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In the present study a theoretical analysis is presented for determining the stability characteristics of clamped
non-homogeneous shells on the elastic foundation subjected to the lateral pressure. The basic equations have been
derived for the shell, the Young modulus of which varies exponentially in the thickness direction and rests on the
elastic foundation. By applying the Galerkin method to the basic equations, the expressions for the critical lateral
pressure of the non-homogeneous shell with or without an elastic foundation are obtained. Finally, the e�ects of
the non-homogeneity, elastic foundation and shell characteristics on the critical lateral pressure have been studied.
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1. Introduction

In many practical applications, particularly in
aerospace industry, modern missile technology, pressure
vessels, water ducts, pipelines and casing pipes, shell-
-type structural elements have to work under radiation
and high temperature environment which causes non-
-homogeneity in the material, i.e. mechanical proper-
ties of the material vary with space coordinates [1].
Non-homogeneous materials are of considerable interest
to design engineers in various technological situations.
Thus, their design requires an accurate analysis for their
stability characteristics.
Up till now, several studies have been devoted to

the stability and vibration behaviors of homogeneous
and non-homogeneous structural elements with di�erent
boundary conditions [2�4]. The static and dynamic inter-
action of shells with elastic media is a problem of current
importance. However, the static and dynamic analyses
of clamped shells surrounded by elastic media are quite
limited [5, 6].
In the present study a theoretical analysis is presented

for determining the stability characteristics of clamped
non-homogeneous shells on the elastic foundation sub-
jected to the lateral pressure. The basic equations have
been derived for the shell, the Young modulus of which
varies exponentially in the thickness direction and rests
on the elastic foundation. By applying the Galerkin
method to basic equations, the expressions for the criti-
cal lateral pressure of the non-homogeneous shell with or
without an elastic foundation are obtained. Finally, the
e�ects of non-homogeneity, elastic foundation and shell
characteristics on the critical lateral pressure have been
studied.
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2. Basic equations

The geometry of the non-homogeneous truncated con-
ical shell is de�ned in Fig. 1. R1 and R2 are the average
radii of the cone at its small and large edges, h is the cone
thickness, γ is the semi-vertex angle of the cone and L is
the truncated cone length along its generator. The coni-
cal shell is referred to orthogonal curvilinear coordinates
(S, θ, z) as shown in Fig. 1, in which S is in the generatrix
direction measured from the vertex of the shell, θ is in the
circumferential direction, and z is in the normal direction
measured from the reference surface, positive inward. S1

and S2 being the coordinates of the points where this axis
intersects the small and large bases, respectively. The
Young modulus of the shell varies exponentially in the
thickness direction as E(z̄) = E0(1 +µe−0.1|z̄|) and Pois-
son's ratio is assumed to be constant [4, 5]. Here z̄ = z/h,
E0 is the Young modulus of the homogeneous isotropic
material and µ is the non-homogeneity coe�cient, satis-
fying 0 ≤ µ < 1. The non-homogeneous truncated con-
ical shell rests on the Winkler elastic foundation. The
load�displacement relationship of the foundation is as-
sumed to be N = Kw, where N is the force per unit
area, K is the Winkler foundation sti�ness and w is the
displacement in the radial direction.

Fig. 1. Geometry of a truncated conical shell.
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Considering the above mentioned knowledge, the sta-
bility and compatibility equations of a non-homogeneous
isotropic truncated conical shell subjected to the uniform
lateral pressure and resting on the Winkler elastic foun-
dation can be written in the following form as:
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where δi, ∆i (i = 1, 2, . . . , 4) are the parameters de-
pending on the non-homogeneous material properties and
shell characteristics [3, 6].

3. Solution of basic equations

Two end edges of the non-homogeneous truncated con-
ical shells are assumed to be clamped. Thus, the approx-
imate solution for Eqs. (1) and (2) may be assumed as
[2, 3]:

w = Aeλx sin2(m1x) cos(n1ϕ),

Ψ = BS2 e(λ+1)x sin2(m1x) cos(n1ϕ), (3)
where A and B are the amplitudes, m1 = mπ/x0,
n1 = n/ sin γ, m, n are wave numbers. The parameter λ
changes depending on the geometry of the shell, loading
and boundary conditions, and is found from the mini-
mum condition of the critical lateral pressure. Multiply-
ing Eqs. (1) and (2) by wS2

2 e2xdϕdx and ΨS2
2 e2xdϕdx,

respectively, and integrating in the ranges 0 ≤ ϕ ≤
2π sin γ and −x0 ≤ x ≤ 0, i.e. applying Galerkin's
method to the foregoing equations and substituting (3)
into (1) and (2), the following expression for the uniform
critical lateral pressure is obtained:
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i = −2,−1, 0, 1, 2, (5)
in which Ui (i = 1, 2, . . . , 8) are the parameters depend-
ing on the material properties and shell characteristics
and are given in [6]. The minimum values of critical lat-
eral pressures of homogeneous (H) and non-homogeneous
(NH) cylindrical and truncated conical shells with and
without elastic foundation are obtained by minimizing
Eqs. (4) with respect to m, n and λ. As K = 0, from
Eq. (4), the expression for critical lateral pressure of
NH truncated conical shell without an elastic foundation
(PNH

crL ) is obtained. As γ → 0, from Eq. (4), the expres-
sions for critical lateral pressure of NH cylindrical shells
with (PNHw

crLcyl) and without (PNH
crLcyl) elastic foundation

are obtained. As µ = 0, from Eq. (4), the expressions for
critical lateral pressure of homogeneous cylindrical and
conical shells with and without an Winkler elastic foun-
dation are obtained.

4. Numerical computations and results

A computer program has been used to compute nu-
merical values from the formulae obtained. The material
properties of shells are: E0 = 2 × 1011 Pa; ν0 = 0.3.
The numerical computations show that the minimum val-
ues of critical lateral pressure of clamped cylindrical and
truncated conical shells on the Winkler elastic founda-
tion are obtained approximately at λ = 0 and λ = 4,
respectively. By taking into account above values for
the parameter λ and for the longitudinal wave number
m = 1, the critical lateral pressures are minimized only
according to n.
The variation of critical lateral pressures for H and NH

cylindrical and truncated conical shells with or without
the Winkler foundation versus the semi-vertex angle, γ
and the ratio, R1/h, for the Winkler foundation sti�ness
K = 108 N/m3, are given in Fig. 2a and b, respectively.
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Fig. 2. Variations of critical lateral pressures of H and
NH shells on theWinkler foundation versus (a) the semi-
-vertex angle, γ and (b) the ratio, R1/h.

The Young modulus of the shell material varies exponen-
tially in the thickness direction and the non-homogeneity
coe�cient is µ = 0.9. As the semi-vertex angle γ and
the ratio R1/h increase, the values of the critical lateral
pressures for H and NH truncated conical shells with or
without a Winkler foundation decrease. As γ and R1/h
increase, the in�uence of the Winkler foundation on the
critical lateral pressures for H and NH shells increases.
The in�uence of the foundation on the critical lateral
pressure of non-homogeneous shells is lower than the ho-
mogeneous shells. With increasing γ and R1/h, the in�u-
ence of non-homogeneity on PNHw

crL is reduced from 69% to
62% and from 67% to 51%, respectively, at the time, this
e�ect on the values of PNH

crL remains constant (87%). It

is observed that the values of the critical lateral pressure
of the cylindrical shell (γ → 0) is higher than the trun-
cated conical shell, while the e�ect of non-homogeneity
and elastic foundation on the critical lateral pressure of
the cylindrical shell is smaller (see Fig. 2a).

5. Conclusions

In this study, the buckling of the clamped non-
-homogeneous shells on the elastic foundation subjected
to the uniform lateral pressure has been investigated.
First, the basic equations have been derived for the shell,
the Young modulus of which varies exponentially in the
thickness direction and rests on the elastic foundation.
By applying the Galerkin method to basic equations, the
expressions for the critical lateral pressure of the non-
-homogeneous shell with or without an elastic founda-
tion are obtained. Finally, the in�uences of the non-
-homogeneity, elastic foundation, and shell characteris-
tics on the values of the critical lateral pressure have
been studied.
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