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An analytical solution is obtained, based on linear quadratic problem well-known in the control theory. The
problem is formulated for fixed-free beam vibration (fourth order partial differential equation) in Hilbert space and
the point control and distributed output is considered. Beam deflection at any point is chosen as a criterion of
optimization. In this case it means the linear quadratic problem. Up to now, the linear quadratic problem was
formulated many times, but only for the time-dependent equation. The aim of the paper is to obtain the value
of the cost functional formulated as the function of distribution of actuators. The minimum of this function leads
to the optimal actuators location. The results obtained with this method confirm the results obtained in heuristic
way and pure analytical one for separate mode; it is pointed out that the actuators ought to be bonded on the
beam sub-regions in which the mode curvatures take their local maximums and the highest value.
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1. Introduction

The p-reduction is possible for separate mode and it
is realized with actuators [1-4]. The quantity of the re-
duction depends on many factors [5-10]; they are enu-
merated in [3]. It seems that the most important is an
optimal distribution of actuators on the structure [5, 6].
A lot of optimization techniques are distinguished; an
excellent survey of them may be found in [11] and is re-
peated in [3]. Two main approaches to this problem are
classified. In one of these approaches optimization cri-
teria depend on the choice of controllers/control and in
this case the quadratic cost functional of the measure er-
ror and the control energy (cf. e.g. [12]) is taken into
account. This is the approach nearest to the considered
in this article.

In the quoted references, it was not provided the actu-
ators distribution in explicit; only general rules (criteria)
were formulated. However, considering effectiveness of
the p-reduction as the criterion, this problem has been
already solved. First, based on the heuristic observa-
tions [1, 13], it was deduced that the most effective dis-
tribution of actuators was on the structure sub-domains
with the largest curvatures and the highest value of the
curvature; such distribution is called the quasi-optimal
(QO) one. Next, this result was confirmed in analytical
way [2]. Since then, such distribution may be regarded as
optimal (O) one. It is worth stressing that even one actu-
ator bonded anywhere on the beam provides p-reduction
but the effectiveness is poor [1].
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In the paper, based on linear quadratic (LQ) problem
formulated in the control theory [14], an analytical solu-
tion of the above problem is also achieved. The boundary
problem is formulated for beam vibration in an abstract
Hilbert space and is considered the point control and
distributed output. As a criterion, minimization of beam
deflection at any point is chosen. In this case it means
the optimization LQ problem. To our knowledge, up to
now, the LQ problem was formulated many times, e.g.
in [11, 12, 15], but for time-dependent equation.

The aim of the present paper is to find the value of the
(quadratic cost) functional for the special control f; and
then to derive the minimum of the function. Finally it
leads to the optimal distribution of actuators. As can be
seen, the aim is neither finding an optimal control nor an
optimal regulator.

The results obtained with this method confirm the re-
sults obtained on the analytical way for separate mode
presented in [2, 4]. To the authors’ knowledge, such prob-
lem has not been considered yet.

2. Beam forced vibration with damping and
p-reduction by actuators

This theory is repeated after papers [3, 4]. Let the
beam be clamped at one side; geometrical data of the
beam are: £ —length, S — area of the cross-section, qg =
qr(x,t) — distributed load force. The beam vibration
equation is

EJ (Dju + pD}(Dsu)) + pSDju = —qp, (1)
where u = u(z,t) is the beam deflection at the point z
and the moment ¢, F is the Young modulus, J is the
surface moment of inertia of the beam cross-section, p

is the mass density, p is the internal damping factor,
Di(-) = 0*(-)/0z*, and Dy(-) = 9(-)/ot.
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The boundary conditions are described by the follow-
ing equations:
u(r =0,t) =0, Dyu(x=0,t)=0, (2)
D2u(x =£,t) =0, D3u(x=1¢,t)=0. (3)
Besides, initial conditions are assumed to be equal to
zero, i.e. ug = {u(0,z2) =0, D;u(0,2) = 0}. The solu-
tion of the formulated problem represents forced har-
monic vibrations with damping. Let the lateral load
force qg(z,t) = qr(z) exp(iwyt), where w, is the angular

frequency. The solution of the above problem, for the
steady-state case, can be proposed, after [3, 4] as
u(z,t) = X(z) exp(iwgt), (4)
where
Z C, X, ( Z X (
V_1,2,... 00, (5)

where C, are certain constants,
(eigenfunctions), and

XV(.T) = Kl(Ayg)KQ(AVx) —
where {K1 (Z), KQ(Z), Kg(z), K4
tions [3, 4] and, {A\,} is a set of eigenvalues:
{1.8751,4.6941,. ..,
by Eq. (6), boundary conditions given by Egs.
(3) have been used.

The constants C, are expressed by
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The problem of the beam vibration with damping and,
excitation given by gg(z,t) is thus solved.

X, (z) are v-modes

K4()\V€)K3(AVJ")7 (6)
(2)} are the Krylov func-

{)‘ug} =
(2v—1)7/2}. To obtain X, (z) given
(2) and

D, =

C* v B> (7)

w

Fig. 1. Interaction actuator-beam.

Adding an effect of actuators on the beam in active vi-
bration reduction, the total load is the sum of ¢ (x, t)and
the forces interacting between actuators and the beam,
Fig. 1, and is given by [2-4]:
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f(.’l?) = —q4E + Z |:f116(3j - xla) - 2fa6<x - xa)

Ffab(z + x%)}, )

where x1, = T4 — £0/2, Xoq = Tq + £a/2, T, is the lo-
cation of the actuator center (expression in the bracket
is the sum of interacting actuators-beam forces), §(-) is
Dirac delta distribution, gg is the amplitude of the ex-
ternal distributed force, and wj is replaced by wy. For
simplicity, all actuators are assumed to be identical from
the geometrical and technical point of view. In this case,
instead of I,.p in Eq. (8), for f(z) one has

/f dxf—qE/X

+ Z fa Ila - 2Xu(1'a) + Xy(ﬂ?ga)] .

The expresswn in square brackets constitutes, in an ap-
proximate manner, the second-order central finite differ-
ence. Since the distance between nodes ¢, is constant,
then the difference can be transformed approximately
into
1

@ [Xu(xla) -

(10)

2X, (2a) + X, (224)] = D* X, (w,)

~ Ky (Ta), (11)
where k,(z,) is the curvature of the mode X, (x) at the
point & = x, [2-4].

An approximation carried out in (11) is a consequence
of replacement of the differential quotient by the deriva-
tive and moreover, the curvature is equal the second
derivative in approximately, for small vibrations.

Substituting Eq. (11) into Eq. (10), one obtains

4
I, = _qE/ Xl/(x) dz + Zfaezﬁu(xa) =
0 a

_Iq;ll + Zpa”ﬂu(xa)a Pa = fa€i~
Substituting Eq. (8) into Eq (5) via Eq. (12
Z C*ILX,( Z cx
X ( — Iy + pr@(mﬁ))@(m),

and the reduction of vibrations is given by Eq. (4), where
X(z) = Xy(x).

(12)

), one obtains

(13)

3. LQ problem formulation

To achieve the paper’s aim, new variables are intro-
duced. Let assume, that total load can be written as
flz,t) = fo(x) fe(t) = fofi. Let introduce new variables,
ie.

z1 =u, z3= Dy, (14)
where 21 = 21 (z,t), 20 = 22(x, t).

Substituting Eq. (14) into Eq. (1), one obtains equa-

tions in a matrix form (7 is the identity operator):
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To formally formulate the LQ problem, the boundary
problem described in the above subsection should be
expressed in the form of an abstract model. For this
purpose, one introduces an abstract Hilbert state space
H = L*(0,¢) @ L%(0, /). In this space, the scalar product
is defined as (2, w)3 = (21, w1)12(0,0)+(22, W2) 12(0,¢)- For
fixed time ¢ > 0, the state vector z(t) = [z (-, 1), z2(-,1)]"
belongs to space H. So, the set Eq. (15) may be formu-
lated in abstract form as

Dy z(t) = Az(t) + Bw(t), y(t) = Cz(1). (16)
The state operator A : (D(A) C H) — H is defined as

0 I 21
—ogEJD; —sEJuD; | | 2

+

21

A

2
= 17
29 [ —piEJD‘lzl — piEJuD‘le ] ’ (17)
where

D(A) = {z €H: Dyz e L2(0,0), D22 € L2(0,0),

D3z € L?(0,¢), D3z € L*(0,4),2(0) = 0,
D,2(0) = 0,D?2(¢) = 0, D32(¢) = o}. (18)
The control vector B takes the form
0
B = H. (19)
L@ *

The output operator is Cz = z;. One observes the first
state variable, i.e. the beam deflection at the point x and
the fixed ¢t. The LQ problem, with the finite time horizon
T, lies in minimization of the (quadratic cost) functional

J(uo, w) = ||w||i2(0,T;C) + ||Z/Hi2(0,T;C) (20)
over trajectories of Eq. (16).

This functional is not standard for LQ problem with
finite time horizon; it is modified a little. For the stan-
dard LQ problem, the theory of control gives an answer
how to construct an optimal regulator to ensure asymp-
totic stability closed loop system and the form of optimal
control is also known. It will be the subject of a future
research.

In the next sub-sections, the control is assumed in the
form f; = exp(iwyt) € LlOC(O,oo;C’), where C' is the
complex number set; note that f; is not optimal. For
such f;, the value of the functional is calculated. This
value depends, among other, on actuators distribution.
Looking for a minimum of this function one finds the
optimal actuators distribution.

5. Optimal distribution of n, actuators

It is further assumed that:

e there are n, actuators with coordinates of their cen-
ters {z,}, Fig. 2 (a =1,2,...,n4);

A-157

e fi = exp(iwgt), where wy is the angular excited
frequency of excitation (wy = wy);

e qr(z) = g X (z), where gq is the excitation ampli-
tude and Xy (z) is the excitation form; as a result
of above assumptions, the beam vibrates only in k
mode.

L x, X, X, é

Fig. 2. Distribution of actuators.

In this case, f, is given by Eq. (9), whereas the func-
tion representing the first coordinate in Eq. (14) takes
the form

z1(z,t) =

) (= Lo+ parin(a) ) Xilw) expliont).  (21)

The functional for the control f; depends on distribution
of actuators {z,} and has the form

T ) T
J(xl,...,xna):/ | exp(iwgt)| dt—|—/ ’C’;
0 0

Cr Xy (z) exp(iwgt) = Cf

2
‘dt:

X ( — I+ Zpa/ik(xa)>Xk(x) exp(iwgt)

2
+ (02)2’ It Zpank(xa) X2T. (22)

Let us assume that —I, + Y aPaki(za) < 0 [4]; other-
wise, i.e. —Igk + Y, Pakk(2a) > 0, instead of reduction
of the vibrations, an increase would be obtained, so this
case is not considered.

A mathematical problem appears: to find such distri-
bution of actuators {z,} for which the value of functional
J takes a minimum. The sufficient condition for existence
of the extremum of the problem can be expressed in the
form

DyJ(z1, @0, ... 2, ) = 2(CF)?
X\ =gk + Zpafik xa))Plleik(ml)XkT 0,
DyJ(xq, @2, ... l‘na) =2(Cy)?

X( Igr + Zpa’?k Uﬂa))pzDzﬁk(ﬂcz)XkT =0,

DnaJ(xl,xg,...,zna)— (ck)( Ion

+ 3 patn(a) ) o, Dag il ) XET =0, (23)

where D, () = D1(-),..., Da(-) = Dy, () for simplicity.
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Assuming —1I;, + >, Paki(za) < 0, the points in

which an extremum may occur must satisfy conditions
Dlﬂk(xl) = O,D2’€k(x2) = 07 T Dna’ik(xna) = 0(24)

To find the sufficient conditions of existence of an ex-
tremum, the matrix of second derivatives (Hessian H)
ought to be taken into account. Let the necessary con-
dition be satisfied at the point P = (z1,za,...,Tp,)-
Then the mixed derivatives at this point are equal to
zero, i.e. D% J(z1,29,...,2n,) = 0, a,b = 1,2,...,n,,
a # b. So the Hessian H at point P is a diagonal matrix
H = diag[D2,J(P)la, a =1,2,...,n,.

Note that the second derivatives of the functional take
the following explicit form:

D2, (w1, 0,) = G [p2 (Daril20))?
+( — Iy k + Zpa’%k(xa))pal)ia’fk<xa)} X;%T (25)

The sufficient conditions for existing of a minimum of the
functional at point P are that the main minors are posi-
tive:

D2J 0
D2.J>0, det| > 0,
u “l 0 DJ
D2J 0
det | 0 D3J - | >o. (26)
' D DR

Because of assumption made above in Eq. (24), from
the condition D% J > 0 it follows that D% rx(z1) < 0.
Therefore the sufficient conditions for existence of a min-
imum at point P take the form

D? k(1) < 0, Digkp(rz) <0,
D2 . kp(za) <O0. (27)
The results are identical to ones obtained in [2], so ob-
jective of the present paper is achieved.

6. Summary and conclusions

It should be emphasized that, in general, the solution
of eigenproblem in a Hilbert space is different from the
solution given in subsection 2, but form of the first com-
ponent of the solution (eigenvector) is the same as in
Eq. (6). Eigenvalues are always different but a connec-
tion can be found between new eigenvalues and these
introduce in section 2.

Furthermore, the point {z .y} at which the curvature
has the highest value should be found, but it is possi-
ble for the explicit form of the mode; for more details,
see [2, 4].

In the present paper, the quadratic cost functional is
a little modified for LQ problem with a finite time hori-
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zon. For standard LQ problem, theory of control gives
an answer how to construct optimal regulator to ensure
asymptotic stability closed loop system and also the form
of optimal control is known. It will be the subject of a
future research. Furthermore, other cost functions will
be considered.

The conclusions enumerated below are derived assum-
ing that all actuators are the same and the beam vibrates
only in separate mode. Taking into account the theoret-
ical considerations on the grounds of the control theory
(strictly speaking, on the grounds of the LQ problem),
the following conclusions may be formulated:

e an optimal distribution of the actuators is in the
sub-domains of the separate beam mode with the
locally maximum curvatures;

e the above conclusion confirms the results obtained
on pure mathematical way in the present author’s
own papers.

The similar research for beam vibration (not for sep-
arate modes) and also for actuators different with re-
gard to their geometrical and technical properties, may
be more useful. The studies on these problems are always
carried on.
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