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The squeezing and sub-Poissonian eects of light in third harmonic generation are investigated based on the
fully quantum mechanical approach up to the rst order Hamiltonian interaction in gt, where g is the coupling
constant between the modes per second and t is the interaction time between the waves during the process in
a nonlinear medium. The coupled Heisenberg equations of motion involving real and imaginary parts of the
quadrature operators are established. The occurrence of amplitude squeezing eects in both the quadratures of the
radiation eld in the fundamental mode is investigated and found to be dependent on the selective phase values
of the eld amplitude. The photon statistics of the pump mode in this process have also been investigated and
found to be sub-Poissonian in nature. It is shown that for particular phase values the amplitude squeezing and
sub-Poissonian photon statistics of light occur simultaneously. It is observed that there is no possibility to produce
squeezed light in the harmonic mode up to rst-order interaction in gt. Further, it is found that the normal
squeezing in the harmonic mode directly depends upon the amplitude-cubed squeezing of the initial pump eld
to the case of second-order interaction in gt. This gives a method of converting higher-order (amplitude-cubed)
squeezing of the fundamental mode into normal squeezing of the harmonic mode and vice versa.
DOI: 10.12693/APhysPolA.125.1126
PACS: 42.50.Ar, 42.50.Dv, 42.65.Ky

1. Introduction

Squeezing and sub-Poissonian photon statistics of the
electromagnetic eld [1], which is a purely quantum mechanical phenomenon [2] has attracted considerable attention owing to its low-noise property [3, 4] with applications in high quality telecommunication [5], quantum
cryptography [6] etc. Squeezing has been either experimentally observed or theoretically predicted in a variety of nonlinear optical processes, such as harmonic generation [7, 8], multi-wave mixing processes [911], Raman [12, 13], hyper-Raman [14] etc. Hong and Mandel [15] and Hillery [16] have introduced the notion of
amplitude squeezing of the quantized electromagnetic
eld in various nonlinear optical processes. Squeezing
and photon statistical eect of the eld amplitude in
harmonic generation has also been reported by Mandel [17]. Higher-order sub-Poissonian photon statistics of
light have also been studied by Kim and Yoon [18]. Recently, Prakash and Mishra [19] have reported the higher-order sub-Poissonian photon statistics and their use in
detection higher-order squeezing. The nonclassical phenomena squeezing of radiation and photon statistics effects are expected to manifest itself in optical processes
in which the nonlinear response of the system to the radiation eld plays a great role. It also represents a new
type of quantum state of the electromagnetic eld and
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it has always been of interest to the research community
in the elds of quantum optics, nonlinear optics, atomic
physics, molecular physics, and biological physics; hence
their study can be expected to lead to new fundamental
insights.
The aim of this paper is to study further properties
of amplitude squeezing and sub-Poissonian eects of the
electromagnetic eld in the fundamental mode including harmonic mode in third-harmonic generation (THG)
process under short-time approximation based on a fully
quantum mechanical approach up to rst order in gt. The
paper is organized as follows. Section 2 gives the denitions of squeezing and sub-Poissonian states of light. We
establish the analytic expression of selective phase angle
dependent amplitude squeezing and sub-Poissonian light
in the fundamental mode up to rst-order in gt in Sect. 3.
The photon statistics of the pump mode in this process
have also been incorporated in this section and found
to be sub-Poissonian in nature. In Sect. 4, we study
the occurrence of amplitude squeezing eects in both the
quadrature of the radiation eld in the harmonic mode
and found to be dependent on amplitude-cubed squeezing of the fundamental mode. Finally, we conclude the
paper in Sect. 5.

2. Denitions of amplitude squeezing
and sub-Poissonian states of light
Squeezed states of light are characterized by reduced
quantum uctuations in one quadrature of the eld at the
expense of the increased uctuations in the other quadrature. It is possible to characterize the amplitude by its
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real and imaginary parts as
1
1
X1 = (A + A† ) and X2 = (A − A† ),
(1)
2
2i
†
where A and A are the slowly varying operators useful
in discussing squeezing eects. For a single mode of the
electromagnetic eld with frequency ω and creation (annihilation) operators a† (a), they are given by
A = a exp( iωt), A† = a† exp(−i ωt).
(2)
The operators dened by Eq. (1) do not commute and
obey the commutation relation
i
(3)
[X1 , X2 ] =
2
and, as a result, satisfy the uncertainty relation (~ = 1):
1
∆X1 ∆X2 ≥ ,
(4)
4
where ∆X1 and ∆X2 are the uncertainties in the quadrature operators X1 and X2 , respectively. A quantum
state is squeezed in the X1 direction if ∆X1 < 12 and
is squeezed in the X2 direction if ∆X2 < 12 .
Amplitude squared squeezing [16] is dened in terms
of operators Y1 and Y2 as
1
1
(5)
Y1 = (A2 + A†2 ) and Y2 = (A2 − A†2 ).
2
2i
These operators obey the commutation relation
[Y1 , Y2 ] = i (2NA + 1),
(6)
†
where A A = NA is the photon number operator in
mode A.
The commutation relation (6) leads to the uncertainty
relation


1
∆Y1 ∆Y2 ≥
NA +
,
(7)
2
where ∆Y1 and ∆Y2 are the uncertainties in the quadrature operators Y1 and Y2 , respectively. A quantum state

is squeezed in the Y1 direction if (∆Y1 )2 < NA + 12
and is squeezed
in the Y2 direction if (∆Y2 )2 <

1
NA + 2 .
Amplitude-cubed squeezing [16, 22] is dened by the
operators
1
1
Z1 = (A3 + A†3 ) and Z2 = (A3 − A†3 ).
(8)
2
2i
The operators obey the commutation relation
i
[Z1 , Z2 ] = (9NA2 + 9NA + 6),
(9)
2
which leads to the uncertainty relation
1
∆Z1 ∆Z2 ≥ h(9NA2 + 9NA + 6)i.
(10)
4
Amplitude-cubed squeezing is said to exist if
1
2
2
(∆Z1 )
or (∆Z2 ) < h(9NA2 + 9NA + 6)i. (11)
4
The quantum eect of sub-Poissonian photon statistics is
the reduction of quantum uctuations in photon number
and is reected by an increase of uctuations of phase of
the eld. Hence the photon number uncertainty [17] is
D
E
2
(∆NA ) < hNA i .
(12)
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3. Squeezing and sub-Poissonian eects of light
in the fundamental mode
THG is a process in which an incident laser beam of
the fundamental frequency ω1 interacts with a nonlinear
medium to produce the harmonic frequency at ω2 = 3ω1 .
This model is chosen to make the model realistic and our
discussions hold for all similar models.

Fig. 1. Third harmonic generation model.
In this model (Fig. 1), the interaction is looked upon
as a process involving absorption of three pump photons
of frequency ω1 each and system going from |1i to |2i and
emission of one photon of frequency ω2 and the atomic
system nally coming back to the initial state |1i.
The Hamiltonian for this process can be written as
(~ = 1):
H = ω1 a† a + ω2 b† b + g(a3 b† + a†3 b)
(13)
†
†
where a (a) and b (b) are the creation (annihilation)
operators of the pump eld (A-mode) and harmonic eld
(B -mode), respectively, and g is the coupling constant
in the interaction Hamiltonian, which is assumed real,
describes the coupling between the two modes of the
order of 102 104 per second and also proportional to
the nonlinear susceptibility of the medium as well as
the complex amplitude of the pump eld [20, 21]. In
this model A and B are slowly varying operators useful to discuss squeezing dened as A = a exp( iω1 t) and
B = b exp( iω2 t) with the relation ω2 = 3ω1 .
Using the interaction Hamiltonian of Eq. (13) in the
coupled Heisenberg equation of motion (~ = 1):
∂A
Ȧ =
+ i [H, A],
(14)
∂t
we obtain
Ȧ = −3 igA†2 B.
(15)
Similarly, we have
Ḃ = −igA3 .
(16)
The interaction time is taken to be short, of the order of
10−10 s and a nanosecond or picosecond pulse laser can be
used as the pump eld. For real physical situation in the
short-time scale gt  1 (gt ≈ 10−6 ) and the number of
photons are very large (|α|2  1), it is possible to obtain
much simpler approximate analytical formulae describing
the variances. Expanding A(t) in Taylor's expansion and
keep terms up to rst-order in gt,
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A(t) = A(0) + tȦ(0) + . . .
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∂A(t)
∂t |=0

In Eq. (17) the operators A(0) ≡ A and Ȧ(0) ≡
without an argument are operators evaluated at = 0.
This convention is followed throughout the paper. Using
Eq. (15) in Eq. (17), we obtain
A(t) = A − 3 igtA†2 B,
(18)
then in reversal order
A† (t) = A† + 3 i gtA2 B † .
(19)
Similarly,
B(t) = B − igtA3
(20)
and
B † (t) = B † + i gtA†3 .
(21)
In order to examine the amplitude squeezing of the
fundamental mode A, as a function of time we dene
quadrature components

1
A(t) + A† (t)
(22)
X1A (t) =
2
and
1
(23)
X2A (t) = [A(t) − A† (t)].
2i
Using Eqs. (18) and (19) in Eqs. (22) and (23), we obtain

1
X1A (t) =
(A + A† ) − 3 igt(A†2 B − A2 B † )
(24)
2
and
1
X2A (t) = [(A − A† ) − 3 igt(A†2 B + A2 B † )]. (25)
2i
Now, we assume an initial quantum state as a product of coherent states |αi for the fundamental mode A
and |βi for the harmonic mode B , i.e.
|ψi = |αiA |βiB .
(26)
Using Eqs. (24) and (26), we obtain
1
2
hψ|X1A
(t)|ψi = α2 + α∗2 + 2|α|2 + 1
4
− 6 igt(|α|2 α∗ β + α∗3 β − α3 β ∗ − |α|2 αβ ∗

+ α∗ β − αβ ∗ )
(27)
and
1
hψ|X1A (t)|ψi2 = α2 + α∗2 + 2|α|2 − 6 i gt(|α|2 α∗ β
4

+ α∗3 β − α3 β ∗ − |α|2 αβ ∗ ) .
(28)
Hence the eld variance is
2
2
[∆X1A (t)] = hX1A
(t)i − hX1A (t)i2
1
= [1 − 6 igt(α∗ β − αβ ∗ )] .
(29)
4
From Eqs. (4) and (29) yields
1
2
[∆X1A (t)] − = 3|gt||αβ| sin(θ2 − θ1 ),
(30)
4
where hNA i = hA† Ai = |α|2 and hNB i = hB † Bi = |β|2
are the photon number operators in mode A and B , respectively and α = |α| exp( iθ1 ) and β = |β| exp( iθ2 );
θ1 and θ2 are the phase angles, α∗ , β ∗ denote the complex conjugate of α and β , respectively. Equation (30)
shows that the squeezing of X1A will occur whenever
sin(θ2 − θ1 ) < 0.

Similarly, using Eqs. (25) and (26) for X2A direction,
we have
1
2
[∆X2A (t)] − = −3|gt||αβ| sin(θ2 − θ1 ).
(31)
4
The right-hand side of Eq. (31) is negative when sin(θ2 −
θ1 ) > 0, showing the existence of normal squeezing in
the fundamental mode up to rst order in gt in THG
process. From Eqs. (30) and (31) we infer that only one
quadrature can be squeezed at a time hence it follows the
Heisenberg uncertainty principle.
Further, in order to measure the degree of amplitude
squeezing, we dene normalized parameter [23] as
2

[∆X2A (t)] − 1/4
= −12|gt||αβ| sin(θ2 − θ1 ).
1/4
(32)
Hence the degree of amplitude squeezing in the fundamental mode is found to be dependent on the phase angle
of the eld amplitude.
We plot a graph of Eq. (32) between the normalized
parameter of squeezing Qx and the photon number |α|
with dierent values of |β| in Fig. 2.
Qx =

Fig. 2. Dependence of degree of normal amplitude
squeezing Qx on |α| and |β| in THG process (when
|gt| = 10−4 and θ1 = 0 and θ2 = π/2).
Figure 2 shows that the normal squeezing increases
linearly with increase of the value of |α|. We also observe that when higher the value of |β|, then squeezing
increases and lowers the depth of classicality of the eld
amplitude. It shows that the degree of normal squeezing
directly depends upon the photon number of the fundamental mode as well as on the harmonic mode.
Similarly for studying one of the class of higher-order
squeezing like squeezing of amplitude-squared of the fundamental mode as a function of time, we dene a real
quadrature component for the pump mode:
1
Y1A (t) = [A2 (t) + A†2 (t)],
(33)
2
and
1
Y2A (t) = [A2 (t) − A†2 (t)].
(34)
2i
Using Eqs. (18), (19) in Eq. (33), we get
1
Y1A (t) = A2 + A†2 − 6 igt(A†2 AB + A† B
2
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− A† A2 B † − AB † ) .
(35)
Using Eq. (26) in Eq. (35), we obtain the expectation
value as
1
2
hψ|Y1A
(t)|ψi = α4 + α∗4 + 2|α|4 + 4|α|2 + 2
4
4
− 6 igt(2|α| αβ − 2|α|4 α∗ β ∗ + 6|α|2 αβ
− 6|α|2 α∗ β ∗ + 2|α|2 α∗3 β − 2|α|2 α3 β ∗ + 4α∗3 β

− 4α3 β ∗ + 4αβ − 4α∗ β ∗ )
(36)
and

1 4
α + α∗4 + 2|α|4 − 6 i gt(2|α|4 αβ
4
− 2|α|4 α∗ β ∗ + 2|α|2 αβ − 2|α|2 α∗ β ∗ + 2|α|2 α∗3 β

− 2|α|2 α3 β ∗ + 2α∗3 β − 2α3 β ∗ ) ,
(37)
and the expectation value of the time dependent mean
photon number is
hNA (t)i = |α|2 − 3 i gt(α∗3 β − α3 β ∗ ).
(38)
Using Eqs. (36) and (37) in Eq. (7), we get
[∆Y1A (t)]2 − hNA (t) + 1/2i = 12|gt||αβ| sin(θ1 + θ2 )
hψ|Y1A (t)|ψi2 =

× [(|α|2 + 1)].
Similarly, we get for Y2A quadrature as
[∆Y2A (t)]2 − hNA (t) + 1/2i

(39)

= −12|gt||αβ| sin(θ1 + θ2 )[(|α|2 + 1)].
(40)
The right-hand side of Eqs. (39) and (40) are showing the
existence of squeezing in amplitude-squared in the fundamental mode in THG process when sin(θ1 + θ2 ) < 0 and
sin(θ1 + θ2 ) > 0, respectively. The multiplication factor
(|α|2 + 1) is the nonlinear eect due to strong pump eld
interaction.
Now, we dene the normalized parameter [23] for
amplitude-squared squeezing as,
2

[∆Y2A (t)] − h(NA (t) + 1/2)i
h(NA (t) + 1/2)i


−12|gt||αβ| sin (θ1 + θ2 ) |α|2 + 1
=
.
(41)
(|α|2 + 1/2) + 6|gt| |α3 β| sin (θ2 − 3θ1 )
Hence the degree of amplitude-squared (second-order)
squeezing in the fundamental mode directly depends
upon the phase angle of the eld amplitude up to the
rst-order in gt. The variation of Qy with |α|2 is shown
in Fig. 3.
In Fig. 3 the steady fall of the curve shows that the
squeezing increases nonlinearly with |α|2 , which is directly dependent upon the number of photons. This conrms that the squeezed states are associated with a large
number of photons. We also nd that when higher the
value of |β|, then the squeezing increases and lowers the
depth of classicality of the eld amplitude. It conrms
that the degree of squeezing directly depends upon the
photon number of the fundamental eld as well as on the
harmonic eld.
A comparison between Figs. 2 and 3 show greater noise
reduction in higher-order (amplitude-squared) than the
Qy =

Fig. 3. Dependence of degree of higher-order
(amplitude-squared) squeezing Qy on |α|2 and |β|
in THG process (when |gt| = 10−4 and θ1 = 0 and
θ2 = π/2).
rst-order (normal squeezing), having the same number
of photons.
Now, using Eq. (38), we obtain expectation values of
mean photon number as

 NA2 (t) = |α|4 + |α|2 − 3 igt(2|α|2 α∗3 β

−2|α|2 α3 β ∗ + 3α∗3 β − 3α3 β ∗ ),

 hN (t)i2 = |α|4 − 3 igt(2|α|2 α∗3 β − 2|α|2 α3 β ∗ ).
A
(42)
Hence the uctuation of time dependent mean photon
number is
2
2
[∆NA (t)] = NA2 (t) − hNA (t)i

= |α|2 + 18gt|α3 β| sin (θ2 − 3θ1 )
(43)
and the photon statistics of pump mode in THG is found
to be sub-Poissonian, as
2
[∆NA (t)] − hNA (t)i = 12|gt||α3 β| sin (θ2 − 3θ1 ) . (44)
The right-hand side of Eq. (44) is always negative when
sin(−3θ1 + θ2 ) < 0, showing the existence of sub-Poissonian light in the fundamental mode up to the rst
order in gt under short-time approximation in THG process. It indicates that the occurrence of sub-Poissonian
light in the fundamental mode directly depends upon
the phase angle of the eld amplitude. The present results show that for particular phase values of θ1 = 0 and
θ2 = 3π/2, squeezing and sub-Poissonian photon statistics in the fundamental mode are always negative. Thus
we infer that sub-Poissonian eects of light appear simultaneously with the amplitude squeezing to the case
of rst order approximation in coupling constant.

4. Squeezing eects of light
in the harmonic mode
To examine squeezing in the harmonic mode B as a
function of time, we dene the quadrature operators
1
(45)
X1B (t) = [B(t) + B † (t)]
2
and
1
X2B (t) = [B(t) − B † (t)].
(46)
2i
Using Eqs. (20) and (21) in Eqs. (45) and (46), we nd
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X1B (t) =
and

3
1
[(B + B † ) − i gt(A3 − A† )]
2

(47)

3
1
[(B − B † ) − i gt(A3 + A† )].
(48)
2i
Using Eq. (26) in Eq. (47), we obtain as
1
2
hψ|X1B
(t)|ψi = β 2 + β ∗2 + 2|β|2 + 1
4

3
− 2 igt(α β + α3 β ∗ − α∗3 β − α∗3 β ∗ )
(49)
and
1
hψ|X1B (t)|ψi2 = β 2 + β ∗2 + 2|β|2
4

− 2 igt(α3 β + α3 β ∗ − α∗3 β − α∗3 β ∗ ) .
(50)
Hence
1
2
(51)
[∆X1B (t)]2 = hX1B
(t)i − hX1B (t)i2 = .
4
Similarly from Eq. (48), we have
1
[∆X2B (t)]2 = .
(52)
4
From Eqs. (51) and (52), we can see that the B -mode is
initially in a coherent state, i.e.
1
[∆X1B ]2 = [∆X2B ]2 = .
(53)
4
Hence there is no possibility to produce squeezed light in
the harmonic mode up to the rst-order approximation
in gt.

X2B (t) =

It is now interesting to study squeezing in the B -mode
(harmonic) up to second order approximation in gt in the
fundamental mode.
From Eq. (16) we obtain as

B̈ = −g 2 9NA2 + 9NA + 6 B.
(54)
Using Eq. (17) and the corresponding results in the harmonic mode up to second order in gt, is as follows:
1
B(t) = B(0) − i gtA3 − |gt|2 (9NA2 + 9NA + 6)B (55)
2
and
1
B † (t) = B † (0) + i gtA†3 − |gt|2 (9NA2 + 9NA + 6)B † .
2
(56)
Using Eqs. (55) and (56) in Eqs. (45) and (46), we get
1
X1B (t) = X1B + gtZ2A − |gt|2
 2
× 9NA2 + 9NA + 6 X1B
(57)
and
1
X2B (t) = X2B − gtZ1A − |gt|2
2
× (9NA2 + 9NA + 6)X2B .
(58)
For an uncorrelated modes at = 0, we get
[∆X1B (t)]2 = (∆X1B )2 + |gt|2 [(∆Z2A )2

1
[∆X1B (t)]2 −
 4

1
2 2
= |g| t (∆Z2A )2 − h(9NA2 + 9NA + 6)i
(61)
4
and
1
[∆X2B (t)]2 −
 4

1
2 2
= |g| t (∆Z1A )2 − h(9NA2 + 9NA + 6)i . (62)
4
Equations (61) and (62) show that X1B in the harmonic
mode is squeezed if Z2A is squeezed and X2B is squeezed
if Z1A is squeezed. In other words, the B -mode is
squeezed in the X1B direction if the A-mode is amplitude-cubed squeezed in the Z2A direction and the B -mode is
squeezed in the X2B direction if the A-mode is amplitude-cubed squeezed in the Z1A direction. That is, if a fundamental mode with amplitude-cubed squeezing propagates
through a nonlinear medium a squeezed harmonic mode
is generated.
Now, comparing the results of Eq. (62) with earlier
published work [22], then we have as (we consider here
only the Z1A (t) quadrature)


1
9
2
[∆X2B (t)] − = − |gt|4 6 |α|8 + 2|α|6 cos 6θ
4
4

8
6
+ 9|α| + 69|α| + 138|α|4 + 60|α|2 + 4 .
(63)
The right-hand side of Eq. (63) is always negative, showing the existence of normal squeezing in the harmonic
mode in X2B quadrature which is |gt|2 times of third-order squeezing in Z1A (t) quadrature [22]. This also
establishes the fact that the occurrence of squeezing in
the harmonic mode is only due to the presence of the
fundamental mode. An analysis of Eq. (63) shows that if
g 2 t2 < 1 squeezing is greater in harmonic mode compared
to fundamental mode.
To study optimum squeezing in harmonic mode, we
denote the right hand side of Eq. (63) by SX . Taking
|gt|2 = 10−4 and θ = 0 as it gives maximum squeezing.
The variation of SX with |α|2 is shown in Fig. 4.

−
+ 9NA + 6)i(∆X1B ) ]
and
[∆X2B (t)]2 = (∆X2B )2 + |gt|2 [(∆Z1A )2

(59)

Fig. 4. Dependence of harmonic squeezing Sx with |α|2
in THG process (when |gt|2 = 10−4 and θ = 0).

− h(9NA2 + 9NA + 6)i(∆X2B )2 ].
Using Eq. (53), then we have

(60)

Figure 4 shows that the squeezing increases nonlinearly
with |α|2 , which is directly dependent upon the number
of photons. This again conrms that squeezed states are
associated with a large number of photons. Moreover, the

h(9NA2

2
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curve establishes the relationship between the harmonic
and the fundamental mode.

5. Conclusions
The important ndings of this paper are as follows.
In this paper the squeezing and sub-Poissonian eects of
light of the fundamental mode in third harmonic generation are investigated up to the rst order Hamiltonian interaction in gt. It is shown that amplitude and
amplitude-squared squeezing as well as sub-Poissonian
photon statistics of light in the fundamental mode is
directly dependent upon the selective phase values of
the eld amplitude in both the quadratures. A comparison between rst- and second-order squeezing shows
greater squeezing in second-order having the same number of photons. It is inferred that higher-order squeezing (amplitude-squared) makes it possible to achieve
signicantly larger noise reduction than ordinary (normal) squeezing. The occurrence of multiplication factor
(|α|2 + 1) in the second-order squeezing is the nonlinear
eect due to strong pump eld interaction, which shows
that squeezing is found to be maximum in amplitude-squared followed by amplitude-squeezing. It is also
found that the degree of squeezing and occurrence of sub-Poissonian light directly depends upon the photon number of the fundamental eld as well as on the harmonic
eld. In all cases degree of squeezing increases and lowers
the depth of classicality of eld amplitude with photon
number. It is shown that for the particular phase values the amplitude squeezing and sub-Poissonian photon
statistics of light appear simultaneously.
In the harmonic mode, we have found that there is
no possibility to produce squeezed laser light in the harmonic mode to the case of rst-order Hamiltonian interaction in coupling constant. Further, we have extended the case up to second-order interaction in gt and
found that the normal squeezing in the harmonic mode
directly depends upon the amplitude-cubed squeezing of
the initial pump eld. This gives a method of converting higher-order (amplitude-cubed) squeezing of the fundamental mode into normal squeezing of the harmonic
mode and vice versa. It is observed that rst-order harmonic squeezing in X2B quadrature is |gt|2 times of the
third-order fundamental squeezing in Z1A quadrature.
Moreover, we have found that if g 2 t2 < 1, squeezing
is greater in harmonic mode compared to fundamental
mode.
As a result, this family of squeezing and sub-Poissonian
photon statistics eects in relation to selective phase values of the eld amplitude of the fundamental as well
as of the harmonic mode is useful to obtain the desired
degree of amplitude squeezing through dierent higher-order nonlinear optical processes. Hence, these results
may pave the way for obtaining greater noise reduction in
optical systems and can be useful in high quality telecommunication.
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