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Fracton Contribution to the Electron and Magnon Pairing
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We show that high temperature superconductivity contrary to the Bardeen-Cooper-Schrie�er /BCS/ super-
conductors exhibits three important energy scales. The highest is associated with the formation of Cooper pairs
coupled due to the magnetic fracton excitations, the second (pseudogap) we ascribe to the formation of coherent
but not nonsuper�uid condensate. The lowest energy scale (superconducting gap) we associate with the onset of
super�uidity of the condensate that is due to the phonon aided fracton hopping.
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1. Introduction

A century after discovery of superconductivity /SC/
there is no consensus on what kind of thermal excita-
tions contributes to the pair formation. Although the
physics of conventional SC with high density of charge
carriers is pretty well understood the high temperature
SC /HTSC/ is still an object of controversies. This is
because they exhibit many striking features that do not
�t the standard BCS phonon-mediated SC [1].

In the paper we address the concept of magnetic frac-
tons based mechanism of SC. In 124 and some other
cuprates the scanning x-ray di�raction, with focused syn-
chrotron radiation, shows existence of fractal structures
in the proximity of the stripe critical point [2]. The x-
ray di�raction of the copper oxides shows, in addition to
the main peak, some satellite re�ection peaks produced
by ordering of oxygen interstitials /O-i/. The satellite
peaks are associated with nonuniform (fractal) distribu-
tion of the O-i dopants. The probability of distribu-
tion of the oxygen dopants is given by the power law
P (x) = xαe(−x/xo) [3]. The experimental data can be
�tted with power law exponent α = 2.6. This is a direct
evidence of the fractal structure. Moreover, the experi-
mental data show that high temperature SC is favoured
by the appearance of the fractal structure. This gives
us hints for the mechanism behind the SC. Formation
of Cooper pairs is not su�cient for the onset of SC, for
this we need two additional phenomena to occur. These
are: coherence of the pairs ( BEC transition) and inde-
pendently super�uidity of the condensate. In the BCS
superconductors all the three phenomena arise simulta-
neously at critical temperature TC , however, there is no
need to be so. Temperatures at which these phenom-
ena start their manifestation can be di�erent. As the
proof let us point out experimental evidences of preex-
isting Cooper pairs (above critical temperature) in cop-
per oxides, and the fact that in magnetic systems the
magnon Bose-Einstein condensates are not always super-
�uid. For super�uidity to occur at least the Landau cri-
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terion has to be ful�lled. Indeed, condensation means
only that there is the macroscopic phase coherence of
condensed quasiparticles. Super�uidity means something
more, it occurs only in the case when no new excitations
can be created by the condenste due to its motion (no
energy dispersion). This means, the condensate which
satis�es no Landau criterion behaves as a normal �uid.
This means that in some superconductors we can expect
three characteristic energy scales (temperatures): i/ the
Cooper pair binding energy, (their formation starts at
temperature T ∗), ii/ temperature of the formation of the
coherent state T ∗∗ (Bose-Einstein condensation /BEC/
energy pseudogap), iii/ temperature TC at which the con-
densate becomes super�uid (opening of the SC gap). In
our model the superconductivity develops in the three
stage process. First there arise preexisting Cooper pairs,
coupled due to the magnetic fractons at temperature T∗.
At lower temperature T ∗∗ there occurs the BEC transi-
tion and nonsuper�uid condensate is formed. Finally the
phonon assisted fracton hopping gives rise to the SC at
critical temperature TC .

2. Fracton based pairing

The HTC superconductors show quasi-1D, striped hole
organization with fractal hole (O-i dopants) distribution
within a stripe [3]. With each hole there is associated an
extra spin, so not only in elastic but also in the magnetic
order we have a fractal component. Therefore in the sys-
tem we have fracton excitations of both elastic [4] and
magnetic nature [5]. Both of them can serve as the pair-
ing agents for the Cooper pairing. Preliminaries of the
fractal acoustics (for magnetic excitations the approach
is similar) can be found in [6]. The fractional dynamics
can be described by a fractional wave equation

xD
βu = λ ·t Dαu, (1)

where xD
β and tD

α denote the Riemann-Louville frac-
tional di�ntegral operators with respect to the space and
time variables respectively [6]. The solutions for the am-
plitude u of the local elastic/magnetic �uctuation is given
by u(x) ∝ xαEαβ(kx) [6], where Eαβ(kx) denotes the
generalized Mittag-Le�er function which at short dis-
tances behaves as the stretched exponential exp(kxα). In
spite of theoretical divisions regarding the role of mag-
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netic excitations in cuprate, it seems that there are more
experimental data speaking in favour of magnetic mech-
anism of pairing. Moreover, numerical simulations show
that in cuprates the dominant contribution to the pairing
interaction is associated with the spectral region char-
acteristic of the spin �uctuations [7]. As the Cooper
pairs are singlets they should carry two magnetic frac-
tons with opposite magnetic moments. This concept
resembles biphonon Cooper aggregates discussed in [8].
At higher temperatures the Cooper pairs are in normal
state and are localized within stripes. When such Cooper
pairs condense there arises coherence not only in the elec-
tron/hole system but also in the magnetic excitations.
As the argument for such a scenario let us recall experi-
mental data. Neutron measurements of magnetic excita-
tion spectra in YBCO show apparent weakness of anti-
ferromagnetic �uctuations in the optimally doped YBCO
compounds [9]. The integrated intensity of these excita-
tions constitutes only a few percent of the spectral weight
of spin waves in magnetically ordered 123 systems. We
interpret this as partial condensation of magnetic exci-
tations that reduces population of uncorrelated excita-
tions visible to neutrons. When the temperature is low-
ered there arises a BEC phase transition at temperature
T∗∗. It is evident that the condensate with pseudogap
∆∗∗ is not super�uid. Localization of the fractons within
the stripe structure results in pinning of the condensate.
However, at lower temperatures the tails of the fracton
solutions overlapping, enhanced by phonons, can create
an interstripe coupling, which eventually enables super-
conductivity [10]. This means that two di�erent inter-
actions of magnetic and elastic nature contribute to the
formation of SC. Currently there are two alternative ex-
planations of the pseudogap. This is a precursor of the
superconducting gap without long range coherence, or
this is a normal state which is independent from the su-
perconducting gap. In our model we argue for the third
explanation, the pseudogap is associated with a BEC
transition to a nonsuper�uid condensate. The supercon-
ductivity arises later when condensate decouples from the
stripe structure.

3. Coexistence of two order parameters

The most often used theoretical formalism for the de-
scription of nonuniform super�uid condensates is the
Gross-Pitaevski formalism. The local complex order pa-
rameter of Ψ(r, t) can be found from the Gross-Pitaevski
equation. Writing down the free energy functional F in
terms of Ψ(r, t) = Ψ(r)eiωt.

F − µΨ =

∫
d3r

(
|∇Ψ|2

2m
+ [ωL(r)− ED]|Ψ|2

)
, (2)

the Gross-Pitaevski formalism reduces to the landau-
Ginzburg approach. As it was shown [10] in frac-
tal systems the gradient term |∇Ψ|2 in Eq. (2)
should be replaced by the fractional gradient term∑
i |xi

DβΨxi
DβΨ|. Under the assumptions above the

free energy of the ordered fractal system, this results in
the free energy of the system which takes the form [11]

F = F0 +

∫ [
gλ
∑
i

|xiD
βΨxiD

βΨ|

+a|Ψ|2 +
bλi
2
|Ψ|4

]
dr. (3)

As we assume the existence of two order parameters
associated with the two phase transitions at temperatures
T ∗ and TC , we should use a generalized expansion of the
Landau-Ginzburg free energy functional F in terms of
two order parameters Ψ1 and Ψ2 associated with these
transitions. The simplest expansion of the free energy
takes the form of

F = 1
2

∫
d3r
[ 1

χ1
|Ψ1|2 +

1

χ2
|Ψ2|2

+g12 |Ψ1|2|Ψ2|2 + 1
2
g1|Ψ1|4 + 1

2
g2|Ψ2|4

]
. (4)

The minimization of the free energy allows to deter-
mine the equilibrium conditions of coupled parameters
of order. The variety of solutions can be found in [11].
The most important conclusion from these solutions is
that under some combination of the parameters gi and
gji in Eq. (4) the nonzero values of both order parame-
ters Ψ1 and Ψ2 can coexist at temperatures higher than
those predicted by a model with no coupling between
them. This means that SC onset temperature TC can be
enhanced by the coupling with the other condensate.
In summary, in our study we give arguments that SC

in HTSC can be interpreted in terms of three stage pro-
cess. First there arise Cooper pairs which are bound via
magnetic fractons. At lower temperature they condense
into a nonsuper�uid condensate. Finally, at the third
stage there arises super�uidity (and superconductivity)
in the electron/fracton condensate.
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