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1. Introduction

The Deng�Fan potential [1, 2] discovery more than
50 years ago is the simplest modi�ed form of the Morse
potential and is related to the Manning�Rosen and
Eckart potentials. This potential is used to describe
diatomic molecular energy spectra and electromagnetic
transition and is usually regarded as the true internuclear
potential in diatomic molecules [3�6]. In recent years
there are lots of papers which discuss the spin and pseu-
dospin symmetries in the Dirac equation with various po-
tentials including Wood�Saxon, harmonic, Yukawa, hy-
perbolic and others [7�18]. The spin and pseudospin sym-
metries of the Dirac Hamiltonian had been discovered
many years ago, however, these symmetries have recently
been recognized empirically in nuclear and hadronic spec-
troscopy [19�22]. Within the theory of the Dirac equa-
tion, pseudospin symmetry is used to feature deformed
nuclei and superdeformation to establish an e�ective shell
model [23]. On the other hand, the spin symmetry is rel-
evant for mesons [24].
It was shown that the exact pseudospin symmetry

occurs in the Dirac equation when dΣ(r)
dr = 0, i.e.

Σ (r) = V (r) + S(r) = cps = const, where V (r), S(r)
are repulsive and attractive scalar potentials, respec-
tively. On the other hand, the exact spin symmetry

occurs in the Dirac equation when d∆(r)
dr = 0, where

∆(r) = V (r) − S(r) = cs = const. The pseudospin
symmetry usually refers to as a quasi-degeneracy of sin-
gle nucleon doublets with non-relativistic quantum num-
ber

(
n, l, j = l + 1

2

)
and

(
n− 1, l + 2, j = l + 3

2

)
, where

n, l, and j are single nucleon radial, orbital, and total
angular quantum numbers, respectively. The total an-
gular momentum is j = l̃ + s̃, where l̃ = l + 1 is a
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pseudo-angular momentum and s̃ is pseudospin angular
momentum. Similarly, the tensor interaction term was
introduced into the Dirac equation with the replacement
p→ p− iMωβ · r̂U(r) and a spin�orbit coupling is added
to the Dirac Hamiltonian [25].

2. The Nikiforov�Uvarov method
The NU method can solve a second-order di�erential

equation of the form [26�31]:

ψ′′n(s) +
τ̃(s)

σ(s)
ψ′n(s) +

σ̃(s)

σ2(s)
ψn(s) = 0, (1)

where σ(s) and σ̃(s) are polynomials, at most of second
degree, and τ̃(s) is a �rst-degree polynomial. To make
the application of the NU method simpler and more di-
rect, we introduce a more compact presentation of the
idea. In order to do this, we rewrite Eq. (1) as follows:

ψ′′n(s) +
c1 − c2s
s (1− c3s)

ψ′n(s)

+
−ξ1s2 + ξ2s− ξ3
s2 (1− c3s)2

ψn(s) = 0, (2)

in which

ψn(s) = ϕ(s)yn(s). (3)

Comparing Eq. (2) with Eq. (3), we obtain the following
identi�cations:

τ̃(s) = c1 − c2s, σ(s) = s (1− c3s) ,
σ̃(s) = −ξ1s2 + ξ2s− ξ3. (4)

Following the NU method, we obtain the following re-
quired parameters:
(i) the relevant constant

c4 =
1

2
(1− c1) , c5 =

1

2
(c2 − 2c3) ,

c6 = c25 + ξ1, c7 = 2c4c5 − ξ2,
c8 = c24 + ξ3, c9 = c3c7 + c23c8 + c6,

c10 = c1 + 2c4 + 2
√
c8,

c11 = c2 − 2c5 + 2 (
√
c9 + c3

√
c8) ,

(656)
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c12 = c4 +
√
c8, c13 = c5 − (

√
c9 + c3

√
c8) ; (5)

(ii) the essential polynomial functions

π(s) = c4 + c5s− [(
√
c9 + c3

√
c8) s−

√
c8] , (6)

k = − (c7 + 2c3c8)− 2
√
c8c9, (7)

τ(s) = c1 + 2c4 − (c2 − 2c5) s

− 2 [(
√
c9 + c3

√
c8) s−

√
c8] , (8)

τ ′(s) = −2c3 − 2 (
√
c9 + c3

√
c8) < 0; (9)

(iii) the energy equation

c2n− (2n+ 1)c5 + (2n+ 1) (
√
c9 + c3

√
c8)

+ n(n− 1)c3 + c7 + 2c3c8 + 2
√
c8c9 = 0; (10)

(iv) the wave functions

ρ(s) = sc10 (1− c3s)c11 , (11)

ϕ(s) = sc12 (1− c3s)c13 , c12 > 0, c13 > 0, (12)

yn(s) = P (c10,c11)
n (1− 2c3s) ,

c10 > −1, c11 > −1, (13)

ψnκ(s) = Nnκs
c12 (1− c3s)−c12−

c13
c3

× P
(
c10−1, c11c3

−c10−1
)

n (1− 2c3s) , (14)

where P
(µ,ν)
n (x), µ > −1, ν > −1, and x ∈ [−1, 1] are the

Jacobi polynomials with

P (α,β)
n (1− 2s) =

(α+ 1)n
n!

× 2F1(−n, 1 + α+ β + n;α+ 1; s), (15)

and Nnκ is a normalization constant. Also, the above
wave functions can be expressed in terms of the hyper-
geometric function via

ψnκ(s) = Nnκs
c12 (1− c3s)c13

× 2F1(−n, 1 + c10 + c11 + n; c10 + 1; c3s), (16)

where c12 > 0, c13 > 0 and s ∈ [0, 1/c3], c3 6= 0.

3. Theory of Dirac equation

The Dirac equation for spin 1
2 particles moving in an

attractive scalar potential S(r), a repulsive vector poten-
tial V (r) and a tensor potential U(r) in the relativistic
unit (~ = c = 1) is

[α · p+ β(M + S(r))− iβα · r̂U(r)]ψ(r)

= [E − V (r)]ψ(r), (17)

where E is the relativistic energy of the system, p = − i∇
is the three-dimensional momentum operator and M is
the mass of the fermionic particle. α, β are the 4 × 4
Dirac matrices given as

α =

(
0 σi
σi 0

)
, β =

(
I 0

0 −I

)
, (18)

where I is 2 × 2 unitary matrix and σi are the Pauli
three-vector matrices

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 − i

i 0

)
, σ3 =

(
1 0

0 −1

)
.

(19)

The eigenvalues of the spin�orbit coupling operator are
κ =

(
j + 1

2

)
� 0, κ = −

(
j + 1

2

)
≺ 0 for unaligned

j = l − 1
2 and the aligned spin j = l + 1

2 , respectively.

The set (H,K, J2, Jz) forms a complete set of conserved
quantities. Thus, we can write the spinors as

ψnκ(r) =
1

r

(
Fnκ(r)Y

l
jm(θ, ϕ)

iGnκ(r)Y
l̃
jm(θ, ϕ)

)
, (20)

where Fnκ(r), Gnκ(r) represent the upper and lower com-

ponents of the Dirac spinors. Y ljm(θ, ϕ), Y l̃jm(θ, ϕ) are the
spin and pseudospin spherical harmonics and m is the
projection on the z-axis. Using well-known identities

(σ ·A)(σ ·B) = A ·B + iσ · (A×B),

σ · p = σ · r̂
(
r̂ · p+ i

σ ·L
r

)
, (21)

as well as the relations

(σ ·L)Y l̃jm(θ, ϕ) = (κ− 1)Y l̃jm(θ, ϕ),

(σ ·L)Y ljm(θ, ϕ) = −(κ− 1)Y ljm(θ, ϕ),

(σ · r̂)Y ljm(θ, ϕ) = −Y l̃jm(θ, ϕ),

(σ · r̂)Y l̃jm(θ, ϕ) = −Y ljm(θ, ϕ), (22)

we �nd the following two coupled �rst-order Dirac equa-
tion:(

d

dr
+
κ

r
− U(r)

)
Fnκ(r)

= (M + Enκ −∆(r))Gnκ(r), (23)(
d

dr
− κ

r
+ U(r)

)
Gnκ(r)

= (M − Enκ + Σ (r))Fnκ(r), (24)

where

∆(r) = V (r)− S(r), (25)

Σ (r) = V (r) + S(r). (26)

Eliminating Fnκ(r) and Gnκ(r) in Eqs. (23) and (24), we
obtain the second-order Schrödinger-like equation{

d2

dr2
− κ(κ+ 1)

r2
+

2κU(r)

r
− dU(r)

dr
− U2(r)

− [M + Enκ −∆(r)] [M − Enκ + Σ (r)]

+
d∆(r)
dr

(
d
dr +

κ
r − U(r)

)
M + Enκ −∆(r)

}
Fnκ(r) = 0, (27){

d2

dr2
− κ(κ− 1)

r2
+

2κU(r)

r
+

dU(r)

dr
− U2(r)

− [M + Enκ −∆(r)] [M − Enκ + Σ (r)]

+
dΣ(r)
dr

(
d
dr −

κ
r + U(r)

)
M − Enκ + Σ (r)

}
Gnκ(r) = 0, (28)

where κ(κ− 1) = l̃(l̃ + 1), κ(κ+ 1) = l(l + 1).
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4. Pseudospin and spin symmetry limits

In this section, we intend to investigate the the Dirac
equation with Deng�Fan potential in the presence of the
Coulomb�Hulthen tensor interactions.

4.1. Pseudospin symmetry in the Dirac equation

The pseudospin symmetry occurs in the Dirac equation

when dΣ(r)
dr = 0 or equivalently Σ (r) = Cps = const. In

order to investigate the approximate analytical solution
of the Deng�Fan potential, we consider the sum of the
scalar and vector potential as [1],

∆(r) = D

(
1− b

eηr − 1

)2

, b = eηrc , (29)

where rc is the distance from the equilibrium position.
In addition, we proposed a novel generalized tensor in-
teraction of the form

U(r) = − (UC(r) + UH(r)) , (30)

where UC(r) and UH(r) are the Coulomb-like and
Hulthen-like potentials [32] de�ned as

UC(r) = −
Hc

r
,

UH(r) = −VH
e−ηr

1− e−ηr
(31)

with

Hc =
zazbe

2

4πε0
, (32)

where Re is the Coulomb radius, za and zb denote the
charges of the projectile a and the target nuclei b and
VH is the depth of the Hulthen potential. Substituting
Eq. (32) into Eq. (31), we obtained our proposed GTI as

U(r) = −Hc

r
− VH

e−ηr

1− e−ηr
. (33)

Substituting the above equations into Eq. (28) yields{
d2

dr2
− κ(κ− 1)

r2
− 2κHc

r2
+
Hc

r2
− H2

c

r2

− 2κVH e−ηr

r (1− e−ηr)
− 2HcVH e−ηr

r (1− e−ηr)
− V 2

H e−2ηr

(1− e−ηr)
2

}

×Gps
n,κ(r) +

[
ηVH e−ηr

1− e−ηr
− ε2ps

+ βps

(
1− be−ηr

1− e−ηr

)2
]
Gps
nκ(r) = 0, (34)

where

ε2ps =M2 +MCps − (Eps
nκ)

2 + CpsE
ps
nκ, (35)

βps = D (M − Eps
nκ + Cps) . (36)

It is well known that the above equation cannot be solved
exactly due to the centrifugal term r−2. In order to get
rid of the centrifugal term, we make use of the following
approximation [33�36] and the references therein

1

r2
≈ η2 e−2ηr

(1− e−ηr)
2 ,

1

r
≈ η e−ηr

1− e−ηr
. (37)

Substituting Eqs. (37) into Eq. (34) in view of the trans-
formation, z = e−ηr, yields

d2Gps
n,κ

dz2
+

1− z
z(1− z)

dGps
n,κ

dz
+

1

z2(1− z)2

×
[
−Lpsz2 +Kpsz − fps

]
Gps
n,κ(z) = 0, (39)

where

Lps = ηκ(ηκ − 1) +
2κVH
η

+
2HcVH
η

+
V 2
H

η2

− 1

η2
(
Db2 + 2bD −M − Eps

nκ +D
)

× (M − Eps
nκ + Cps) , (39)

Kps =
VH
η

+
2

η2
(−bD +M + Eps

nκ −D)

× (M − Eps
nκ + Cps) , (39)

fps =
1

η2
(M + Eps

nκ −D) (M − Eps
nκ + Cps) , (41)

H2
c + 2κHc + κ(κ− 1)−Hc = ηκ(ηκ − 1)

→ ηκ = κ+Hc. (42)

4.2. Spin symmetry in the Dirac equation

In the spin symmetry limit condition, we take the sum
potential Σ (r) as the Deng�Fan potential, the di�erence
potential ∆(r) as constant and the tensor potential U(r)
as the Coulomb�Hulthen term. Thus, we have the fol-
lowing:

Σ (r) = D

(
1− b

eηr − 1

)2

, ∆(r) = Cs,

U(r) = −1

r

(
Hc + VH

e−ηr

1− e−ηr

)
. (43)

Substituting Eq. (43) into Eq. (27) yields{
d2

dr2
− κ(κ+ 1)

r2
− 2κHc

r2
− Hc

r2
− H2

c

r2

− (M + Enκ − Cs) (M − Enκ)− (M + Enκ − Cs)

×D
(
1− be−ηr

1− e−ηr

)2
}
F sn,κ(r)−

(
2κVH e−ηr

r(1− e−ηr)

+
VHη e

−ηr

1− e−ηr
+

2HcVH e−ηr

r(1− e−ηr)
+

V 2
H e−2ηr

(1− e−ηr)2

)
× F snκ(r) = 0. (44)

By using the approximation of Eq. (37) for the centrifu-
gal term in Eq. (44), then Eq. (44) leads to the following
second-order di�erential equation in view of the s = e−ηr

transformation,

d2F sn,κ
ds2

+
1− s
s(1− s)

dF sn,κ
ds

+
1

s2(1− s)2

×
[
−µss2 + χss− gs

]
F sn,κ(s) = 0, (45)

where
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µs = Λκ(Λκ − 1) +
2κVH
η

+
2HcVH
η

+
V 2
H

η2

+
1

η2
(
Db2 + 2bD +M − Esnκ +D

)
× (M + Esnκ − Cs) , (46)

χs = −VH
η

+
2

η2
(bD +M − Esnκ +D)

× (M + Esnκ − Cs) , (47)

gs =
1

η2
(M − Esnκ +D) (M + Esnκ − Cs) , (48)

H2
c + 2κHc + κ(κ− 1) +Hc = Λκ(Λκ − 1)

→ Λκ = (κ+Hc + 1). (49)

4.3. Pseudospin and spin symmetry solutions

We will solve the solutions of Eqs. (39) and (45) by
using the parametric generalization of the NU method in
the subsequent section.

4.4. Pseudospin symmetry solution

Now comparing Eq. (2) with Eq. (39), we obtain

c1 = 1, c2 = 1, c3 = 1,

ξ1 = Lps, ξ2 = Kps, ξ3 = fps. (50)

Other parameters can be obtained from Eq. (5) as

c4 = 0, c5 = −1

2
, c6 =

1

4
+ Lps, c7 = −Kps,

c8 = fps, c9 =
1

4
+ Lps + fps −Kps,

c10 = 1 + 2
√
fps,

c11 = 2 + 2

[√
1

4
+ Lps + fps −Kps +

√
fps

]
,

c12 =
√
fps,

c13 = −1

2
−

(√
1

4
+ Lps + fps −Kps +

√
fps

)
. (51)

Substituting Eqs. (50) and (51) into Eq. (10) yields

n2 +

(
n+

1

2

)
+ (2n+ 1)

×
[√

1

4
+ Lps + fps − Lps +

√
fps
]
−Kps + 2fps

+ 2

√
fps
(
1

4
+ Lps + fps −Kps

)
= 0. (52)

From Eqs. (14) and (15) the lower components of the
wave functions are as

Gps
n,κ(r) = Nps

n,κ e
−η
√
ρps
3 r

×
(
1− e−ηr

) 1
2+
√

1
4+L

ps+fps−Kps

× P
(
2
√
fps,2
√

1
4+L

ps+fps−Kps
)

n (1− 2e−ηr) (53)

and the other component of the wave function can be

obtained as

F ps
n,κ(r) =

1

M − Eps
n,κ + Cps

(
d

dr
− κ

r
+ U(r)

)
×Gps

n,κ(r), (54)

where Nps
n,κ is the normalization constant and Eps

n,κ 6=
M + Cps.

4.5. Spin symmetry solution

In order to avoid repetition, we applied the same proce-
dure for the spin symmetry limits. The energy eigenval-
ues equation and the corresponding upper wave function
of the Dirac theory for the hyperbolical potential in the
presence of generalized tensor interaction are obtained as

n2 +

(
n+

1

2

)
+ (2n+ 1)

×

[√
1

4
+ µs + gs − χs +

√
gs

]
− χs + 2gs

+ 2

√
gs
(
1

4
+ µs + gs − χs

)
= 0, (55)

F sn,κ(r) = Ns
n,κ e

−η
√
gsr
(
1− e−ηr

) 1
2+
√

1
4+µ

s+gs−χs

× P
(
2
√
gs,2
√

1
4+µ

s+gs−χs
)

n (1− 2e−ηr), (56)

where Ns
n,κ is the normalization constant.

The other component of the Dirac spinor can be found
as

Gsn,κ(r) =
1

M + Esn,κ − Cs

(
d

dr
+
κ

r
− U(r)

)
× F sn,κ(r). (57)

5. Discussion and numerical results

From Eq. (52) and Eq. (55), we have calculated the
energy of the symmetry limits and reported in Tables I
and II where we can see degeneracies between the
states in the absence of tensor interaction, in the states
(1s1/2, 0d3/2), (1p3/2, 0f5/2), . . . in pseudospin symmetry
and the states (0p1/2, 0p3/2), (0d3/2, 0d5/2) . . . in spin
symmetry limit. When Hc = VH = 0.5, these degen-
eracies disappear.
The e�ect of tensor interaction on the upper and lower

components of the Dirac equation is represented in Figs. 1
and 2 for the symmetries.
To show the e�ect of parameter η on the energy of

the pseudospin and spin symmetries we have represented
Fig. 3. It is obvious that as η increases the energy of
pseudospin (spin) symmetry decreases (increases). Fig-
ure 4 shows the behavior of the energy of the system
versus D for the symmetries. In the presence of tensor
interaction, we have plotted the energy of the system
vs. b and VH in Figs. 5 and 6. It is seen in Fig. 5 that
although pseudospin bound-states become less bounded
with increasing b, the spin partners behave in a reverse
way.
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TABLE I

Energy of the pseudospin symmetry limit in the presence and absence of Coulomb+Hulthen
tensor interaction M = 5, η = 0.1, D = −2, b = 1, Cps = −5.

l̃ n, k State Eps
n,k(Hc=VH=0) Eps

n,k(Hc=0,VH=0.5) Eps
n,k(Hc=0.5,VH=0) Eps

n,k(Hc=VH=0.5)

1 1,−1 1s 1
2

−5.343164069 −5.350270107 −5.341275386 −5.355815929

2 1,−2 1p 3
2

−5.349171110 −5.341296838 −5.345799009 −5.345425009

3 1,−3 1d 5
2

−5.358078361 −5.335244964 −5.353268842 −5.337899601

4 1,−4 1f 7
2

−5.369766684 −5.332197756 −5.363583652 −5.333342133

1 0, 2 0d 3
2

−5.343164069 −5.393356449 −5.345799009 −5.402665230

2 0, 3 0f 5
2

−5.349171110 −5.412514794 −5.353268842 −5.422877991

3 0, 4 0g 7
2

−5.358078361 −5.433727183 −5.363583652 −5.445034420

4 0, 5 0h 9
2

−5.369766684 −5.456771614 −5.376607584 −5.468910692

TABLE II

Energy of the spin symmetry limit in the presence and absence of Coulomb+Hulthen tensor
interaction M = 5, η = 0.1, d = 2, b = 2, Cs = 5.

l n, k State Es
n,k(Hc=VH=0) Es

n,k(Hc=0,VH=0.5) Es
n,k(Hc=0.5,VH=0) Es

n,k(Hc=VH=0.5)

1 0,−2 0p 3
2

5.093710674 5.103048863 5.093126585 5.104779245

2 0,−3 0d 5
2

5.095576485 5.100271298 5.094527579 5.101545721

3 0,−4 0f 7
2

5.098365898 5.098413430 5.096856348 5.099226856

4 0,−5 0g 9
2

5.102067878 5.097482639 5.100103644 5.097831831

1 0, 1 0p 1
2

5.093710674 5.116773177 5.094527579 5.119824253

2 0, 2 0d 3
2

5.095576485 5.123086510 5.096856348 5.126556923

3 0, 3 0f 5
2

5.098365898 5.130232305 5.100103644 5.134109320

4 0, 4 0g 7
2

5.102067878 5.138184489 5.104256682 5.142454201

Fig. 1. Wave function of pseudospin symmetry for
M = 5, η = 0.1, d = −2, b = 2, Cps = −5.

Fig. 2. Wave function of pseudospin symmetry for
M = 5, η = 0.1, d = 2, b = 2, Cs = 5.
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Fig. 3. Energy of the spin symmetry and pseudospin
symmetry limits in the presence of Coulomb+Hulthen
tensor interaction versus η.

Fig. 4. Energy of the spin symmetry and pseudospin
symmetry limits in the presence of Coulomb+Hulthen
tensor interaction versus D.

6. Conclusions

In the present paper, we have obtained the approxi-
mate solutions of the Dirac equation for the Deng�Fan
potential including the Coulomb�Hulthen tensor interac-
tions in the framework of pseudospin and spin symmetry
limits using the parametric generalization of NU method.
We have obtained the energies eigenvalues and the cor-
responding lower and upper wave functions expressed in
terms of the hypergeometric functions.
We have also computed the numerical results of our

work and it shows that the presence of the combined
Coulomb�Hulthen potentials remove the degeneracies be-
tween two states in spin and pseudospin doublets. To
the best of our knowledge the Dirac equation with the
Deng�Fan potential under the Coulomb�Hulthen tensor
interactions had not been considered before using the NU
method or any known method. Finally, the results of our
work �nds many applications in both nuclear, hadron and
high energy physics.
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