1
and take the coupling to the left lead as an energy unit
ΓL = Γ = 1. In this work we shall assume spin indepen-
dent couplings and non-magnetic electrodes.

In the master equation approach one �rst calculates
the probabilities Pα of the central region to be in a given
quantum state |α〉. For our system it is convenient to
write |α〉 = |n,m〉, where n,m denote the occupation
of the lower, upper (level in two level quantum dot or
lower, upper quantum dot in a quantum dot molecule).
The master equation for the probabilities is written as

dPα
dt

= −
∑
α 6=β

WβαPα +
∑
β 6=α

WαPβ ,

where the symbols Wαβ (Wβα) denote the total transi-
tion rates from initial state β(α) to �nal state α(β). They
are sums of the (in) and (out) rates for all leads. For cal-
culating the currents we need the probabilities in the sta-
tionary limit dPα/dt = 0. As each level in two dots may
be empty, singly (spin up or spin down) or doubly occu-
pied, we end up with 16 × 16 problem. After �nding all
probabilities we calculate spin resolved charge currents
Iνσ �owing from the electrode ν = L,R towards central
region. Similarly we calculate heat �ow for each elec-
trode IνQ towards the central molecule. The charge and
energy of the central region are conserved. This means
that ILc = −IRc = Ic and (µL−µR)Ic + IRQ + ILQ = 0. The

�rst term here, i.e. (µL − µR)Ic = P is the power of the
engine. We assumed that that the R (L) electrode is hot
(cold) with temperature TR(L) = T + (−)δT/2 and the
voltages µR(L) = µ− (+)V/2.

The knowledge of the spin resolved currents in the ex-
ternal leads allows us to calculate total spin current �ow-
ing in the system Is = I↑ − I↓. If spin relaxation time in
the electrodes is long enough, the spin dependent chem-
ical potentials µασ have to be considered. Under this
condition one may de�ne [6] the spin voltage (or spin
bias) e∆Vs = (∆µ↑ − ∆µ↓)/2 and the (charge) voltage
e∆V = (∆µ↑+ ∆µ↓)/2. Then both charge and spin cur-
rents depend on voltage ∆V and spin voltage ∆Vs and the
spin dependent transport coe�cients Lij may be easily

calculated. Here we limit our discussion to the currents
�owing in the system and delegate the analysis of Lij ,
Seebeck coe�cients, etc. to the forthcoming paper [11].

3. Charge and spin currents

Our main results are shown in Figs. 1�3 below. The
upper part of Fig. 1 shows Ic and Is of the single level
quantum dot in an external magnetic �eld B. Already
this simple device allows for pure spin current [3]. For the
non-interacting dot the spin current (curves with sym-
bols) is maximal at the particle�hole symmetry point
εd = 0 when charge current exactly vanishes (for all B
values). The spin up electrons �ow from left to right,
while the same �ux of spin down electrons goes opposite
direction. As a result the charge current vanishes, while
spin current is maximal. In a two level quantum dot with
the distance between levels εd1− εd2 = 1Γ (lower part in
Fig. 1) there exist three points (marked by arrows in the

Fig. 1. Thermally induced charge (red curves) and
spin (blue curves with symbols) currents vs. on dot
energy level εd in the single quantum dot for three val-
ues of magnetic �eld and temperature T = 0.1Γ (up-
per part). Lower part shows similar dependence in the
two level quantum dot with di�erence between the lev-
els ∆ = 1.0Γ for magnetic �eld B = 0.25Γ and for three
di�erent temperatures T in units of Γ .
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Fig. 2. Thermally induced charge current on the
εd1−εd2 plane for two interacting quantum dots with
U1 = U2 = 3Γ and magnetic �eld B/Γ = 0.5. Other
parameters: T/Γ = 0.1, ∆T/Γ = 10−6, and all cou-
plings to the electrodes equal to Γ .

Fig. 3. (color online) The εd dependence of the e�-
ciency (red/thin solid lines) and the power (blue/dashed
thick lines) of the single level quantum dot energy gener-
ator. The numbers close to thin lines denote load volt-
ages V in units of Γ . Temperatures of the electrodes
Tc = 0.95Γ , TR = 1.05Γ , ηC = 0.095 is the Carnot
e�ciency.

�gure) at which charge current vanishes while spin cur-
rent is maximal. Moreover, the change of the gate volt-
age (or εd) may reverse the direction of the spin current
� the functionality which might be used in some spin-
tronic applications. Increase of temperature may spoil
the e�ect, additionally leading to reversal of spin cur-
rent direction at the particle�hole symmetric point. The
other parameters are as follows T = 0.1Γ (upper part)
and B = 0.5Γ (lower part). We assumed symmetric cou-
plings to the leads ΓL = ΓR = Γ . The current via double
quantum dot on the εd1�εd2 plane for two interacting
quantum dots is shown in Fig. 2. The �gure is obtained
for the parameters: U1 = U2 = 3Γ and magnetic �eld
B/Γ = 0.5, T/Γ = 0.1 and vanishingly small tempera-
ture di�erence ∆T/Γ = 10−6 and with all couplings to
the electrodes set equal to Γ . The analogous dependence
of the spin current will be shown elsewhere [11].

4. Double quantum dot as a thermoelectric

generator

From the practical point of view the power deliv-
ered by the engine is more important factor than the
e�ciency or ZT. The subject became recently a hot
topic with many interesting results obtained for di�erent
nanodevices [12]. Some of the achievements have been
reviewed [13]. We assume TR − TL = ∆T > 0 and
µL−µR = eV > 0. The e�ciency of the device is de�ned
in a standard way as a ratio of work done by the system
W = V Ic in a unit time to the heat �ux from the hot
electrode IRQ:

η =
Ẇ

Q̇
=
V Ic
IRQ

.

The system may work as an energy generator or as
refrigerator depending on the region in its parameters'
space. Here we are mainly interested in energy harvest-
ing. In this process the energy is taken from the envi-
ronment and transformed into electric power. In Fig. 3
we present η (thick lines) and the power P = V Ic (thin
lines) as a function of εd for the system with temperature
T/Γ = 1, temperature di�erence TR−TL = 0.1Γ , Ui = 0
and the load voltages V/Γ = 0.01, 0.05, 0.1, 0.25. The
vertical lines denote the limiting (maximal) value of the
on-dot energy εd for the device functioning as the en-
ergy generator. At that point the e�ciency reaches the
Carnot limit and the power vanishes as it should for re-
versibly operating engine. The power itself takes on the
maximal value for εd smaller than that corresponding to
the maximal value of the e�ciency.

5. Summary and conclusions

We have studied two-terminal device with quantum
dot able to support pure spin current. The gate voltage
provides a control of the direction of the spin current in
the device based on two-level quantum dot in externally
applied magnetic �eld. The device may also serve as en-
ergy generator. The e�ciency of the corresponding heat
to power converter depends on the parameters. It takes
on maximal i.e. Carnot value for irreversible operation
conditions and attains lower values at maximum power in
agreement with general theory [10]. It should be stressed
that contrary to the common belief [3, 6] the device is
poor energy converter in the parameter region where its
thermoelectric �gure of merit is large.
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