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Iron-based superconductors exhibit features of systems where the FuldeFerrellLarkinOvchinnikov phase, a
superconducting state with non-zero total momentum of the Cooper pairs, is actively sought. Experimental and
theoretical evidence points strongly to the FuldeFerrellLarkinOvchinnikov phase in these materials above the
Pauli limit. In this article we discuss the ground state of iron-based superconductors near the critical magnetic
eld and the full hT phase diagram for pnictides in case of intra-band pairing, in a three-band model with s±
symmetry.
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1. Introduction

In '60s of the XX century, two independent groups,
FuldeFerrell (FF) [1] and LarkinOvchinnikov (LO) [2],
proposed a superconducting phase with oscillating order
parameter (OP) in real space. This phase, nowadays
called the FuldeFerrellLarkinOvchinnikov (FFLO)
phase, is more stable than the BCS phase in low temperature and hight magnetic eld regime. FF proposed
a superconducting phase with one momentum q possible
for the Cooper pairs, whereas LO assumed the possibility
of two opposite momenta ±q  in this case the OP in
real space is proportional to exp( iq·r) or cos(q·r) respectively. A non-zero total momentum of the Cooper pairs
bears as a consequence the change of sign of the OP in
real space and breaks the spatial symmetry of the system
(this is true not only in systems with translation symmetry, but also when rotational symmetry is present [35]).
The FFLO phase can be expected in materials with
orb
P
relatively high Maki parameter α ∼ Hc2
/Hc2
, when
orb
the orbital critical magnetic eld Hc2 is greater than
P
the paramagnetic critical eld Hc2
. Therefore a good
class of candidate to nd the FFLO are heavy fermions
materials (such as CeCoIn5 ) [612], organic superconductors [13] and quantum gases [14]. The FFLO phase
can exist also in inhomogeneous systems in presence of
impurities [1517] or spin density waves [18]. Moreover, these inhomogeneities can increase the tendency
system to create the FFLO phase and stabilize it in
a lower magnetic eld [17, 19]. The FFLO phase can
be also stabilized by pair hopping interaction [20, 21]
or in system with nonstandard quasiparticles with spin-dependent mass [2224].
Other good candidates to nd the FFLO phase
are iron-based superconductors (IBSC) [2529]  the
characteristic feature of these chemical compounds are

ironarsenide layers (Fig. 1a), which imply multiband properties such as the characteristic Fermi surface (with hole- and electron-like Fermi pockets around
the (0, 0) and (π, π) point respectively, illustrated in
Fig. 1b) [3032]. IBSC are materials with high Maki
parameter and anisotropic upper magnetic elds [3340].
Experimentally a phase transition inside the superconducting state has been observed, which can be evidenced
about the phase transition from convectional superconductivity to the FFLO phase [41]. These results are in
agreement with theoretical expectations [29, 42, 43].

Fig. 1. (a) FeAs layer in iron-based superconductors.
Fe (red dot) and As (blue and green dots) ions form a
quadratic lattice. As ions are placed above (blue) or
under (green) the centers of the squares formed by Fe.
(b) True Fermi surface in rst Brillouin zone, for two Fe
ions per unit cell.

In this paper we analyze IBSC (pnictides) using the
three band model proposed by Daghofer et al. [44, 45].
In Sect. 2 we describe details of theoretical calculation,
in Sect. 3 we show and discuss numerical results. We
summarize the results in Sect. 4. Parameters for the
model are listed in Appendix (Sect. 5).
2. Theoretical part
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The general Hamiltonian for the multi-orbital system
can be written as H = H0 + HI . The non-interacting
part H0 is given by
(A-16)
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X 

H0 =


Tkαβ − (µ + σh)∆α,β c†kασ ckβσ ,

3. Numerical results

(1)

kσ,αβ

where c†kασ (ckασ ) is the creation (annihilation) operator
for a spin σ electron of momentum k in the orbital α.
Hopping matrix elements Tkαβ are given by the eective
tight-binding model of the two-dimensional FeAs planes
in the given model (see Appendix). Integer α and β label
the orbitals. Band structure of the FeAs system can be
reconstructed by diagonalization of the Hamiltonian H0 :

H00 =

X

Ekεσ d†kεσ dkεσ .
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(2)

Numerical calculations were carried out for a square
lattice NX × NY = 2000 × 2000 with periodic boundary
conditions. First, the eective pairing intra-band potential Vε has been determined for every band, in case of
s± symmetry of the order parameter  to nd its value
we seek the disappearance of the superconducting BCS
phase in each band at the same critical magnetic eld
hBCS
= 0.005 eV (and temperature kB T = 10−5 eV).
C
Secondly, we determine the hT phase diagram for those
xed values.

kεσ

µ is the chemical potential, changing the average numP
ber of particles in the system n = N1 kασ c†kασ ckασ =
P
†
1
kασ dkασ dkασ , where N is the number of lattice site.
N
h is the external magnetic eld parallel to lattice. ε labels
the bands.
We introduce a superconducting pairing between
quasi-particles in bands ε. In absence of interband pairing or when it is weak [46], we can eectively describe superconductivity in the FFLO phase by the Hamiltonian

X
0
=
∆εk d†εk↑ d†ε,−k+qε ↓ + H.c. ,
HSC
(3)
εk

where ∆εk = ∆ε η(k) is the amplitude of the OP for the
Cooper pairs with total momentum q ε . The structure
factor is given by η(k) = 4 cos(kx ) cos(ky ) for s± -wave
symmetry of the OP [28]. As we see, in case of intra-band
pairing we have formally an n-band system described by
0
, with n independent
the total Hamiltonian H = H00 +HSC
bands ε. Using the Bogoliubov transformation we can
nd a nal fermions basis Γεk = (γεk↑ , γε,−k↓ )T , describing the quasi-particle excitation in the superconducting
state
X
†
H=
Ēεkτ γεkτ
γεkτ + const
(4)
εkτ

with

Ēεkτ =

Eεk↑ − Eε,−k+q↓
2

s

2
Eεk↑ + Eε,−k+q↓
+τ
+ |∆εk |2
(5)
2
P
where τ = ±. Total free energy is given by Ω = ε Ωε ,
where
X

Ωε = −kB T
ln 1 + exp(−β Ēεkτ )
kτ

+

X
k

|∆εk |2
Eεk↓ −
Vε



(6)

is the free energy in band ε in the presence of eective
interaction intensity Vε . The ground state for xed h
and T can be found by minimizing the free energy with
respect to the OPs.

Fig. 2. The free energy per site Ωε (q)/Nx Ny for s±
symmetry, for dierent values of the Cooper pair momentum q , showing the location of the minima and indicating the existence of dierent phases. Results for
and temperature kB T = 10−5 eV.
h ' 0.005 eV = hBCS
C

3.1. Ground state at the BCS critical magnetic eld
To determine the hT phase diagram with Vε xed, we
vary the total momentum of the Cooper pairs q to nd
the ground state. Results for magnetic eld h ∼ hBCS
C
and temperature kB T = 10−5 eV are shown in Fig. 2.
As we see for every band and q = 0, there exists a local
minimum of the free energy Ωε (q) corresponding to the
BCS phase. However, we nd the true ground state by
the global minimum, which is attained for q 6= 0. For
the rst two bands (ε = 1, 2  parts (a) and (b), respectively) the ground state can be found for four equivalent
total momenta q 1,2 in directions [1, ±1]. In the third
band (ε = 3  part (c)) the global minimum also exists
at non-zero total momentum of the Cooper pairs, but
in direction [0, 1] or [1, 0]. This result is in agreement
with other theoretical results for pnictides in a minimal
two-band model [28, 29] and one-band heavy fermions
systems [12, 19, 21 (rst paper), 47], where the FFLO
phase exhibits precisely this direction of the momentum.

3.2. Phase diagram hT
For xed values of the eective pairing potential Vε , we
nd the hT phase diagram for each band, as shown in
Fig. 3. The region of the BCS phase on the phase diagram
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based superconductors in presence of intra-band pairing with s± -wave symmetry. As in previous theoretical
works [28, 29] we show that the ground state of pnictides,
above the critical magnetic eld of BCS phase and in low
temperature, is an unconventional superconductor of the
FFLO type. The full phase diagram has been obtained
on lattices of thermodynamically relevant sizes, marking
the typical area of the BCS phase and how the FFLO can
be found beyond its borders, in regimes detrimental to
the existence of BCS superconductivity. Consequence of
this is the amplitude modulation of the order parameter
in real space and multiple phase transitions, in agreement
with the literature [29, 42, 43].
Appendix
Three-orbital model Daghofer et al. [44]

Fig. 3. h − T phase diagram for given eective pairing potential Vε . Grey area shows region of existing
BCS phase. Lines mark the phase transitions. Colors
(red, green and blue) mark the regions of the FFLO
phase with dierent values of the total momentum of
the Cooper pairs q ε .

has a typical form. Above the critical magnetic eld for
BCS phase and at low temperatures, the FFLO phase
can form (cyan region in Fig. 3). In the rst two bands,
the critical magnetic eld of the FFLO phase is bigger
than in the third band (Fig. 3)  for the chosen values
of Vε this dierence is approximately equal to 15 hBCS
.
C

3.3. Total momentum of the Cooper pairs
Minimization of the free energy gives the total momentum of the Cooper pairs (shown in Fig. 2 in magnetic eld
). Its value |qε | is higher for the rst band than
near hBCS
C
for the second and third bands. However an increase in
the magnetic eld raises the total momentum magnitude
(red, green and blue areas in Fig. 3), as in the IBSC
two-band model [29].
In every band the critical magnetic elds of the
phase transition from the FFLO phase to normal state
hFFLO
(T ) are dierent. Consequence of this are the obC
served multiple transitions inside the FFLO area of the
phase diagram, associated with changes in the modules of
total momentum of the Cooper pairs |q ε |. Moreover this
leads to amplitude modulation of the order parameter in
real space, in agreement with the results in the two-band
case [29, 42, 43]. To observe this feature would be an
experimental check of the existence of the FFLO phase
in these materials [41], since we expect more than one
phase transition to exist, associated with disappearance
of the FFLO phase in selected bands when increasing the
external magnetic eld h.
4. Summary

Using the three-band model proposed by Daghofer et
al. [44, 45] we make a case for the FFLO phase in iron-

This model of IBSC was proposed by Daghofer et al.
in Ref. [44] and improved in Ref. [45]. Beyond dxz and
dyz orbitals the model also accounts for dxy orbital

Tk11 = 2t2 cos kx + 2t1 cos ky + 4t3 cos kx cos ky

(A1)

+2t11 (cos(2kx ) − cos(2ky )) + 4t12 cos(2kx ) cos(2ky ),
Tk22 = 2t1 cos kx + 2t2 cos ky + 4t3 cos kx cos ky

(A2)

−2t11 (cos(2kx ) − cos(2ky )) + 4t12 cos(2kx ) cos(2ky ),
Tk33 = 0 + 2t5 (cos kx + cos ky ) + 4t6 cos kx cos ky
+2t9 (cos(2kx ) + cos(2ky ))
+4t10 (cos(2kx ) cos ky + cos kx cos(2ky )),

(A3)

Tk12 = Tk21 = 4t4 sin kx sin ky ,

(A4)

Tk13
Tk23

(A5)

=

T̄31
k
T̄32
k

= 2 it7 sin kx + 4 i t8 sin kx cos ky ,

=
= 2 it7 sin ky + 4 i t8 sin ky cos kx .
(A6)
In Ref. [45] the hopping parameters in electron volts are
given as: t1 = −0.08, t2 = 0.1825, t3 = 0.08375, t4 =
−0.03, t5 = 0.15, t6 = 0.15, t7 = −0.12, t8 = 0.06,
t9 = 0.0, t10 = −0.024, t11 = −0.01, t12 = 0.0275 and
0 = 0.75. Average number of particles in the system
n = 4 is attained for µ = 0.4748.
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