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We introduce a spin ladder model incorporating localized and delocalized spins, which is exactly solvable
using the decoration-iteration and transfer-matrix techniques. Quantum correlations between delocalized spins
induce an antiferromagnetic coupling between the spin chains that competes with a direct ferromagnetic exchange
coupling. A resulting kinetically-driven frustration is predominant in the regime of low temperatures and large
hopping amplitudes. We provide the full ground-state phase diagram, as well as the frustration diagram on distinct
coupling regimes.
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1. Introduction

Recently, a new class of hybrid spin systems was intro-
duced with nodal localized Ising spins and interstitial de-
localized electrons [1-4]. In a diamond-like geometry, this
class of models displays magnetization plateaus [1] and
an enhanced magnetocaloric e�ect [2]. In a square lattice
geometry, the quantum correlations may lead to ferro-
magnetic [3] or antiferromagnetic [4] ordering depending
on the �lling fraction of the delocalized orbitals.
Here, we introduce a hybrid spin ladder model with lo-

calized and delocalized spins on which the quantum cor-
relations between the delocalized spins induce an e�ective
antiferromagnetic coupling between the spin chains that
competes with a direct ferromagnetic coupling.

2. Hybrid spin ladder model

Figure 1a is a sketch of the hybrid spin ladder model
we consider. The spins Si and σi are located on two dis-
tinct chains, which interact with each other through a
ferromagnetic exchange coupling J1. The interaction be-
tween nearest-neighbors spins localized on the same chain
is mediated by a pair of interstitial electrons that may
hop between chains with hopping amplitude t obeying
Pauli's exclusion rule. The exchange interaction between
the localized spins and interstitial electrons is denoted
by J . If the interstitial electrons are aligned parallel,
there is no mobility and the plaquette hamiltonian Hi

has a classical character. However, the four antiparallel
con�gurations of the interstitial electrons are quantum-
mechanically mixed due to the hopping process. An ex-
act decoration-iteration transformation maps the present
model on an a�ective Ising spin ladder containing Ising
spins with two and four spins couplings. The e�ective
Ising spin ladder model can be exactly solved using the
standard transfer-matrix technique.
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Fig. 1. A diagrammatic illustration of the hybrid spin
ladder model (a) and the resulting e�ective model (b)
after the decoration-iteration transformation. (c) The
Hamiltonian matrix associated with the interactions be-
tween localized and interstitial electrons (Hi = Ĥi −
(J1/2)(Siσi + Si+1σi+1).

The ground-state phase diagram is shown in Fig. 2.
In the absence of a direct exchange coupling between
the chains (J1 = 0), the ground state consists of two
ferromagnetic chains coupled antiferromagnetically. The
antiferromagnetic coupling is due to the quantum corre-
lations that develop when the interstitial electrons have
distinct orientations. When the ferromagnetic exchange
coupling J1 is turned on, new ground state phases can
become stable. In the regime of small hopping ampli-
tudes t < 2J , a ferromagnetic phase sets up for J1 >
(4J2 + t2)1/2 − 2J . In this regime, the quantum hop-
ping is suppressed and the interstitial spins assume the
same orientation while occupying distinct sites. In the
regime of strong quantum hopping t > 2J , the ground-
state with decoupled ferromagnetic dimers predominates
for J1 > (4J2 + t2)1/2 − t. The decoupling between the
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Fig. 2. Ground-state phase diagram. The decoupled
ferromagnetic dimers ground-state is highly degener-
ated.

Fig. 3. Thermal dependence of pair correlation func-
tions. Left panel: ferro, antiferro and frustrated corre-
lations can be found for J1/J = 0.5 at low-temperature.
Right panel: no antiferromagnetic correlations develop
for J1/J = 1.0.

dimers is due to the strong quantum �uctuations which
results from the hopping of antiparallel aligned intersti-
tial electrons.
At �nite temperatures, there is no long-range order,

but the two-spin correlations within an elementary pla-
quette bring relevant information regarding the local pre-
dominant orientation. Figure 3 summarizes the overall
scenario for two representative values of the exchange
coupling J1. For J1/J = 0.5 and small hopping t, the
two-spin correlations around an elementary plaquette are
positive, signalling the local ferromagnetic ordering. At
intermediate values of t, correlations are consistent with a
ground-state in which two ferromagnetic chains are cou-
pled antiferromagnetically. The high-temperature corre-
lations are ferromagnetic with an intermediate regime of
frustrated correlations (the product of the three elemen-
tary two-spin correlations is negative, that indicates no
predominant local ordering around the plaquette). For
large values of t, the correlations point to a frustrated

local spin con�guration even at low temperatures. For
J1/J = 1.0, the local antiferromagnetic order does not
appear at intermediate values of t.
At the frustration temperature, the product of the pla-

quette two-spin correlations vanishes. In Figure 4, we
plot the frustration diagram for the above two represen-
tative values of J1. For J1/J = 0.5 there are three well-
de�ned regimes. While ferromagnetic correlations pre-
dominate at high-temperatures for any strength of the
hopping amplitude t, frustrated correlations appear as
the temperature decreases when t is large enough. At in-
termediate values of t, non-frustrated correlations corre-
sponding to antiferromagnetically coupled ferromagnetic
chains sets up, a regime that is absent for large values of
J1 (here illustrated by J1/J = 1.0).

Fig. 4. Frustration diagrams. Left panel for J1/J =
0.5: antiferromagnetic correlations develop at low tem-
peratures and intermediate hopping amplitudes. Right
panel for J1/J = 1.0: no antiferromagnetic correlations
are developed. Frustrated correlations predominate at
low temperatures and large hopping amplitudes.

3. Conclusions

In summary, we have introduced a hybrid spin ladder
model in which a direct exchange ferromagnetic coupling
between the ladder chains competes with the antiferro-
magnetic coupling induced by hopping process of mobile
interstitial electrons. This competition leads to a new
form of spin frustration that predominates at low temper-
atures, in contrast with the behaviour depicted by stan-
dard models of frustration induced by competitive direct
exchange couplings on which frustration predominates at
high temperatures. This new class of models can then be
used to closely investigate the interplay between quan-
tum and thermal �uctuations in low-dimensional spin
systems.
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