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The Fourier-based diffraction approach is an established method to extract order and symmetry properties
from a given point set. We want to investigate a different method for planar sets which works in direct space
and relies on reduction of the point set information to its angular component relative to a chosen reference frame.
The object of interest is the distribution of the spacings of these angular components, which can for instance be
encoded as a density function on Ry. In fact, this radial projection method is not entirely new, and the most
natural choice of a point set, the integer lattice Z?, is already well understood. We focus on the radial projection
of aperiodic point sets and study the relation between the resulting distribution and properties of the underlying
tiling, like symmetry, order and the algebraic type of the inflation multiplier.
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1. Radial projection method

Given a locally finite point set A4 C R?, the following
procedure is applied (see Fig. 1 for an example):

(a) For a reference point o € A determine the sub-
set A’ of points visible from this zg. We call a
point p invisible if there exists a py € A such that

3t €(0,1) : po = xo +t(p — To)- (1)

(b) Select a radius R > 0 and project all z € A’ N
Br(z0) to dBr(zo). If x is given as (a,b) € R?,
then this amounts to mapping = to arctan(b/a).

(c) The step in (b) produces a list of distinct (because
of the visibility condition) angles ¢(R). Since A is
locally finite, we can sort the list

P(R) = {1, on}

in ascending order. We also renormalise the ¢;
with the factor g-, such that the mean distance
between consecutive entries becomes 1.

(d) Define d; := ¢;+1 — ¢; and consider the discrete
probability measure

1 n—1
n—1 Z Oas-
i=1

VR =

(e) Assuming that it exists, the spacing distribution is
now obtained by taking the limit R — oo in the
sense of weak convergence of measures.
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Fig. 1.
lattice.

Radial projection using the example of the Z>

The choice of the point xy can be arbitrary and, in
general the limit measure v := limp_, o, ¥g depends on it.
For now, we restrict ourselves to reference points with
high symmetry (see Sect. 4, Figs. 2 and 3). Further
investigations are needed to decide whether an averaging
over multiple o makes more sense here.

All results (except for the reference cases) are currently
strictly numerical and therefore rely on the computation
of large circular patches of the point set and the deter-
mination of visibility. For an introduction to the topic of
aperiodic tilings we refer to [1].

2. Integer lattice Z2

The lattice Z? provides the most ordered case of a pla-
nar point set. In this regard, it represents one reference
point set for a potential classification of order. The set
of visible points from the origin is given by

Vze = {(a,b) € Z* : gcd(a,b) = 1}. (2)
In 2000, a closed expression [2] was derived for the lim-

iting measure. With our setup, the explicit density func-
tion reads

0, 0<t<,
2
g(t)={ 7 log 53, o <t<

g 2/ (144/1-2)), B <y,

but in fact the existence also holds for more general ex-
panding regions (which is a circle here). A Taylor expan-
sion of the tail of g(t) gives

(493)
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g(1/t) = St* + —t* + O(°) for t — 0,4, (3)
T ™

making it obvious that the moments of order £ > 2 do

not exist. A plot of g(¢) is overlayed over most histograms

(see e.g. Sect. 4, Figs. 5 and 6). For all other cases (apart

from the next), only histograms were computed.

3. Poisson distributed points

In contrast to the Z? case, the point set generated by
a homogeneous spatial Poisson process gives us the other
reference point for our classification. In terms of order,
it represents the case of total disorder. The model is also
known as complete spatial randomness (CSR) or ideal gas
in terms of physics.

Application of the radial projection procedure, with an
arbitrary choice of reference point, yields a 1-dimensional
CSR with intensity A = 1 (due to the normalisation) in
step (c). From there, it is not hard to see that the density
of the radial projection measure is given by

i) = { Aexp(—=Az), = >0,

0, z <0,

since step (d) just asks the question what the distribution
of the waiting time between jumps of the process is.

The density fi(z) (a plot can be seen in Fig. 9) there-
fore provides the second explicit function that we can test
histograms against.

4. Cyclotomic model sets and visibility

Many aperiodic tilings cannot only be realised by in-
flation of a set of prototiles, but by projecting a higher-
-dimensional lattice into R2. This is often described as
the cut and project method or model set description.

Our general interest is in cyclotomic model sets, since
these can be used to construct n-fold symmetric tilings.
Also, this description is more suitable for radial projec-
tion since it only gives the tiling vertices and allows pre-
cise control over the patch size.

The Ammann-Beenker (AB) and the Tiibingen trian-
gle (TT) tiling can both be described as a cyclotomic
model set (CMS) and the tiling vertices (the tiling in
Fig. 2 uses the triangle/rhombus version) are given by

Tag = {.’L’ S Z[Cg] cxt e I/Vg}7
Trr = {z € Z[¢s] : 2 € Wio + €,
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Fig. 2. AB patch generated via projection.

where the window Wg is a regular octagon with edge
length 1 centered at the origin.

For the TT tiling the window Wi is a decagon, here
with edge length /(7 +2)/5 (7 denoting the golden
mean), Fig. 3. For the orientations of the windows,
see Fig. 4. The map % is given by the extension of
(s — (3 in the AB case, and (5 — (2 in the TT one
(¢n, = exp(2mi/n)), Figs. 5 and 6.

Fig. 3. TT patch generated via inflation.

Fig. 4. Visible vertices of the 8-fold AB tiling (left: di-
rect space, right: internal space).
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Fig. 5. Spacing distribution of a large AB patch.

Another aspect of choosing this description is that the
visibility test in Eq. (1) is computationally expensive
compared to the local test (2) of the Z? case. It turns
out that a CMS also admits a similar description. For
example, the visible points of the AB tiling with the ref-
erence point at the origin are

Vag = {2 € Tag : Asmz™ & W5 and z is coprime},
with Agpy = 1 + \/5, the silver mean. The Z-module in
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Fig. 6. Spacing distribution of a large TT patch.
this case can be decomposed into Z[(s] = Z[v2]BZ[v/2](s
and coprime in this context means that for Z[(s] > z =
x1 + 22(s the ged(z1, 20) is a unit in Z[v/2].

The same description can be given for the TT tiling
and reads

Vit ={z € Try : 72" ¢ Wio + € and z is coprime},

with € a small shift. Coprimality is defined as in the
AB case, except that the module is Z[7] this time. The
simplicity of these local visibility tests also depends on
the order of the underlying cyclotomic field, here a prime
power.
5. A 12-fold cyclotomic case

Another tiling that is given by a CMS is the Gdéhler

shield (GS) tiling. The vertices are

Tegs = {.1’,‘ c Z[Cl?] cxt e Wis + 6},

with a dodecagon Wis (edge length 1) and the map x
given by the extension of (12 + (5. The order of the
cyclotomic field leads to a slightly more involved local
visibility test

Ves = {CL’ € Tgs : n(a?) =1AM2* §§ Wis + 6}

U{x € Tes : n(x) = 2 A Aaz™ ¢ Wia — €}

Fig. 7. Visible points of a 12-fold GS tiling (left: direct
space, right: internal space).

The function n decomposes a x € Z[(;2] into the direct-
-sum representation

ZIV3] ® Z[V3]¢12 with Ap2 == 2+ V3

and then computes |N(ged(z1,z2))|, the absolute value
of the algebraic norm of the ged of the components. The
two rescaling factors for the visibility test are given by

)\1 =V )\122 and )\2 =/ )\12/2.

The first part of the set Vgs (indicated in grey in Fig. 7)
comprises the already known coprime elements.

The second part is exceptional, and its existence is
linked to the order 12 being a composite number.

Fig. 8. Spacing distribution of a large GS patch.
Fig. 9. GS spacing distribution compared against
Poisson.

Even though Fig. 8 deviates a lot more from the Z?
distribution (compared to Figs. 4 and 5), all considered
cyclotomic cases exhibit the special threefold structure
(gap, bulk, and tail). Let us consider a different tiling
with stronger spatial fluctuations, see Fig. 9.

6. A non-Pisot case/Langon—Billard

The Langon-Billard (LB) tiling, Fig. 10, is an example

of a chiral (the tiles only appear in one chirality) inflation

\/ (5 ++/5)/2, which is a
non-Pisot number. The inflation rules (a stone inflation

is only possible with a fractal tile boundary) generate a
very irregular tiling, (Fig. 11).
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Fig. 10. LB 5-fold symmetric patch.

The resulting distribution shows that the radial pro-
jection is sensitive to this irregularity, (Fig. 12).

In fact, on this level, the LB tiling is almost indistin-
guishable from the Poisson case.
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Fig. 11. (top) Tile A maps to 3 x A and 1 x B.
(bottom)Tile B maps to 1 X A and 2 x B.

Fig. 12. Spacing distribution of a large LB patch.

7. Some additional examples
We have already seen in Sects. 4 and 5 that the radial
projection reacts to the order of symmetry of the tiling.
The vertices of the chair tiling in Fig. 13 are a subset
of Z2, but a different type of visibility condition has to
be applied. The bulk section notices these changes, and
shows a lot of structure in general, (Fig. 14).

00 05 10 L5 20 25 30 00 05 Lo 15 20 28 30

Fig. 13. Spacing distribution of the chair (left) and
rhombic Penrose (right) tiling.

Fig. 14. Spacing distribution of the Penrose—Robinson
tiling and zoom into the bulk.

8. Tail decay behaviour
The expansion in Eq. (3) gives us an idea how the tail
decay of the distribution behaves. A power law fit (¢ the
coefficient of t¥) applied to the numerical data indicates
that at least the CMS cases also show a similar kind of
decay.

Statistical data generated from the ra-
dial projection (e = error x 10719),

Tiling | Gap size c3 Cq e
72 0.304 | 0.369 | 0.168 -
AB 0.222 0.248 | 0.496 | 2.79
TT 0.182 0.239 | 0.513 | 2.60
GS 0.152 0.232 | 0.547 | 4.75
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