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We present calculations of di�erential, integrated elastic, total momentum transfer cross-sections and spin
polarization parameters S for scattering of positron from Eu and Bi atoms in the energy range 2.0 to 500.0 eV
using relativistic approach. The target projectile interaction is represented both by real and complex parameter-
-free optical potentials in the solution of the Dirac equation for the scattered positrons. The theoretical results are
obtained from relativistic approach based on solving the Dirac equation using Hartree�Fock and Dirac�Fock wave
functions to calculate cross-sections at all the energies considered.
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1. Introduction

Interaction between electron/positron and radicals are
known to be one of the key drivers of the physics and
chemistry of industrial plasmas [1]. Chemical models to
allow for optimized process control of plasma rectors con-
sequently depend on the availability of the positron colli-
sion cross-sections, which give a quantitative understand-
ing of positron interaction with given target, specially
for the atomic and molecular radicals that are present
in plasma. Also positron scattering have gained signi�-
cant importance because the positron being a positively-
-charged probe, o�ers a more sensitive test of our abil-
ity to understand atomic interactions than the electron
does. Additional importances of positron scattering de-
rive from the fact that it involves interactions of mat-
ter with antimatter which have possible applications in
the astrophysical arena. Despite the importance of such
data, quantitative studies of collision cross-section with
positrons are currently not widely available in the lit-
erature [2, 3]. In our previous publication we reported
di�erential cross-sections and spin polarization parame-
ter for positron scattering by radon, radium, and gold
atoms [4, 5] by optical potential approach.
A method which has been quite successful for calcu-

lating the scattering cross-sections is the model potential
approach which seeks to use a complex local potential,
generally represented by analytical expressions, to model
the actual projectile�target interaction. The imaginary
part of the interaction potential, Vabs, which is nonzero
for projectile energies above the lowest inelastic thresh-
old, accounts for the absorption e�ect, that is, absorp-
tion of incident projectile �ux from the purely elastic
channel. For positron scattering the real part of the
interaction potential is partitioned into the static and
correlation-polarization parts. The imaginary parts take
into account various inelastic processes such as positro-
nium formation as well as excitation and ionization of
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the target by positron impact. In the past, models of
various parts of the total interaction potential have been
proposed which contain adjustable parameters that are
�tted to provide theoretical cross-sections. We focus on
obtaining model interaction potentials which are free of
any adjustable parameters. To the best of our knowledge,
no such collision cross-sections for elastic processes cur-
rently exist in literature. As an alternative to electron�
atom scattering, both the similarities and the di�erences
between electrons and positrons mean that positron scat-
tering provide a useful, and sometimes more sensitive,
test of the techniques used to study the electron and
positron scattering processes.
The similarities between electrons and positrons �

mass, magnitude of charge, and spin suggest that a con-
sistent approach to devising model potentials should in-
corporate these quantities using similar logic for both
projectiles. The di�erences between electrons and
positrons: the sign of the charge, the possibility of
positronium formation, and the fact that positron projec-
tiles are distinguishable from the electrons of the target
atom while electron projectiles are not, o�er important
tests of how a model potential scheme handles issues such
as projectile charge, inelastic thresholds, and correlations
among projectile and target electrons. It is well known
that positron�atom collisions can be described by many
theoretical approaches and that is why it is important to
test the various approximations with experimental mea-
surements. In the present paper, we use the model po-
tential approach to calculate the di�erential, intergraded
elastic and total cross-sections, for positron scattering
collisions with open shell elements like Eu and Bi atoms
at 2.0 eV to 500.0 eV impact energies. The parameter-free
model potentials that we employ in the present calcula-
tions are those that we have previously used, with good
results, for positron scattering from radon, radium and
gold atoms [4, 5]. In view of this, the present model can
be easily applied to study the elastic scattering from sys-
tems with open shell atoms ful�lling these requirements.
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2. Theory
2.1. Interaction potentials

In the present calculations, we employ a model po-
tential of the positron�target system by a complex in-
teraction potential V (r) that consists of only three
parts. These parts are the static potential Vst(r), the
correlation-polarization potential VCP(r) and the absorp-
tion potential Vabs(r), such that

V (r) = Vst(r) + VCP(r) + Vabs(r).

2.1.1. The static potential
The static potential is the average over the ground

state atomic charge distribution of the electrostatic inter-
action of the positron and atom. In case of positron, the
static potential is repulsive in nature whereas it is attrac-
tive for electron scattering. It is determined by the radial
part of the electron charge density of the target atoms,
ρ(r), which is obtained using both the non-relativistic
atomic orbitals, from the Hartree�Fock wave function [6]
for europium (Eu) and bismuth (Bi). The static poten-
tial, in atomic units, is given by

Vst(r) =
Z

r
− 4π

∫
ρ(r′)

r>
r
′2dr′, (1)

where Z is the atomic number of the target atom and r>
is the greater of r and r′.

2.1.2. Positron correlation polarization potential
The positron correlation polarization (PCP) potential

is de�ned as a functional derivative of the corrective of

the correlation energy with respect to ρ(r) i.e.

Vcorr(r) =

(
1− 1

3
rs

d

drs

)
εcorr(rs) (2)

with rs as a density parameter satisfying 4
3πr

3
s ρ(r) = 1,

where ρ(r) is the target undistorted electronic density.
Finally, an analytic expression is obtained (in atomic
units) [7, 8] as

Vcorr(r) =

[−1.82/
√
rs + (0.051 ln rs − 0.115) ln rs + 1.167]/2,

rs < 0.302,

(−0.92305− 0.09098/r2s )/2, 0.302 ≤ rs ≤ 0.56,

[−8.7674rs(rs + 2.5)−3 + (−13.51 + 0.9552rs)

×(rs + 2.5)−2 + 2.8655(rs + 2.5)−1 − 0.6298]/2,

0.56 ≤ rs ≤ 8.0. (3)

We further mention that in the limit rs →∝ the correla-
tion polarization should approach the correct form of the
polarization i.e. VLR = −αd/2r

4, where αd is the dipole
polarizability of the europium and bismuth atoms pro-
vided in Table I. Thus, depending on the location of the
projectile from the target, VPCP(r) for e+�Eu and e+�Bi
atom system is taken as

VPCP(r) =

{
Vcorr(r), r ≤ rc,
VLR(r), r ≥ rc.

(4)

Here rc is the crossing point where Vcorr and VLR cross
to each other for the �rst time.

TABLE IElectronic con�guration, term symbols, dipole polarizability, ionization potential (I.P.),
�rst excitation threshold Eth and crossing points (rc) and for Eu and Bi atoms.

Z
(atomic number)

Element
Electronic

con�guration
Term

Polarizability
[a.u.]

I.P.
[eV]

Eth

[eV]
Crossing point

[a.u.]

64 Eu [Xe] 6s(2) 4f(7)
8S 187.162 5.670 1.602 4.381

83 Bi [Xe] 6s(2) 4f(14) 5d(10) 6p(3)
4S 50.017 7.289 1.416 2.931

2.1.3. Positron absorption potential

The absorption potential, Vabs, which is non-zero for
projectile energies above the lowest inelastic threshold,
accounts for the absorption e�ects, i.e. absorption of in-
cident projectile �ux from the purely elastic channel. The
absorption potential takes into account various inelastic
processes such as positronium formation as well as ex-
citation and ionization of the target by positron impact
[7, 8]. In the past, models of various parts of the total
interaction potential have been proposed, which contain
adjustable parameters that are �tted to provide theoreti-
cal cross-sections and match the experimental results. In
our work, we focus on obtaining model interaction po-
tentials that are free of any adjustable parameters.

According to the quasi-free scattering approximation,
the absorption potential for a projectile with local kinetic
energy E = p2/2m passing through a free electron gas of
density p(r) is given by [7, 8]:

Vabs(r, E) = −1

2
ρ(r)σ̄(kF, p)vloc. (5)

Here, vloc = [2(E − VR(r))/m]1/2 is the local velocity of
the projectile for (E − VR) ≥ 0 and kF = [3π2ρ(r)]1/3 is
the Fermi momentum. The σ̄(kF, p), the average quasi-
-free binary collision cross-section, is given as

σ̄b =
1

p

∫
N(kF, q)|p− q|dq

×
∫

dσb
dΩ

(
1

p20
δ(p0 − pf)Θ(q′, kF)

)
dg. (6)

Here, p (p′) and q (q′) are the laboratory frame momenta
of the incident positron and target electron, respectively
before and after the collision. The vectors p0 and pf are
the initial and �nal momenta of the positron in center-of-
-mass frame of the binary system. The function N(kF, q)
refers to the target electron momentum distribution given
as
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N(kF, q) =

{
N(kF), q ≤ kF,
0, q > kF,

(7)

where N(kF) = 3
4πk3F

.

The momentum transfer vector g, is given as g = p′−
p = q − q′. The dσb

dΩ is the di�erential binary cross-
section based on the Rutherford scattering as

dσb
dΩ

= 2/g4. (8)

The function Θ(q′, kF) in Eq. (6) is unity for the Pauli
allowed �nal states of the binary collision and zero for
the Pauli blocked �nal states in the binary collision. For
positron quasi-free scattering this function becomes

Θ(q′, kF) = H(q
′2 − kF − ω), (9)

where ω = 2∆, with ∆ being the energy gap between
the target ground-state energy and the �nal energy of
the originally bound target electron and H (q

′2−k2F−ω)
is the Heaviside unit step function, which equals to one
when the argument is non-negative and zero otherwise.
The physical interpretation of Θ(q′, kF) is that, for an

inelastic process to occur, the �nal energy of the target
electron q′2/2 must exceed the Fermi energy EF = k2F/2
by at least the energy gap ∆. Processes that would allow
the electron to fall into a lower-energy state are forbid-
den due to the Pauli blocking. The above de�nition of
the Pauli blocking function Θ di�ers from that used for
electron scattering [8] in that here, for positron scatter-
ing, Pauli blocking restrictions are applied to the target
electrons only and no such restrictions are placed on the
projectile.
It is interesting to examine the role of the energy gap in

the model for positron scattering as compared to its role
in the quasi-free model for electron scattering. For inci-
dent electrons ∆ acts both as the energy needed to trans-
fer a target electron from the highest occupied ground-
-state orbital to the �rst excited orbital and as the non-
-zero threshold for inelastic scattering. However, for in-
cident positrons this situation is complicated since the
formation of positronium (Ps) introduces another bound
system, the binding energy of which can reduce the in-
elastic threshold to energy below the threshold for exci-
tation Eexcit. In fact, the quasi free absorption poten-
tial gives in�nite cross-sections as ∆ approaches zero. In
our calculations of positron scattering from radon and
radium atoms, we used for ∆ the non-zero positronium
formation threshold EPs. The average binary collision
cross-section σ̄b can be expressed as

σ̄b(kF, p) =
16π2

p2
N(kF)

×


4
3
k3F
ω + 4kF + 2p ln

∣∣∣p−kFp+kF

∣∣∣ , p2 − ω ≥ k2F,

4
3
(p2−ω)3/2

ω + 4(p2 − ω)1/2 + 2p ln

∣∣∣∣p−√p2−ωp+
√
p2−ω

∣∣∣∣ ,
k2F ≥ p2 − ω ≥ 0. (10)

2.2. Cross-section and spin polarization

The theoretical methodology concerning the mathe-
matical formulation of positron�atom scattering has been

discussed in [4]. So only a brief outline of the theory will
be given here. The motion of the projectile positron in a
central �eld V (r) is described by the Dirac equation.

The motion of the projectile positron in a central �eld
V (r) is described by the Dirac equation[

cα · p+ βm0c
2 − V (r)

]
ψ = Eψ. (11)

For central potential, the Dirac equation can be reduced
to a set of two equations

g±
′′

` +

[
K2 − `(`+ 1)

r2
− U±` (r)

]
g±` (r) = 0, (12)

where g±` is related to the radial part G±` of the large
component of Ψ as

G` =
√
η
g`
r
, η =

[
E − V (r) +m0c

2
]

c~
,

K2 =
E2 −m2

0c
4

c2~2
.

Here, we take the total energy of the incident particle as
E = m0γc

2 = Ei + m0c
2, γ = (1 − v2/c2)−1/2 where Ei

is the kinetic energy of the incident particle of rest mass
m0 and velocity v. α and β are the usual 4 × 4 Dirac
matrices. U±` are the e�ective Dirac potentials and are
given in atomic units (m0 = e = ~ = 1, 1/c = α, where α
is �ne structure constant) as

−U±` (r) = −2γV (r) + α2V 2(r)− 3

4

(η′)2

η2
+

1

2

η′′

η

±
(
`+ 1

`

)
1

r

η′

η
. (13)

Here single and double primes denote the �rst and second
derivatives with respect to r, respectively. It should be
noted that the last term of U±` in Eq. (13) corresponds
to the two eigenvalues of the well-known spin�orbit in-
teraction, one due to spin up and the other due to spin
down

1

4m2
0c

2

1

r

dV (r)

dr
σ ·L. (14)

In the non-relativistic treatment of the Schrödinger equa-
tion, the above term is treated as a small perturbation
along with the projectile target interaction. Here σ is
related to the spin S as σ = 2S and the value of 〈σ ·L〉
equals for j = (` + 1/2) and −(` + 1) for j = (` − 1/2).
The proper solution of Eq. (12) behaves asymptotically
as

g±` (K, r) ∼ Kr
[
j`(Kr)− tan δ±` η`(Kr)

]
,

r →∞, (15)

where j` and η` are spherical Bessel functions of the �rst
and second kind, respectively, and δ±` are the phase shifts
due to collision interaction. The plus sign corresponds to
the incident particles with spin-up and the minus sign
in δ to those with spin-down. The phase shift δ±` can be

obtained from the values of the radial wave function g±`
at the two adjacent points r and (r+h) (h � r) at very
large r as

tan δ±` ≈ −
(r+h)g±` (r)j`[K(r+h)]−rg±` (r+h)j`(Kr)

rg±` (r+h)η`(Kr)−(r+h)g±` (r)η`[K(r+h)]
. (16)
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In the present calculation, the wave functions g±` are ob-
tained by numerical integration of Eq. (12) using Nu-
merov's method. The two complex scattering amplitudes
f(K, θ) (the direct amplitude) and g(K, θ) (the �spin-�ip�
amplitude) are de�ned as:

f(K, θ) =
1

2iK

∞∑
`=0

{
(`+ 1)

[
exp(2iδ+` )− 1

]
+ `
[
exp(2iδ−` − 1)

] }
P`(cos θ), (17)

g(K, θ) =
1

2iK

∞∑
`=1

[
exp(2iδ−` )− exp(2iδ+` )

]
× P 1

` (cos θ), (18)

where θ is the scattering angle and P`(cos θ) and
P 1
` (cos θ) are the Legendre polynomial and the Legen-

dre associated functions, respectively. The elastic dif-
ferential cross-section for scattering of the unpolarized
incident electrons beam is given by

σ(θ) =
dσ

dΩ
= |f |2 + |g|2 (19)

and the spin polarization parameters S(θ), T (θ) and U(θ)
have the forms by

S(θ) =
i(fg∗ − f∗g)

σ(θ)
, T (θ) =

|f |2 − |g|2

σ(θ)
,

U(θ) =
fg∗ + f∗g

σ(θ)
. (20)

The Sherman function S describes the spin polarization
of the scattered positrons if the incident positron beam is
unpolarized. In this paper, large numbers of phase shift
depending on the impact energy were evaluated using the
Born approximation.

3. Results and discussions

3.1. Di�erential cross-section and asymmetry
parameters

Now, we present our elastic DCS and S parameter for
positron scattering from Eu and Bi atom in Figs. 1 to 4
at energy range 10.0 to 500.0 eV. Here we have presented
our results for both real and complex potentials. It is
seen that the present theory predicts the forward peaks,
number of minima and maxima at middle angle enhanced
backward slope at the DCS. Our calculated DCS's with
pQVa absorption changes dramatically for E > 10.0 eV.
The calculated angular variation exhibits deeper minima,
which occur at slightly higher angles compared to the
DCS in SP model employing real potentials. Further-
more, we have also computed the DCS for e+�Eu and
e+�Bi scattering employing electron quasi-free absorp-
tion pQVa with the same static and polarization inter-
action as used with pQVa. This would enable us to ex-
amine the e�ect of pQVa on DCS. In the same �gure we
also present spin-polarization parameter (the Sherman
function) at the same energies for the atoms Eu and Bi.
At low energies, the present phenomenological absorp-
tion potential appears not to bring any changes in the
calculated values, however at higher impact energies, the

results are presented in the both models SP and SPa.
In all cases, S-parameter exhibits a rapid variation with
scattering angles. Our calculations show structure in the
DCS curves between 20◦ and 90◦, which become more
pronounced with increasing atomic number.

Fig. 1. DCS and S-parameter for elastic e+�Eu scat-
tering at energies (a) 10 eV, (b) 50 eV, (c) 100 eV,
(d) 200 eV. Present calculation: � with complex po-
tential (SPa), - - - - with real potential (SP).

Fig. 2. DCS and S-parameter for elastic e+�Eu scat-
tering at energies (e) 500 eV, Present calculation: �
with complex potential (SPa); - - - - with real poten-
tial (SP).

For both targets considered here DCS curves do not
�atten at all scattering angles. While it is clear that
this structure is due to di�raction e�ects, the precious
physics at how and where the local minima arise in DCS
at intermediate energies is not well understood to date.
Recently, an attempt to explain such structure for elec-
tron scattering was done using semiclassical approach
[9, 10]. This semiclassical explanation, however, does not
account for the structure seen in positron atom � di�er-
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Fig. 3. DCS and S-parameter for elastic e+�Bi scat-
tering at energies (a) 10 eV, (b) 50 eV, (c) 100 eV,
(d) 200 eV. Present calculation: � with complex po-
tential (SPa); - - - - with real potential (SP).

Fig. 4. DCS and S-parameter for elastic e+-Bi scatter-
ing at energies (e) 500 eV. Present calculation: � with
complex potential (SPa); - - - - with real potential (SP).

ential cross-sections. One of the most interesting aspects
of this study is that the use of the quasifree absorption
potential remains a viable option for positron scattering
from heavier atoms despite the fact that the positronium
formation channel for these systems is always open [7, 8].
We expect that there is a general explanation that ac-

counts for the locations of the minima in both electron
and positron scattering data; to data this is general ex-
planation has not been worked out.

3.2. Angle-integrated elastic cross sections
and contribution of partial waves

We have performed calculations in di�erent models,
which are abbreviated as follows: S, static only, SP, S
plus, and polarizations potentials SPa the absorption po-
tentials. In the present study we report our calculations
SP and SPa model as obtained HF wave functions [6].
Let us discuss �rst our partial cross-sections for the s, p,
d and f waves in SPa approximation for Eu and Bi as
shown in Fig. 5a,b.

Fig. 5. (a)�(b) Partial cross-sections in unit of
10−16 cm2 for scattering of e+�Eu and e+�Bi. Present
calculation s, p, d, and f waves, and summed integral
cross-section.

For Eu atom as can be seen from Fig. 5 in low energy
region Ein < 10 eV, the main contribution to the partial
cross-section is from f and p wave. In the elastic region,
the maximum of the cross-section comes from f wave
whereas near and beyond the inelastic threshold p wave
makes maximum contribution. The maximum f -waves
cross-sections arise from the shape resonance at energies
Er equal to 1.1 eV for Eu atom and 0.68 eV for Bi atom.
The total cross-sections are also plotted in the �gures
in this model. Each curve shows a narrow low energy
maximum followed by sharp fall of the cross-section up
to �rst inelastic threshold. Now turning our attention
to Bi atoms as displayed in Fig. 5b it is seen that the
total cross-section shows maximum at low energy and
then falls o� smoothly with the increase in the impact
energies. The broad structure is due to the maximum in
each of these p, d, f , and s partial cross-section.

3.3. Elastic, total, and momentum-transfer
cross-sections

The results of our present integrated elastic, total, and
momentum-transfer cross-sections for Eu and Bi atoms
are presented in Tables II and III. The elastic cross-
-sections are obtained using both the real and complex
potentials. It is noted that at all energy the elastic cross-
-sections (σ′) obtained with only real potential are larger
than those obtained with the complex potential (σ). This
is similar to earlier observations with several other heav-
ier atoms [11�14]. We have also shown in the tables the
cross-section with only absorption potential (σabs) as well
as the total cross-section (σt) which includes all the elas-
tic and inelastic cross-sections. The total cross-section
descends rapidly at lower energies and thereafter varied
slowly with increase impact energies.
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TABLE II

Elastic (σel), absorption (σabs), and total (σt) cross-sections
in units of 10−16 cm2 for Eu and Bi in SPa with absorption
e�ect. σ′el is the elastic scattering cross-section without ab-
sorption e�ect. Momentum transfer cross-section (σm) in
units of 10−16 cm2 for e+�Eu and e+�Bi scattering.

E
[eV]

σ+�europium (Eu) σ+�bismuth (Bi)

σ′eλ σeλ σabs σt σ′eλ σeλ σabs σt

2.0 679.2 679.1 0 679.1 856.5 856.6 0 856.5

5.0 563.4 563.4 0 563.4 842.7 842.7 0 842.5

10.0 405.2 399.4 7.23 406.6 799.3 799.3 0 799.7

20.0 271.8 265.2 9.78 275.0 743.3 734.4 8.99 743.0

30.0 223.6 210.6 12.98 223.6 627.6 623.9 9.76 632.8

50.0 182.9 178.8 13.08 191.9 429.9 429.5 7.43 437.0

80.0 151.5 135.0 15.31 150.5 373.7 367.8 9.12 377.0

100.0 136.8 121.5 15.78 137.3 322.6 318.9 7.55 325.6

150.0 110.3 104.9 6.9 111.9 245.1 234.8 10.88 244.9

200.0 92.74 90.21 3.98 94.9 202.7 198.4 5.77 203.8

250.0 80.42 72.92 7.09 80.01 174.5 170.8 6.22 177.0

300.0 71.41 65.2 7.99 73.19 155.6 150.8 3.33 154.3

350.0 64.59 59.12 8.08 67.20 140.6 138.9 2.99 141.1

400.0 59.24 54.17 9.09 63.26 128.2 127.4 2.87 129.2

450.0 54.93 50.22 5.07 55.29 118.8 115.8 2.12 118.1

500.0 51.38 46.44 5.09 51.53 109.6 101.8 1.89 103.7

TABLE III

Momentum-transfer cross-section (σmt) (a20) for positron
scattering from e+�Eu and e+�Bi scattering.

E [eV]
σ+�europium (Eu) σ+�bismuth (Bi)

SP SPa SP SPa

2.0 98.88 98.88 67.20 67.20

5.0 87.07 87.17 47.03 47.07

10.0 76.07 76.47 32.70 30.80

20.0 57. 39 57.09 21.55 21.24

30.0 45.06 47.59 17.89 15.47

50.0 4.80 4.98 12.27 9.40

80.0 4.50 3.38 4.49 5.59

100.0 2.53 2.72 3.20 4.38

150.0 4.64 1.82 3.91 2.65

200.0 3.54 1.34 2.14 1.87

250.0 1.06 1.05 3.59 1.41

300.0 1.85 0.87 1.07 1.11

350.0 1.83 0.73 1.05 0.92

400.0 1.99 0.62 1.26 0.78

450.0 1.29 0.53 1.69 0.67

500.0 1.71 0.47 1.19 0.59

4. Conclusion

In this paper, we have presented the result for DCS
and the angular variation of spin polarization parameter
S for positrons, scattered from europium (Eu) and bis-
muth (Bi) at energies between 2.0 and 500.0 eV. This cal-
culation has been performed using two di�erential models
� without and with absorption potential. The positron
scattering, the present result shows that the relativistic
e�ects are important and the spin polarization is hardly
in�uenced by the spin�orbit coupling, which is consistent
with earlier results. From these studies, we found that
further research work is required for complete atomic be-
havior of europium (Eu) and bismuth (Bi) atoms. We
have presented our relativistic theoretical results for the

elastic integral, momentum transfer, total cross-section;
DCS and the angular variation of spin polarization pa-
rameters for positron from Eu and Bi atom at energies
2.0 to 500.0 eV. We have performed the calculations in
two models, the �rst one includes a parameter-free cor-
relation polarization potential to account for the polar-
ization of atomic charge cloud and the other one uses
a phenomenological absorption potential to account for
loss of electron �ux into the nonelastic channels in addi-
tion to the polarization potential. Further, the positron
scattering from heavy species presented here shows signif-
icant amount of spin polarization in the scattered beam
at various scattering angles. The present calculations
suggest that the consistent model potential can produce
reliable total cross-sections for positron�atom scattering
at higher impact energies. This clearly indicates that
there is a need for experimental measurements and other
theoretical calculations in this energy region, so that it
may provide a possibility of assessing accuracy of the
present optical model. We hope that new experimental
results will be reported in the light of our calculations for
the e+-Eu and e+-Bi scattering.
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