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We study spectral properties of a quantum dot attached to two superconductors with nonzero phase di�er-
ence. The system is described as a single-impurity Anderson model coupled to BCS superconducting leads. We
utilize diagrammatic perturbation expansion in the Coulomb interaction to capture relevant physical phenomena,
particularly the e�ect of the Coulomb interaction on the Andreev bound states present in the electronic spectrum.
Results of the Hartree-Fock and the random phase approximations at zero temperature are presented.
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1. Introduction

Hybrid superconductor-quantum dot systems like car-
bon nanotubes coupled to superconducting electrodes
have attracted much attention in recent years. They pro-
vide an almost ideal system where the interplay between
superconducting order and electronic correlations can be
studied in a controlled way.
Such systems can be modelled by a single-impurity

Anderson model coupled to superconducting leads. The
quantum dot is described by the local energy level ε and
the on-site Coulomb interaction U . The leads are de-
scribed within the BCS theory by the superconducting
gap ∆ and the phase di�erence Φ = ΦR − ΦL between
the right (R) and the left (L) electrode. Finally, the dot-
lead coupling is described by a hybridization function
Γ = 2πt2ρ, where t is the hopping amplitude between
the quantum dot and the lead and ρ is the density of
states in the leads. In order to obtain analytic results we
choose the density of states constant and the hybridiza-
tion function identical for both leads, ΓR = ΓL = Γ. For
more details see Refs. [1] and [2].
This model has been studied by various methods used

for correlated systems, including Hartree-Fock approx-
imation (HFA), quantum Monte-Carlo simulations and
numerical renormalization group. For an exhaustive re-
view of the results, see Ref. [2]. Each of these methods
suits better for di�erent set of input parameters and to-
gether they provide us with a number of interesting re-
sults. One of them is the existence of Andreev bound
states (ABS) within the superconducting gap. These
states form due to multiple Andreev re�ections on the
opposite dot-lead interfaces. Another interesting and ex-
perimentally observed property is the 0 − π transition
in the Josephson current, �owing through the quantum
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dot when changing the phase di�erence Φ. It describes
reversal of the sign of the supercurrent under certain con-
ditions.
The purpose of this contribution is to present an ad-

vanced, systematic method to calculate spectral (one-
particle) properties of the quantum dot, based on the
perturbation expansion in the Coulomb interaction. The
summation technique used here is a generalization of the
random phase approximation (RPA) and it is applicable
in a wide range of the input parameters. The resulting
spectral functions, normal and anomalous, are essential
for the calculation of the Josephson current. A special
attention is paid to ABS, since they give the dominant
contribution to the supercurrent.

Fig. 1. Diagrammatic representation of the normal
(left) and anomalous (right) self-energy in HFA. Wig-
gle line represents the Coulomb interaction U , line with
single arrow is the normal propagator Gn, and line
with double arrow is the anomalous propagator Ga (this
propagator is an even function of momentum, so it does
not depend on its orientation).

2. Hartree-Fock approximation

We start our calculation from the Hartree-Fock ap-
proximation, representing the �rst order in the perturba-
tion expansion. The Nambu spinor formalism is used to
represent the impurity one-particle propagator G(iωn) as
a 2×2 matrix. Here ωn stands for the n-th fermionic Mat-
subara frequency (2n + 1)π/β and β is the inverse tem-
perature. Diagonal elements represent the normal part
of the propagator, which is important for calculation of
the spectral properties. The o�-diagonal elements are the
anomalous ones and they are necessary for calculation of
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the Josephson current. Interaction e�ects from both the
dot-lead coupling as well as from the Coulomb interac-
tion are incorporated in the static self-energies Σ that are
graphically represented in Fig. 1. The self-energy is cal-
culated self-consistently within this approximation and
the HF propagators are obtained from the matrix form
of the Dyson equation.

Fig. 2. Dynamic contribution (beyond HFA) to the
normal (top) and anomalous (bottom) self-energy in
RPA. Γn is the two-particle vertex.

3. Random phase approximation

A straightforward way to go beyond HFA is the ran-
dom phase approximation. It represents a reliable sum-
mation technique and it was successfully used to describe
various phenomena in correlated systems, but has not yet
been fully accomplished to the problem under investiga-
tion. The approximation leads to a dynamic (frequency-
dependent) self-energy which is obtained as a convolution
of the particle propagators with the so-called two-particle
vertex function Γn(iωn), plotted in Fig. 2. This vertex
represents the sum of all multiple electron-hole scatter-
ings (the ladder diagrams). For more details on this ap-
proximation, consult e.g. Ref. [3].

Fig. 3. Electron spectral density −Im Gn/π for the
electron-hole symmetric case and U/Γ = 2, ∆/Γ = 1,
Φ = π/2. Dashed line: HFA results, full line: RPA
results.

4. Results and conclusions

In Fig. 3 we plotted the zero-temperature electron
spectral function −Im Gn/π and in Fig. 4 the current

spectral function −Im Ga/π in the electron-hole sym-
metric case. We chose U/Γ = 2, ∆/Γ = 1 and Φ = π/2 in

Fig. 4. Current spectral density −Im Ga/π for the
same set of parameters as in Fig. 3.

this calculation. These spectral functions were obtained
by analytic continuation of the Matsubara propagators
to the real frequency axis at zero temperature. This an-
alytic continuation is straightforward. It is important in
order to separate the contributions from ABS and from
the continuous bands in the calculation of the Josephson
current.
In the case of metallic leads (∆ = 0) we would obtain

the well-known three-peak structure in the RPA electron
spectrum, known from the Fermi liquid theory. This
serves us as a test of reliability of our calculations.
The width of the energy gap 2∆ is also preserved in

both HFA and RPA. Since the determinant of the un-
perturbed matrix propagator diverges at ±∆, no �nite
self-energy due to the Coulomb repulsion can change the
positions of band edges.
The most important feature of the RPA spectra is the

shift in the ABS positions w.r.t. HFA results. This can
be considered as a footprint of possible crossing of the two
ABS, which is related to the emergence of the π-junction
behavior of the Josephson current.
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