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In the paper, the energy harvesting from vibration of two-degree-of-freedom mechanical system is analyzed.
The considered system consists of two mass linked in series by means of springs and dampers. The kinematic
excitation of the system was assumed. The energy conversion system was placed in the suspension of lower mass.
As a result of the analysis, the methods to increase the energy harvesting from vibration were proposed. The
laboratory stand has been built and a series of measurements performed. Results of numerical simulations and
measurements are presented in graphs.
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1. Introduction

Recently there has been a growing interest in energy
harvesting from mechanical systems executing vibrations
[1�3]. In harvesting systems, some part of mechanical
energy is converted into electrical energy by means of
special energy subsystems [4, 5] and is saved in capac-
itors [6] or rechargeable batteries. The energy conver-
sion is realized by using linear DC motors or piezoelec-
tric devices. The energy storage takes place in electrical
networks containing bridge recti�ers and capacitors or
batteries. Recently, a number of studies were published
(cf. [7] as an example) on replacing bridge recti�ers with
power-electronic switches in recti�er circuitry. In order
to be able harvest as large amount of energy as possible,
both processes � energy conversion and energy storage
� should be optimized.
In the paper, the strategy to increase the energy har-

vesting from vibration of a two-degree-of-freedom (DOF)
mechanical system is analyzed. Guidelines for the en-
ergy conversion and the energy storage process are for-
mulated. The e�ciency of the energy storage process is
mainly associated with the speed of charging the capac-
itors. A special e�ciency coe�cient was introduced in
calculations to take this into account.
The considered system consists of two mass linked in

series by means of springs and dampers. Such structure is
often used as a simple model of suspension systems. The
kinematic excitation of the system was assumed. The
energy conversion system was placed in the suspension
of the lower mass.

2. Description of the system

Calculations and measurements were done for a system
that is shown in Fig. 1. The system consists of two masses
that can be moved in vertical direction. The support of
the system is connected with moving part of an exciter.
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Fig. 1. Scheme of laboratory stand.

The system may be a simple model of many di�erent
objects. For example, a quarter-car model has the same
structure which is very commonly used for investigating
dynamics of a car suspension [8]. Similarly, vibrations of
sprung transport platforms can be, to the �rst approxi-
mation, studied with the proposed model.
Two linear motors are used in the laboratory stand.

The lower motor works as an exciter. The platform at-
tached to the moving part of the motor moves according
to the prescribed function z(t). The second motor, placed
in the suspension of the lower mass, converts mechani-
cal energy into electric energy. The force exerted by the
linear motor is denoted by F (t) and it is applied to the
lower mass and to the platform attached to the moving
part of the motor.

3. Mathematical model

The proposed system is a simple 2-DOF mechanical
system with energy harvesting subsystem consisting of a
linear motor and an energy storage system. It was as-
sumed that electric energy is accumulated in a capacitor.
In order to describe the state of the system, the me-
chanical subsystem and electrical subsystem should be
considered separately. They are shown in Fig. 2.
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Fig. 2. Mechanical and electrical subsystem.

Equations describing the vibrations of both masses in
relation to the static equilibrium position of the system
take the following form:

m1ẍ1 = k1(z − x1) + b1(ż − ẋ1)
−k2(x1 − x2)− b2(ẋ1 − ẋ2) + F

m2ẍ2 = k2(x1 − x2) + b2(ẋ1 − ẋ2)
, (1)

where coordinates and coe�cients are described in Fig. 2.
In the calculations, the simplest form of electrome-

chanical coupling is assumed that can be realized by a
permanent-magnet DC motor. In this model, the volt-
age u is related to relative velocity (ż− ẋ1) and the force
F is related to current i according to the following equa-
tions:{

u = κ1(ż − ẋ1)
F = κ2i

, (2)

where κ1, κ2 are the motor constants [9]. When κ1 =
κ2 = κ the electric power equals mechanical power and
the linear motor converts the electric energy into mechan-
ical energy without any loss.
Equations of the electrical subsystem resulting from

the Kirchho�'s voltage law and basic properties of the
capacitor can be written in the form:

CL d2uc

dt2 + CR duc

dt =
1
2 (1 + sgn(|u| − uc)) (|u| − uc)

i = C duc

dt

, (3)

where L is the inductivity and R is the resistance of the
linear motor winding, and C is the capacitance of the
capacitor. In further considerations, the simplest diode
model called the �ideal diode� and de�ned as a device
having zero resistance when forward-biased and in�nite
resistance when reverse-biased will be assumed.
Equations (1)�(3) describe evolution of the considered

electromechanical system.

4. E�ciency of energy storage process

During the process of charging a capacitor a part of
electric energy is converted into heat and dispersed in
the surrounding space. The dispersed energy should be
as small as possible in order to retain good e�ciency
of the energy accumulation process. It is apparent that

the speed of capacitor charging is the main parameter
in�uencing e�ciency of the energy accumulation process.

The aim of analysis is the assessment of e�ciency in the
simple case of charging the capacitor by current �owing
trough resistor as a result of increasing voltage of the
source. The circuit including voltage source, resistor, and
capacitor is shown in Fig. 3. In analysis, the inductor was
omitted because the voltage across it is small during slow
process of charging the capacitor.

Fig. 3. Capacitor charging circuit.

In the assumed circuit, the speed of charging the ca-
pacitor is directly related with circuit time constant T
that is the product of resistance R and capacitance C.
The speed of charging depends also on the source volt-
age increase rate. In calculations, the following formula
describing the source voltage was assumed:

u(t) = u0(1− e−
t

Tu ), (4)

where Tu is the time parameter and u0 is the asymptotic
voltage.

The source provides the energy for the circuit. It
should be accumulated in capacitor but due to the Joule-
Lenz e�ect, a part of electric energy is turned into heat
in the resistor. The di�erential equation describing the
charge q(t) �owing in the circuit and accumulating in the
capacitor has the following form:

RC
dq

dt
+ q = Cu(t). (5)

Assuming that the capacitor was completely discharged
at t = 0 and taking into account the formulae (4) de-
scribing the voltage u(t), the solution of Eq. (5) is

q(t) = Cu0(1−
1

Tu − T
(Tue

− t
Tu − Te− t

T )). (6)

The above solution describing the capacitor charge as a
function of time allows calculating the energy Ec(t) ac-
cumulated in the capacitor:

Ec(t) =
1

2
Cu20(1−

1

α− 1
(αe−

t
Tu − e−α

t
Tu ))2, (7)

where coe�cient α is the ratio of the source time param-
eter Tu to the circuit time constant T .

Electric energy ER converted into heat in the resistor
can be calculated by �rst determining the current as a
function of time. Next, the energy converted into heat
is calculated as the integral of the product of resistance
and current squared. Electric energy ER converted into
heat is �nally described by the formula:

ER(t) =
1

2
Cu20

1

(α− 1)2

{
α
(
1− e−2

t
Tu

)
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−4 α

1 + α

[
1− e−

t
Tu

(1+α)
]
+ 1− e−2α

t
Tu

}
. (8)

The energy storage e�ciency coe�cient η is de�ned as
the ratio of the energy accumulated in capacitor (useful
e�ect) to the source energy (expended energy) that is
a sum of the energy accumulated in capacitor and the
energy converted into heat:

η =
EC

EC + ER
. (9)

Plots of the e�ciency coe�cient, versus dimensionless
time τ = t/Tu are shown in Fig. 4 for various values of
coe�cient α.

Fig. 4. E�ciency coe�cient as a function of dimen-
sionless time τ = t/Tu.

Assuming that duration of the process of charging the
capacitor approaches in�nity (t→∞), the e�ciency co-
e�cient value tends to the following limit:

η∞ = lim
t→∞

Ec
EC + ER

=
1 + α

2 + α
. (10)

The form of the formula (10) shows that the limit value of
the e�ciency coe�cient is a simple function of the ratio α
of the source time parameter Tu to the circuit time con-
stant T . If Tu approaches zero, the source voltage takes
the form of a step signal. Voltage u(t) reaches its maxi-
mum value u0 extremely fast. In this case, the e�ciency
is equal to 0.5 and this is the minimum possible value of
this quantity. If the voltage u(t) reaches its maximum
value u0 slowly, the e�ciency is larger. This regularity is
true independently of the circuit time constant T . The
plot of the e�ciency coe�cient as a function of ratio of
the source time parameter Tu to the circuit time constant
T is shown in Fig. 5.

Fig. 5. E�ciency coe�cient as a function of ratio α.

Results of the presented calculations can be used as a
base for selection of parameters of the energy accumula-
tion subsystem. The energy accumulation process will be
e�ective when the source time parameter Tu, associated

with the source voltage increase rate, is su�ciently larger
than the circuit time constant T . If the voltage source
is associated with vibrating system, the voltage increase
rate is directly associated with frequency of vibrations.
Large values of Tu are associated with longer times of
the charging process. It is apparent that there is a con-
�ict between the e�ciency and the charging rate. The
energy storage process e�ciency coe�cient η is reduced
additionally as a consequence of increasing capacitance,
because in this case the circuit time constant increases.
Finally, we come to conclusion that the storage system
with large capacitance and large charging rate has in gen-
eral a small energy storage e�ciency.

5. Laboratory workstation

The laboratory workstation is presented in Fig. 6.
The workstation structure is supported by frame (1), to
which components of the vibration reduction system are
mounted. Three moveable platforms are connected to
vertical slides by means of linear bearings. Platforms
are linked to each other by means of springs. The lower
platform is linked with moving part of the LA30 lin-
ear electro-dynamic motor (10) and with the magneto-
strictive displacement transmitter (11). Between the
lower platform and the intermediate platform, the LA25
linear motor (8) is placed as a part of the energy har-
vesting system. The workstation is additionally provided
with incremental heads, which are linear encoders (2) and
(6). The displacement transmitters were selected in or-
der to achieve a high measuring resolution of 0.01 mm
for platforms (3) and (5), and 0.1 mm for platform (9).

Fig. 6. Laboratory workstation.

The control and measuring system was divided into
two parts, the �rst part for controlling the exciter and
the second part for measuring test signals. The pro-
posed structure of the control and measuring system is
shown in Fig. 7. The tests were carried out using the
LabView programming environment. Control algorithms
were executed at the hardware level. The control sec-
tion consisted of cRIO controller provided with a pro-
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Fig. 7. Structure of the control and measuring system.

grammable array of logic gates FPGA, real time proces-
sor, input/output modules, and the TCP/IP communica-
tion module. There were two ways of archiving the con-
trol data � by exchanging data streams with the control
panel and sharing prepared �les with the FTP service.
The measuring section comprised a cDAQ controller

with analog input measuring cards. It allowed for scaling
and recording the measurement data on PC computer.
The measuring converters made possible to record dis-
placement of platforms, as well as the current and the
voltage in the energy harvesting system.
The block diagram of the proposed energy harvesting

system is shown in Fig. 8. The system is divided into two
subsystems. The �rst is the energy regeneration subsys-
tem and the second is the energy storage subsystem. Tak-
ing into account the oscillatory character of the motion of
the mechanical system, the full-wave recti�er was placed
in energy regeneration subsystem. The fundamental el-
ements of the storage subsystem are two 58F Maxwell
ultra-capacitors used for the storage of electric energy.
By using two capacitors, one can obtain larger amount
of regenerated energy and larger e�ciency of the storage
process because the resultant capacitance is larger while
the charging rate is rather small. In the proposed circuit,
the �rst capacitor C1 is charged immediately, and the sec-
ond C2 is charged indirectly by DC/DC converter. For
the assumed excitation, the maximum relative velocity of
the engine core with respect to the engine coil equals ap-
proximately 0.1 m/s. In this case the maximum voltage
across the linear motor coil is less than 2.5 V.

6. Experimental studies

The laboratory workstation allows for testing the har-
vesting system in the range of frequency up to 50 Hz. The
measurements were performed for the following param-
eters of the workstation: m1 = 3.8 kg, m2 = 2.9 kg,
k1 = 10500 N/m, k2 = 6567 N/m, b1 = 30 Ns/m,
b2 = 5 Ns/m.
Before starting measurements relating to the energy

accumulating system, motion of the mechanical subsys-
tem was considered in the case when the circuit of the mo-
tor was closed and thus the energy accumulating system
was made inactive. The whole of energy transferred from
mechanical subsystem into electrical energy was turned
into heat in resistor. Vibrations of both masses were

Fig. 8. Diagram of the energy regeneration system and
energy storage system.

reduced. The support plate was subjected to vertical
displacement z(t). Sinusoidal excitation with frequency
increasing from f1 = 0.2 Hz to f2 = 15 Hz at constant
angular acceleration ε = 0.01 Hz/s was assumed. The
angular acceleration was so small, that the system could
perform almost steady-state motion for all frequencies
from the range (f1, f2).
Using the registered values of displacements

x1(t), x2(t) and z(t), the frequency response curves
were calculated for both upper and lower mass. They
are shown in Fig. 9.

Fig. 9. Frequency response curves for upper and lower
mass.

Fig. 10. Voltages across capacitors.
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Fig. 11. Energies stored in capacitors.

In the next part of laboratory investigation, the energy
accumulating system was active. The sinusoidal excita-
tion with constant frequency (10, 15, and 20 Hz) and
amplitude A = 1 mm was assumed. The scope of mea-
surements was extended in order to investigate signals
associated with the energy storage system. First of all,
the current in the charging circuit and voltages across
capacitors were measured. On the basis of the registered
voltages, corresponding energies stored in capacitors were
calculated. Results obtained for the three assumed fre-
quencies are shown in Fig. 10 and Fig. 11. Additionally,
as in the �rst part of the laboratory investigation, dis-
placements x1(t), x2(t), and z(t) were measured.
Two stages can be distinguished in the charging pro-

cess. In the �rst stage, from t = 0 to t = 500 s, charging
of the �rst capacitor is the dominant phenomenon. The
energy of the second capacitor increases very slowly. In
the second stage, from t = 500 to t = 1000 s, the second
capacitor is mostly charged. The �rst capacitor is slowly
discharged. Its energy is partly transferred to the second
capacitor. Application of two capacitors in the proposed
system allows to decrease the charging rate and, as a
consequence, to increase the energy storage e�ciency.

7. Summary

In the paper, extraction of energy from vibrations of
two-DOF mechanical system and the possibility of accu-
mulation of the extracted energy in capacitors were an-
alyzed. Using the simple model of a capacitor-charging
circuit, e�ciency of the energy storage process was inves-
tigated. The results of calculations were used in the de-
sign of energy storage system. With the use of dedicated

laboratory workstation, a series of experiments have been
performed. The experiments were oriented at determina-
tion of the storage system e�ciency.

The main conclusions derived from calculations and
measurements can be summarized as follows:

� E�ciency of the storage process depends mainly on
the ratio of the source time parameter to the circuit time
constant. For any time, large value of source time pa-
rameter ensures better e�ciency of the energy storage
process. According to de�nition of the source time pa-
rameter, the larger is its value, the lower is the charging
process rate.
� Application of large capacitors in the charging cir-

cuit increases the circuit time constant. This can make
e�ciency of the storage process unsatisfactory. In the
energy storage system, proposed in the paper, the drop
of e�ciency was essentially limited.

� The proposed harvesting system can be connected
with a vibration control system acting in the suspension
of the upper mass. In this case, energy stored in capac-
itors could be supplied to the vibration control system.
A self-powered vibration control system can be formed
in this way.
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