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The ground-state phase diagram of the Ising model on the Shastry-Sutherland lattice with the �rst (J1), second
(J2), third (J3) and fourth (J4) nearest neighbour spin couplings is studied using the exact and well controlled
numerical method. It is shown that switching on of the J3 and J4 interactions (in addition to usually considered
J1 and J2 interactions) leads to stabilization of the following dominant magnetic phases with m/ms = 1/9, 1/6,
4/9, 1/2 and 5/9, which is manifested in appearance of new magnetization plateaus on the magnetization curve
of the model at given values of m/ms. The obtained results are consistent with experimental measurements of
magnetization curves in selected rare-earth tetraborides.
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A spin system is frustrated when all local interactions
between spin pairs cannot be satis�ed at the same time.
Frustration can arise from competing interactions or/and
from a particular geometry of the lattice, as seen in the
triangular lattice. The Shastry-Sutherland lattice (SSL)
was considered more than 20 years ago by Shastry and
Sutherland [1] as an interesting example of a frustrated
quantum spin system with an exact ground state. It
can be described as a square lattice with antiferromag-
netic (AF) couplings J1 between nearest neighbours and
additional AF couplings J2 between next-nearest neigh-
bours in every second square. This lattice attracted
much attention after its experimental realization in the
SrCu2(BO3)2 compound [2]. The observation of a fasci-
nating sequence of magnetization plateaus (m/ms = 1/2,
1/3, 1/4 and 1/8) in this material stimulated futher the-
oretical and experimental studies of the SSL. As another
realization of the SSL the rare-earth tetraborid TmB4

has recently been studied in �nite magnetic �elds [3]. It
was found that the magnetization diagram of TmB4 con-
sists of magnetization plateaus (MPs) located at small
fractional values of m/ms = 1/7, 1/8, 1/9,. . . of the sat-
uration magnetization, followed by the major MP located
at m/ms = 1/2. Because of strong crystal �eld e�ects,
the e�ective spin model for TmB4 has been suggested to
be described by the spin-1/2 Shastry-Sutherland model
under strong Ising (or easy-axis) anisotropy [3]
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where Sz
i = ±1/2 denotes the z-component of a spin-1/2

degree of freedom on site i of a square lattice and J1,
J2 are the AF exchange couplings between all nearest
neighbour bonds (J1) and next-nearest neighbour bonds
in every second square (J2). It should be noted that a
similar behavior as for TmB4 has been also observed for
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other rare-earth tetraborides. For example, for ErB4 the
MP has been found at m/ms = 1/2 [4,5], for TbB4 at
m/ms = 1/2, 4/9, 1/3, 2/9 and 7/9 [6] and for HoB4 at
m/ms = 1/3, 4/9 and 3/5 [5]. The model (1) has been
solved recently by numerical [7, 8] as well as analytical
methods [9] with a conclusion that only the 1/3 plateau
is stabilized by J1 and J2 interactions. The subsequent
analytical studies [10] of the model extended by an ad-
ditional interaction (J3) along the diagonals of "empty"
squares showed that this interaction gives rise to a new
MP at one-half of the saturation magnetization. This
result and similar ones obtained on the spin-1/2 XXZ
model [11] pointed to the fact that the long-range in-
teraction could play the crucial role in stabilization of
di�erent MPs.

Fig. 1. The J3 −h ground-state phase diagrams of the
extended Ising model on the SSL for J4 ≤ 0 and L =
12× 12. The numbers in brackets correspond to m/ms.
Insets: the ground-state spin con�gurations. The large
(small) dots represent the up (down) spin orientation.

For this reason we have performed exhaustive studies
of the ground-state phase diagram of the model (1) ex-
tended by J3 as well as J4 interaction (the next-nearest
neighbours along edges) by a combination of the Monte
Carlo method and our approximate method based on the
reduction of the total energy of the system [12]. The re-
sults of numerical calculations obtained on 12×12 cluster
with the periodic boundary conditions are summarized
in Fig. 1 and Fig. 2 in the form of ground-state phase
diagrams in the J3 − h plane for di�erent values of J4

(46)

http://dx.doi.org/10.12693/APhysPolA.126.46
mailto:hcencar@saske.sk


Ground-State Phase Diagram of the Extended Ising Model. . . 47

Fig. 2. The J3 − h ground-state phase diagrams of
the extended Ising model on the SSL for J4 > 0 and
L = 12 × 12. The numbers in brackets correspond to
m/ms. Phases a, b, c, d, e correspond to the fractional
magnetizations 1/9, 1/12, 17/72, 7/36, 1/4. The dashed
lines represent the phase boundaries between di�erent
spin orderings corresponding to the same m/ms.

interaction (J1 = J2 = 1). Let us �rst discuss the case of
J4 ≤ 0 (Fig. 2). For J4 = 0, one can see that the point
J3 = 0, corresponding to the ordinary Ising model on
the SSL, is the special point of the J3−h phase diagram
with the only one intermediate plateau at m/ms = 1/3,
in accordance with previous numerical [7, 8] as well as
analytical [9] results. As soon as J3 is nonzero the new
MP at m/ms = 1/2 is developed for both J3, positive
and negative. However, it should be noted that the spin
ordering, leading to the totalm/ms = 1/2 magnetization
is fully di�erent in the regions of positive (the phase B)
and negative (the phase E) values of J3.

Fig. 3. The magnetization curves as functions of h for
J4 = 0, di�erent values of and di�erent clusters obtained
on the extrapolated set of ground-state con�gurations.
For J3 > 0 the ground-state spin ordering is formed by

axial AF and ferromagnetic lines, while for J3 < 0 the
antiparallel diagonal ordering of ferromagnetic bands and
lines minimizes the ground-state energy. In both phases,
the increasing |J3| stabilizes the m/ms = 1/2 plateau
against the m/ms = 1/3 plateau (the D phase). With
increasing |J4| the B phase is further stabilized while
the E and D phases are gradually suppressed and they
completely disappear at J4 ∼ −0.25. Below this value,
the structure of the phase diagram does not depend on
the value of J4 and the only intermediate MP is one at
m/ms = 1/2. To minimize the �nite-size e�ects on these
results we have performed the same calculations on much
larger cluster of 24 × 24 sites and found that all fun-
damental features, including the phase boundaries, hold
practically unchanged. This indicates that the phase di-

agrams as well as the corresponding picture of magne-
tization processes found on small clusters can be satis-
factorily extrapolated on much larger clusters. This is
demonstrated in Fig. 3, where the magnetization curves
obtained on the extrapolated set of con�gurations form-
ing the ground-state phase diagrams of the model up to
L = 24 × 24 are plotted for selected values of J3 and J4
and practically no �nite size e�ects are observed.
The situation in the opposite limit of J4 > 0 is more

complex as illustrate the phase diagrams in Fig. 2 ob-
tained for the L = 12 × 12 cluster. Now the phase di-
agrams exhibit a very rich spectrum of numerical solu-
tions, where in addition to the above mentioned m/ms =
1/2 and m/ms = 1/3 plateaus/phases one can �nd large
domains corresponding to the m/ms = 1/6, 1/9, 5/12,
4/9, 5/9 phases. The same numerical calculations that
we have performed on the L = 24×24 cluster showed that
these phases form the basic structure of the phase dia-
grams also on much larger clusters although their phase
boundaries are slightly modi�ed now.
Thus we can conclude that in addition to the pre-

viously described m/ms = 1/2 and m/ms = 1/3
plateaus [7-10], the extended Ising model on the SSL with
J3 and J4 interactions can explain the existence of further
relevant MPs with m/ms = 1/6, 1/9, 5/12, 4/9, 5/9 in
accordance with experimental observations in rare-earth
tetraborides (TmB4, TbB4, HoB4, EuB4).
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