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By using the e�ective mass and parabolic band approximations, the nonlinear optical recti�cation and the
second harmonic generation are calculated in a two-dimensional quantum ring under the simultaneous e�ects of
perpendicularly applied magnetic �eld and in-plane applied electric �eld. The geometry of the ring is modeled
via the combined in�uences of a parabolic and inverse square con�ning potentials. The exact solutions for the
two-dimensional motion of the conduction band electrons are used as the basis for a perturbation-theory treatment
of the static electric �eld e�ect. The variation of one of the di�erent potential energy parameters, for a �xed
con�guration of the remaining ones, leads to either blueshifts or redshifts of the resonant peaks as well as to
distinct rates of change for their amplitudes.
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1. Introduction

Incorporating externally applied electric and magnetic
�elds may result in signi�cant modi�cations of the elec-
tron energy spectrum in quantum heterostructures. This
certainly a�ects a large number of properties in them.
One of the most important repercussions is the possibility
of obtaining strong nonlinear optical responses, resulting
from the consequent increment in the expected values of
the electron dipole moment. Among these properties, it
is of interest the study of second-order coe�cients such as
the nonlinear optical recti�cation (NOR) and the second
harmonic generation (SHG) ones [1].
Recent modeling of quantum discs plus parabolic and

inverse square potentials has led to a plausible analytical
description that can be used to obtain the spectrum of
electron states in two-dimensional quantum rings (QRs)
under the in�uence of externally applied magnetic �elds
[2, 3]. In this work we are going to use the advantages
of this model approach to study the NOR and SHG in
2D QRs in the presence of an applied static electric �eld.
In Sect. 2, we present some comments on the calculation
scheme, followed by the discussion of the obtained results
in Sect. 3. Finally, some conclusions are given in Sect. 4.

2. A brief outlook on the theoretical model

The details of the solution for the electronic states in
a system consisting of a quantum disc plus parabolic, in-
verse square and magnetic �eld potentials can be found in
Ref. [3]. The e�ective mass and parabolic band approx-
imations are the starting point for the calculation. The
inclusion of an electric �eld oriented along x = r cos θ

(the Cartesian x-direction) prevents from the analytical
solving of the two-dimensional e�ective mass conduction
band Schrödinger problem. Therefore, we have used an
approximate method based on the expansion of the elec-
tron states in terms of the complete set of eigenfunctions
of the problem without electric �eld [4]. Having them
in analytical form greatly simpli�es the approach. Then,
the diagonalization of the resulting Hamiltonian matrix
leads to the desired band states.
The zero electric �eld case shows these states labeled

by two quantum numbers. The number l = 0, 1, 2, 3, . . . ,
and the magnetic number m = 0, ±1, ±2, ±3, . . . At zero
magnetic �eld, the true ground state is the l = 0, m = 0
one. But when there is a �nite magnetic �eld applied,
the actual ground state corresponds to a di�erent combi-
nation of these two quantum numbers, much resembling
the Aharonov�Bohm situation [5]. To ensure the suit-
able convergence of the calculation procedure for nonzero
electric �eld, the orthogonal system of functions are those
corresponding to the combinations of quantum numbers
{n = 0, . . . 10; m = 0, ±1, . . .±10}, which entails a total
of 231 terms in the expansion.

3. Results and discussion

Our study considers a GaAs-based structure in which
the two-dimensional carrier density is σ = 1013 cm−2.
The input for the �eld intensities includes F = 10, 20,
30 kV/cm, and B = 10, 15, 20 T. The spectrum of elec-
tron levels (which we are going to label by the quantum
number l) is very dense. Between the ground and the �rst
excited states there are energy di�erences below 20 meV,
in all cases. This means that we need to make a proper
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selection of the intersubband transitions in order to re-
port rather measurable quantities. On the other hand,
we must restrict to include in the analysis only a number
of the lower allowed energy levels, which would be those
actually occupied at low temperatures. In this sense, for
the situation of the intersubband-related NOR, the de-
cision has been to pick up transitions related with an
energy di�erence of around 40�60 meV that, at the same
time, exhibit the larger possible intersubband dipole mo-
ment matrix element Mij = 〈ψi|r cos θ|ψj〉. Accordingly,
the NOR coe�cients depicted in Figs. 1 to 3 correspond
to li = 1 and lj = 9 (F = 20 kV/cm; B = 10 T); li = 1
and lj = 8 (F = 30 kV/cm; B = 15 T), and li = 1 and
lj = 8 (F = 40 kV/cm; B = 20 T) cases, respectively.

Fig. 1. Nonlinear optical recti�cation coe�cient (top)
and second harmonic generation coe�cient (bottom) in
a GaAs quantum ring under the combined in�uences
of an electric and a magnetic �eld, as functions of the
incident photon energy. The results correspond to the
situation of an electric �eld of intensity F = 20 kV/cm
and a static magnetic �eld strength B = 10 T.

It can be seen a blueshift of the resonant NOR peak
(notice that the second and third cases correspond to the
same transition), together with a reduction in its am-
plitude. The increase in the �eld intensities causes the
increment in the energy distance between the levels (for
F = 0, it readily follows from the corresponding exact
analytical expression � see Eq. (16) of Ref. [3]), which
re�ects in the shift towards higher frequencies.

On the other hand, the fall in the NOR resonant peak
amplitude relates mostly with the e�ect of the externally
applied electric �eld. It causes a redistribution of the
electron wave function in the region of the QR, looking

Fig. 2. Nonlinear optical recti�cation coe�cient (top)
and second harmonic generation coe�cient (bottom) in
a GaAs quantum ring under the combined in�uences
of an electric and a magnetic �eld, as functions of the
incident photon energy. The results correspond to the
situation of an electric �eld of intensity F = 30 kV/cm
and a static magnetic �eld strength B = 15 T.

to preserve the orthogonality between states of di�er-
ent l. As a result of this, the value of integrand Mij in
the region reduces thus leading to the decrease in the
intersubband dipole moment matrix element.

Regarding the SHG coe�cient, the task has been to de-
tect electron transitions with large enough electric dipole
moment matrix elements. That would lead to obtaining
the highest possible second order harmonics generation.
Such a procedure implies selecting a suitable three-level
transition. The choice made is that with l1 = 2, l2 = 5,
and l3 = 10, as initial, middle, and upper level, respec-
tively, for the three di�erent con�gurations of electric and
magnetic �eld intensities reported. The features of the
obtained electron spectra has allowed to detect this par-
ticular three-level transition, which almost exactly repro-
duces the ideal energy spacing (E12 = ~ω; E23 = 2~ω)
for the SHG, in the three situations under study. In
this case, we can also observe the blueshift of the reso-
nant peaks commented previously in the discussion of the
NOR coe�cient when the �eld intensities augment. The
same arguments given above are useful to explain such a
displacement.

The magnitudes of the SHG coe�cients reveal signif-
icantly high. This allows us to identify our GaAs QR
nanosystem with external magnetic and electric �elds
as a possible source of frequency-doubling in the far
infrared.
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Fig. 3. Nonlinear optical recti�cation coe�cient (top)
and second harmonic generation coe�cient (bottom) in
a GaAs quantum ring under the combined in�uences
of an electric and a magnetic �eld, as functions of the
incident photon energy. The results correspond to the
situation of an electric �eld of intensity F = 40 kV/cm
and a static magnetic �eld strength B = 20 T.

4. Conclusions

In this work we have studied the second order optical
response of GaAs quantum rings, modeled from consider-
ing a two-dimensional quantum disc plus inverse square
and parabolic con�ning potentials, and including the ef-
fect of externally applied electric and magnetic �elds.
The calculated nonlinear optical recti�cation and sec-
ond harmonic generation coe�cients show resonant peak
blueshifts as long as the external �eld intensities increase.
On the other hand, it is possible to identify speci�c three-
-level energy transitions in this kind of systems for which
the magnitude of the second harmonic generation coef-

�cient can be signi�cantly high. This result points to a
plausible application of the structures studied as source
of higher harmonics generation in the infrared range.
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