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The temperature dependence of the zero-bias conductance of the graphene-based, ballistic junction composed of
the three consecutive regions: normal, with potential barrier (�insulating�) and superconducting (NIS), is analyzed
within the extended Blonder�Tinkham�Klapwijk approach. Within this approach we have found that oscillatory
behavior of the conductance as a function of barrier strength is suppressed by the temperature � the amplitude
diminishes with heating up the junction. Moreover, the subtle, although nontrivial feature of the system is reported:
the average over the period of the oscillations of the zero-bias conductance for relatively small Fermi level mismatch
behaves non-monotonically with the increase of the temperature with the maximum roughly at T/Tc ≈ 0.5.
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1. Introduction

The discovery of the graphene [1] opened up new op-
portunities in the material science for studying and de-
signing electronic systems governed by relativistic quan-
tum electrodynamics in the desktop laboratories. Shortly
after, the �eld of quasi-relativistic physics has been en-
riched by the range of new materials where similar elec-
tronic structure to the graphene was found, such as sili-
con and germanium atoms arranged in a hexagonal lat-
tice [2�4], and topological insulators [5] (surface states).
Despite similar energy dispersion, most of those new

systems turned out to be signi�cantly di�erent from
graphene. Especially, silicene was found to be intrin-
sically superconducting [6], contrary to the graphene,
which has widened the freedom of experimental and theo-
retical studies on the superconducting, graphene-like sys-
tems.
One of the �rst concepts in this sub�eld was the junc-

tion based on the graphene, composed from normal and
superconducting (induced by means of proximity e�ect)
regions, proposed by Beenakker in his seminal work [7].
He found that due to the quasi-relativistic nature of the
charge carriers, the conductance spectra di�er signi�-
cantly from the standard case [8]. Later, also other, more
sophisticated ideas of electronic devices based on the in-
terplay of the Dirac physics with the superconductivity
were proposed [9�11].
In majority of articles concerning transport proper-

ties through the graphene-based superconducting hy-
brid structures the well-established extended Blonder�
Tinkham�Klapwijk (BTK) formalism [8] has been used.
Particularly this approach was proven to be successful
for this class of systems in calculating e.g. conductance
spectra [7, 12�14], heat conductance [9, 15�17] as well
as thermopower [18] with the density of states explicitly
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taken into account [19].
Within this approach, the oscillatory behavior of the

electric, as well as the heat conductance, as a function
of the barrier strength was found in the graphene-based
junction composed of normal and superconducting re-
gions with the high external potential at the interface
(NIS junction) [12, 13, 15]. This peculiar property of this
system is a direct manifestation of the quasi-relativistic
nature of charge carriers in the graphene.
The natural question that arises at this stage, that in

particular we address in this work, is how the oscillatory
behavior of the zero-bias conductance (ZBC) as a func-
tion of the barrier strength is a�ected by the increasing
temperature. Particularly we have investigated temper-
ature dependence of the amplitude, and the average over
one period of the oscillations for di�erent Fermi level mis-
match (FLM) between normal and superconducting part
of the junction.
The paper is organized as follows. In Sect. 2 we present

brie�y generalized BTK formalism for the calculating
current through the NIS junction in the non-zero tem-
perature. Then in Sect. 3 we discuss our results, mainly
focused on the behavior of the conductance oscillations
as a function of barrier strength with the raising temper-
ature. Finally, we conclude in Sect. 4.

2. Model

We consider graphene-based junction composed of nor-
mal and superconducting regions with the energy poten-
tial of the width d and the height V0 at the interface play-
ing the role of the �insulating� barrier. Our starting point
in the description of our system are Dirac�Bogoliubov�
de Gennes equations for the two-dimensional (2D) sheet
of graphene in the form [7, 20]:(
Hj − EF1 + U(r)1 ∆

∆† EF1− U(r)1−Hj

)
ψ = εψ, (1)

where the index j can be either + or − which refers to
the two inequivalent valleys K and K ′ in the Brillouin
zone, and the single particle Hamiltonian reads
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Hj = − i~vF(σx∂x + sgn(j)σy∂y), (2)

with vF standing for momentum independent velocity of
charge carriers in graphene, and σi} denoting respective
Pauli matrices. The potential U(r) in Eq. (1) shifts
Fermi energies in the normal, �insulating� and supercon-
ducting region and can be modeled as

U(r) = −U0θ(x) + V0θ(−x)θ(x+ d). (3)

We would treat the potential barrier at the interface of
the junction in the limit of thin barrier (d→ 0) and high
potential (V0 → ∞), at the same time keeping e�ective
dimensionless barrier strength χ constant, de�ned simi-
larly as in Refs. [12, 13, 15] as

χ =
V0d

~vF
. (4)

The potential U0 is used to tune e�ective Fermi level
mismatch between normal and superconducting regions
of the graphene sheet. In order to satisfy the mean-
�eld condition for the superconductivity we set ∆0 �
(U0 + EF). Note that FLM can be also a source of the
normal re�ection. We have assumed the pairing poten-
tial with the s-wave symmetry changing step-like at the
interface and having temperature dependence deduced
from the usual BCS theory [21],

∆(r, T ) = ∆0θ(x) tanh

(
1.76

√
Tc
T
− 1

)
. (5)

Following the BTK formalism one should identify the
relevant scattering processes and construct full wave
functions for the normal (ΨN), �insulating� (ΨI) and su-
perconducting (ΨS) regions, and force their continuity at
the interfaces [12, 13]. Incoming electron (ψe

+) from the
normal side of the graphene sheet can be backscattered
either in the normal re�ection process (ψe−) or in so-called
Andreev re�ection process as a converted by the pair po-
tential hole (ψh

−). In turn, in terms of the transmission it
can be injected into the superconducting region as a Bo-
goliubov quasiparticle (ψSe

+ , ψSh
− ). There are also bound

electron and hole states in the �insulating� region (ψIe
− ,

ψIe
+ , ψ

Ih
− , ψ

Ih
+ ). The respective full wave functions can be

written in the following form:

ΨN = ψe
+ + rψ e

− + raψ
h
−,

ΨI = aeψ
Ie
+ + ahψ

Ih
+ + beψ

Ie
− + bhψ

Ih
− ,

ΨS = teψ
Se
+ + thψ

Se
− . (6)

Under the condition of the continuity at the boundaries
of the global wave function,

ΨN|x=−d = ΨI|x=−d, ΨI|x=0 = ΨS|x=0, (7)

one can derive respective wave functions amplitudes.
Note that contrary to the standard case [8], due to the
linearity of the Dirac�Weyl equation there is no need to
match also derivatives of wave functions. The direct en-
ergy and angle of incidence dependence of the needed
amplitudes r and ra can be obtained after some straight-
forward algebra and are not shown here explicitly. For
full formula and also explicit particles and quasi-particles
wave function forms see e.g. Refs. [12, 13, 15].

The transmission probability through the NIS junction
now can be expressed as [8]:

T (ε) =

∫ π/2

−π/2
dθ

cos θ

2

×
(

1− |r(ε, θ)|2 +
Re[e iθA ]

cos θ
|ra(ε, θ)|2

)
. (8)

With the knowledge of the transmission probability in the
spirit of the Landauer formalism one can write a full for-
mula for the ballistic charge transport through the junc-
tion,

Ie(V ) =
4e

h

∫ ∞
−∞

dε N(ε)T (ε)

×
(
fN(ε− eV )− fS(ε)

)
, (9)

where functions f (i) denote Fermi�Dirac distributions
with the superscript {i = N,S} standing for the normal
and superconducting region, respectively. The formula
(9) holds for the biased junction with the voltage, V and
accounts for the density of states in the graphene sheet
of the width W ,

N(ε) =
|EF + ε|W
π~vF

. (10)

The ZBC now can be obtained in a straightforward man-
ner by linearizing Fermi functions with respect to the
small voltage (V → 0),

G =
∂I

∂V
= −4e2

h

∫ ∞
−∞

dε
∂f

∂ε
N(ε)T (ε). (11)

It is convenient to normalize above formula by the bal-
listic conductance of the same sheet of graphene without
superconducting or external potential sources, kept in the
same temperature,

g0 = −4e2

h

∫ ∞
−∞

dε
∂f

∂ε
N(ε). (12)

3. Results

In all numerical calculations we have set shifted Fermi
level in the superconducting region as E′F = EF + U0 =
100∆0.
The theoretical prediction of the oscillatory behavior

of ZBC spectra (cf. Fig. 1) as a function of the e�ective
barrier strength has been reported in the graphene NIS
junction some time ago [12]. The issue mainly investi-
gated here is how this quasi-relativistic behavior changes
with increasing temperature. Therefore, we have ana-
lyzed the e�ect of the temperature, the e�ective barrier
strength and the FLM on the normalized zero-bias con-
ductance through the graphene NIS junction (calculated
from Eq. (11)).
For E′F/EF ≥ 10 the oscillations almost completely

disappear (cf. Fig. 1), and in fact the e�ect of the barrier
strength is negligible in this regime. Therefore in this
limit NIS junction properties are similar to that of the
NS junction in which case ZBC behaves non-trivially with
the raising temperature (see Ref. [18]).
In the opposite regime, for E′F/EF ≤ 10, by changing

the barrier strength parameter, χ we can control to some



A-38 M.M. Wysoki«ski

Fig. 1. Normalized ZBC as a function of the e�ective
barrier strength, χ for selected temperatures. The plots
in parts (a), (b), (c) di�er with the FLM. The amplitude
of the oscillations diminishes with the increase of the
temperature (cf. inset in Fig. 3). Note that the average
value of ZBC can slightly increase (cf. Fig. 3). At part
(a) plots for T/Tc → 0 and T/Tc = 0.5 are mostly
overlapping.

larger extent the mutual relation between the probabil-
ity of the Andreev and the normal re�ection. However,
with the increasing temperature the range of the manipu-
lation diminishes which has a direct manifestation in the
monotonic decrease of the ZBC oscillations amplitude (cf.
inset of Fig. 3).

What is more, the upper limit of the oscillations (where
the Andreev re�ection dominates) is relatively less af-
fected by the increase of the temperature than bottom
limit approximately up to T ≈ 0.5Tc which is smooth
boundary designated by the regime where thermal exci-
tation are within the range of the superconducting gap.
The situation reverses when the superconducting gap
starts closing. This in turn gives rise to a non-monotonic
change of the average ZBC, de�ned as:

Gav =
1

π

∫ π

0

G(χ)dχ, (13)

which in the low FLM regime (E′F/EF ≤ 10) acquires
maximum around T ≈ 0.5Tc (cf. Fig. 3). In comparison,
ZBC of the graphene-based NS junction also has a non-
monotonic behavior with the raising temperature but in
the di�erent regimes (i.e. for small position of the Fermi
level in normal region of the junction) and of the di�erent
kind (cf. Ref. [18]). Also the origin of this behavior can
be seen in the evolution of the ZBC with the increase of
the temperature (cf. Fig. 2). For selected values of the
barrier strength from the �rst period (χ = π

2 ,
π
4 ) ZBC is

increasing up to a �at maximum approximately at the
T/Tc ≈ 0.5 (cf. Fig. 2b, c). In the same regime for χ = 0

Fig. 2. Normalized ZBC as a function of the tempera-
ture for selected barrier strengths, χ. The plots in parts
(a), (b), (c) di�er with the FLM. For speci�c values of
barrier strength, we obtain �at maximum (parts (b),
(c)).

Fig. 3. The main plot presents averaged ZBC over the
period of oscillations with respect to the change of the
barrier strength as a function of the temperature for se-
lected values of the FLM. In the inset we plot with the
logarithmic scale the change of the oscillations ampli-
tude (GA) also as a function of the temperature. For
relatively small FLM, the average ZBC changes non-
monotonically with the temperature and has a maxi-
mum around T/Tc ≈ 0.5, contrary to the monotonic
decrease of the amplitude of ZBC oscillations.

it drops slowly and remains almost unchanged.

4. Conclusions

In this work we have analyzed the temperature depen-
dence of the zero-bias conductance of the graphene-based
NIS ballistic junction. We have found that with the in-
creasing temperature oscillations of the zero-bias conduc-
tance as a function of the barrier strength persist with
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the monotonically decreasing amplitude. The interesting
feature of the system is a non-monotonic change, of the
average over the period of the oscillations of the zero-bias
conductance (as a function of a barrier strength) with the
increase of the temperature, with the maximum around
T/Tc ≈ 0.5 in the limit of a relatively small Fermi level
mismatch (E′F/EF . 10).
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