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The investigation of the electron and hole energies and probability densities is performed for the cases with and
without the donor hydrogenic impurity placed into the centre of quantum dot quantum well structures with di�erent
thicknesses of layers. The oscillator strengths of intra- and interband quantum transitions in GaAs/AlxGa1−xAs
core/shell/well/shell spherical quantum dot with ionized on-center donor impurity are estimated. The oscillator
strengths of quantum transitions non-monotonously depend on the width of the layers due to the di�erent location
of carriers. The optimal geometrical parameters of the nanostructure are estimated for the possibility of multicolor
light emission based on interband quantum transitions.
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1. Introduction
The semiconductor low-dimensional quantum het-

erostructures (i.e. quantum wells, wires, and dots) are
conspicuous in many technological applications such as
infrared photodetectors [1], lasers [2, 3], light emitting
diodes [4�6], single electron transistors [7], etc. The
modern advances in semiconductor technology allow the
preparation of more complex structures than the simple
quantum wells, wires, or dots. Such structures as mul-
tiple quantum rings [8], complex quantum wires [9, 10]
and the quantum dot quantum well (QDQW) structures
[11�15] are extensively studied. QDQW structures are
the multilayered quantum dots, composed of two semi-
conductor materials: the one with the larger bulk band
gap is sandwiched between a core and an outer shell of the
material with smaller bulk band gap and embedded into
the matrix. QDQW structures are applied for the fabri-
cation of white light emission sources. Recently, QDQW
structures that achieved multicolor emission were inves-
tigated.
The spectra of quasi-particles in QDQWs and in�u-

ence of geometric parameters and doped impurities is to
be studied in detail in order to assure that the white light
sources can be produced on their base. The pioneer the-
oretical and experimental investigations of multilayered
spherical nanostructures were performed in [16, 17]. The
results of calculations of interband transitions energies
obtained within the e�ective mass approximation corre-
lated well with the experimental data even when the size
of the certain layer of nanostructure was 1�2 lattice con-
stants. Besides, in the framework of this method, the
energy spectra of the electrons in AlGaAs/GaAs quan-
tum rings with the sizes of 2�4 nm [18, 19] were studied
and the results of numeric calculations and experimental
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data correlated, too. Thus, the e�ective mass approxima-
tion remains the basic theoretical method because using
it one can obtain the exact solutions of the Schrödinger
equations even for the multilayered systems.

The analysis of the energies and probability densities
of carriers in QDQWs was performed in [11�15]. It was
shown that the energies and localization of carriers in
these structures depend, mainly, on the core radius and
shells sizes. It is well known that an impurity realizes
the important e�ect at the optical properties of QDQWs,
too. The presence of charged impurity in QD changes the
potential of size quantization, a�ecting both the quasi-
particles energy spectra and oscillator strengths of ra-
diation transitions. The hydrogenic impurity states in
QDs were widely studied by many authors [20�25]. The
general theories of quasiparticles energy spectra in spheri-
cal nanosystems with shallow impurities in QD: quantum
antidot with donor impurity [20] and QD with acceptor
impurity [21] were developed. In [22], the energy spec-
trum and wave functions of electron in multi-shell QD
with donor impurity were obtained in the framework of
the e�ective mass approximation using the variational
method.

In [23�25] the electronic and optical properties of
QDQWs with donor impurities were investigated. In [23],
the oscillator strengths of electron intraband quantum
transitions in spherical QDQW with or without donor
impurity were obtained within rectangular potential bar-
riers and e�ective mass approximation using the shoot-
ing method for the numerical solving of the Schrödinger
equation. In [24], the oscillator strengths of intra-
band quantum transitions for the electron in GaAs/
AlxGa1−xAs multishell spherical QD with parabolic con-
�nement and on-center donor impurity were calculated.
In [25] the exact and variational calculations of a hydro-
genic impurity binding energy in QDQW were performed
taking into account di�erent e�ective masses and dielec-
tric constants of nanosystem layers.
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These theoretical investigations prove that when the
on-center impurity is present in nanostructure, the max-
imal shift of energy levels is observed and the intensities
of interband transitions are not changed essentially. For
the case of non-center impurity the intensities of transi-
tions sharply reduce due to the di�erent location of elec-
tron and hole. It is clear that the on-center impurity can
serve as an additional mechanism guiding the energies of
quantum transitions.
In this paper we study the optical properties of GaAs/

AlxGa1−xAs multishell spherical QD with step-like con-
�nement potential with and without a hydrogenic on-
-center donor impurity. In this context, we obtain the
exact energy spectrum and wave functions of electron and
hole in the �eld of on-center donor impurity in the frame-
work of the e�ective mass approximation. The oscillator
strengths of 1p�1s and 2p�1s intraband transitions to-
gether with 1s�1s and 1p�1p interband transitions are
calculated for QDQW with di�erent sizes of core and
shells. The results are compared for the cases with and
without the donor impurity.

2. Spectra and wave functions of electron
and hole in QDQW

GaAs/AlxGa1−xAs/GaAs/AlxGa1−xAs
with donor impurity

We consider the multilayered spherical QD composed
of a core GaAs (�0�) and two spherical shells AlxGa1−xAs
and GaAs (�1�, �2�) embedded into a semiconductor ma-
trix (�3�). The radius of the core-well is r0, the barrier
width is ∆ and the outer shell-well width is ρ. The im-
purity is placed into the center of the QD. The potential
energies of electron and hole are shown in Fig. 1a and b,
respectively.

Fig. 1. Potential energy of electron (a) and hole (b) in
QDQW GaAs/AlxGa1−xAs/GaAs/AlxGa1−xAs with
on-center donor impurity.

The Schrödinger equation for the electron and hole is
written as
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The sign �+� is taken for the electron and ��� is for the
hole. The e�ective masses and con�ning potentials are
given by the formulae
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The potential energy of electron in the �eld of on-
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where ε0 and ε1 are the dielectric constants of GaAs and
AlxGa1−xAs, respectively. Up

e,h(r) � the potential en-
ergy of electron and hole taking into account their in-
teraction with polarization charges induced on structure
interfaces.
Considering the small di�erence between the dielectric

constants, the potential energy (4) can be replaced by
the approximated expression Uimp(r) ≈ −e2/(εr) with
averaged dielectric constant ε = (ε0 + ε1)/2. Herein, the
largest error (at r = 0 and r > r2) does not exceed 4%
and in the region where the quasiparticle is mainly lo-
cated, its value is less than 2%. The contribution of the
term Up

e,h(r) can be ignored comparing to the con�ning
potential and the Coulomb potential of interaction be-
tween quasiparticles and impurity due to the small value
of the coe�cient (ε0 − ε1)/(ε0 + ε1).
Considering the spherical symmetry of the structure,

we obtain the equations for the radial parts of electron
and hole wave functions
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The general solutions of Eqs. (5), (6) have the form
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where F (a, b, z) and G(a, b, z) are the con�uent hyperge-
ometrical functions of the �rst and the second type,
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The coe�cients Be,h
0 = 0 and Ae,h

3 = 0 because the
wave functions are limited at r = 0 and r → ∞. The
other coe�cients and quasiparticles energies are obtained
from the condition of wave functions and their densities
of currents continuity
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In dipole approximation, the oscillator strengths of
interband quantum transitions are proportional to the
square of wave functions overlapping integral [22]:

Fi−f ∼ E−1
∣∣∣∣∫ ψe

i (re)ψ
h
f (rh)δ(re − rh)dr

∣∣∣∣2 , (11)

where E is the energy of quantum transition, given by
formula

E = Ee
i + Eh

f + Eg. (12)

The selection rule for the interband transitions is
∆` = 0. We are going to perform the numerical compu-
tation of oscillator strengths of interband quantum tran-
sitions between the ground states (F1s−1s) and the �rst
excited states (F1p−1p) for the electron and hole.
The oscillator strengths of intraband quantum transi-

tions in dipole approximation are written according to
[23] as

Fi−f ∼ (Ee
i − Ee

f )

∣∣∣∣∫ ψe∗
i (r)r cos θψe

f (r)dr

∣∣∣∣2 . (13)

The selection rule for the intraband transitions is
∆` = ±1. We are going to calculate the oscillator
strengths of intraband transitions from 1p- and 2p-states
to ground state.

3. Analysis of the results

The computer calculations were performed using the
physical parameters of AlxGa1−xAs semiconductor with
Al concentration x = 0 for the potential wells and x =
0.4 for the barriers: me

0 = 0.067me, m
e
1 = 0.1002me,

Ve = 297.08 meV, mh
0 = 0.51me, m

h
1 = 0.61me, Vh =

224.12 meV, ε0 = 12.9, ε1 = 11.8, a0 = 0.5653 nm,
a1 = 0.5656 nm, where me � the mass of pure electron.
The electron and hole ground (1s) and �rst excited (1p)

states energies Ee,h
nl (for QDQW with the impurity) as

functions of well width (ρ) at �xed core radius r0 = 6 nm
and shell width ∆ = 2 nm are presented in Fig. 2. The

electron and hole energies E
(0)e,h
nl (for QDQW without

the impurity) are plotted by thin curves for the compari-
son. It is clear that all energy dependences on well width
are non-monotonous and decaying. It is explained due
to the distribution of the probability densities of quasi-
particles location in nanostructure. The regions of slight
change of the energies correspond to the case when the
quasiparticles are located inside the core. Herein, the
variation of shell-well width weakly changes the energy.
When the electron or hole (in certain state) is located
in outer well, the increase of its width causes the strong
decrease of quasi-particles energy. Figure proves that the
impurity more a�ects quasiparticles energies when they
are located inside the core. Besides, the e�ect on s-states
is bigger than on p-states. The electron energy decreases
due to the impurity attraction and the hole one increases
due to the impurity repulsion.

Fig. 2. Electron energy in 1s-, 1p- and 2p-state (a) and
hole energy in 1s- and 1p-state (b) as functions of outer
shell-well width (ρ) at core-well radius r0 = 6 nm and
barrier width ∆ = 2 nm.

Varying the widths of QDQW layers one can obtain
the demanded energy of quantum transitions. The su�-
cient value of oscillator strength is required to realize the
quantum transition in practice. The oscillator strengths
depend not only on the energies of quasiparticles but also
on their location in the nanostructure in di�erent states,
formulae (11)�(14). Therefore, the urgent problem is to
investigate the in�uence of impurity and geometrical sizes
of the layers on the distribution of electron and hole ra-
dial densities.
In Figs. 3, 4 the distributions of electron and hole den-

sities in 1s-, 1p-, 2p-states at di�erent outer well and
barrier widths are shown for the cases with the impurity
in nanostructure or without it. The varying geometrical
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parameters and presence of impurity essentially in�uence
on the quasiparticles location in the nanostructure.

Fig. 3. Distributions of electron and hole radial proba-
bility densities for the case without the impurity (a)�(c)
and with on-center impurity (d)�(f) in the nanostruc-
ture with parameters: r0 = 6 nm, ρ = 4 nm, ∆ =
1, 2, 3 nm.

Fig. 4. Distributions of electron and hole radial proba-
bility densities for the case without the impurity (a)�(c)
and with on-center impurity (d)�(f) in the nanostruc-
ture with parameters: r0 = 6 nm, ∆ = 2 nm, ρ =
2, 5, 8 nm.

From Fig. 3a�c one can see that the increasing bar-
rier width entails the enhancement of electron and hole
1s-state wave functions overlapping when the impurity
is absent. When the on-center impurity is present, the
increasing ∆ causes the quasiparticles spatial separation
due to the electron is attracted and the hole is repulsed
by donor impurity. Herein, the overlapping of wave func-
tions is reduced, Fig. 3d�f.
The same situation is observed in Fig. 4 at the vary-

ing shell-well width (ρ). In case without the impurity,
the electron primarily locates in outer shell-well when its
width increases because its e�ective mass is smaller than
the hole one. When the impurity is present, the elec-
tron tunnels into outer well at bigger ρ than the hole.
From Figs. 3, 4 one can see that the electron in 1p- and
2p-states is located in di�erent potential wells.
The behavior of quasiparticles displays on the depen-

dences of oscillator strengths of quantum transitions on
geometrical parameters of nanostructure shown in Fig. 5.

Figure proves that the oscillator strengths both for intra-
and interband transitions have complicated dependences
on core-well radius (r0), barrier width (∆) and shell-well
width (ρ). Maximal and minimal values of oscillator
strengths correspond to the big and small overlapping
of quasiparticles wave functions.

Fig. 5. Oscillator strength of interband (a)�(c) and in-
traband (d)�(f) transitions as functions of: well width
ρ at core radius r0 = 6 nm and shell width ∆ = 2 nm
(a), (d); core radius r0 at ∆ = 2 nm, ρ = 4 nm (b), (e);
shell thickness ∆ at r0 = 6 nm and ρ = 4 nm (c), (f).

Using the presented dependences of oscillator strengths
of quantum transitions one can explicate the optimal ge-
ometrical parameters of nanostructure layers in order to
obtain the demanded physical characteristics. For ex-
ample, in order to fabricate the light source based on
two simultaneous interband transitions with the energies
which can be correlated by changing core-well and shell-
-well widths, the following conditions are to be ful�lled.
The electron and hole must be located in the same well:
in the core-well for the ground states and in the shell-well
for the excited states. Herein, the intensity of interband
transitions would be large due to the large overlapping
of wave functions of quasiparticles in respective states.
At the same time, the possibility of excitation relaxation
due to the intraband transitions would be small because
of di�erent locations of quasiparticles in ground and ex-
cited states.
The abovementioned conditions can be created for the

nanostructure without the on-center impurity with geo-
metrical parameters: r0 = 6 nm, ρ = 4 nm, ∆ > 2 nm.
Presence of the impurity in the core-well dramatically
reduces the oscillator strength of 1s�1s interband transi-
tion.
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In order to create the emitting sources based on the
intraband transitions, it is necessary to reduce the prob-
ability of relaxation of excitations via the interband tran-
sitions. The dependence of oscillator strength of 1p�1p
interband transition has sharp minimum at r0 = 7 nm
for the case without impurity (thin dash curve in Fig. 5b)
but it coincides with the minimum of 1p�1s intraband
transition (thick dash curve in Fig. 5e). The on-center
impurity in QDQW shifts these minima to the opposite
sides, so at r0 = 8 ÷ 9 nm the large magnitudes of os-
cillator strengths of intraband transitions correspond to
the minimal values of F1p−1p. The behavior of oscilla-
tor strength of intraband transition F2p−1s is opposite
to F1p−1s. The maximum of F2p−1s corresponds to the
minimum of F1p−1s. This fact is observed for the di�er-
ent dependences of oscillator strengths both for QDQW
with and without impurity.

4. Summary

The energies and distributions of probability den-
sities for the electron and hole in ground and ex-
cited states are obtained using the exact solutions of
the Schrödinger equation for GaAs/AlxGa1−xAs/GaAs/
AlxGa1−xAs QDQW with and without on-center impu-
rity. The oscillator strengths of intra- and interband
transitions are calculated. The optimal geometrical pa-
rameters of the nanostructure are estimated for the pos-
sibility of simultaneous light emission based on 1s�1s and
1p�1p interband quantum transitions. It is shown that
on-center impurity in the core demolishes the possibility
to fabricate light sources with multicolor emission. The
radiation in the infrared range of spectrum on the base
of 1p�1s and 2p�1s intraband transitions is studied.
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