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We analyze 2-dimensional chaotic forms resulting from very simple systems based on two chaotic characteristics
that is rotation and parallel movement or translation in geometric terms. Re�ection is another alternative, along
with rotation, for several interesting chaotic formations. Rotation and translation are very common types of
movements in the world around us. Chaotic or non-chaotic forms arise from these two main generators. The
rotation-translation chaotic case presented is based on the theory we analyzed in the book and in the paper†.
An overview of the chaotic �ows in rotation-translation is given. There is observed the presence of chaos when
discrete rotation-translation equation forms are introduced. In such cases the continuous equations analogue of
the discrete cases is useful. Characteristic cases and illustrations of chaotic attractors and forms are analyzed and
simulated. The analysis of chaotic forms and attractors of the models presented is given along with an exploration
of the characteristic or equilibrium points. Applications in the �elds of astronomy-astrophysics (galaxies), chaotic
advection (the sink problem) and Von Karman streets are presented.
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1. Introduction

In this paper we explore important 2-dimensional
chaotic cases resulting from two simple characteristics
that is rotation or re�ection and linear movement or
translation in geometric terms. The chaotic attractors
�locate� a plane by means of a space region of a planar
form. A line is created by the intersection of two non-
-parallel planes. If these two planes are located by two
interacting 2-dimensional chaotic attractors their inter-
action will form a line. A line movement could be the
result of two interacting planar attractors. This problem
appears in the study of coupled oscillations. The task
here is to present and explore some basic plane chaotic
forms appearing frequently in real life applications thus
verifying some important characteristics of 2-dimensional
chaotic forms. In the following the main �ndings from the
chaotic literature are presented.

2. Main chaotic �ndings

From the model building point of view and according to
the scienti�c developments in the non-linear and chaotic
literature we can summarize the main �ndings as follows:

• Highly complicated forms that arise in chaotic at-
tractors can be produced by relatively simple non-
-linear di�erential and di�erence equations (a �rst
example is the model of May [1]).

∗e-mail: skiadas@cmsim.net

†See Refs. [6, 7].

• The main futures of chaotic forms and chaotic at-
tractors can be produced by using equations in-
cluding only few basic parameters the chaotic pa-
rameters (Lorenz [2] showed that a relatively simple
chaotic model could express the basic chaotic be-
haviour of a more complicated case. See also the
paper by Hénon [3]).

• Another very crucial point arises from the presence
of chaotic forms in two-dimensional space because,
based on the stability of chaotic forms, we can lo-
cate a plane.

• A straight line results as the intersection of two
non-parallel planes so the two two-dimensional
chaotic forms can locate a line movement.

• In several cases the di�erence equations' alterna-
tives of the di�erential equations expressing a non-
-linear system, may provide and illustrate the hid-
den chaotic characteristics of the system.

• The most popular case is that of systems expressed
by the di�erential logistic equation that provides
non-chaotic forms whereas the di�erence equation
alternative of the logistic one may give chaotic
forms for a range of the chaotic parameter.

• Flows and especially chaotic �ows are character-
ized by rotation or re�ection and translation or
transport. (A very popular model is proposed by
Ikeda [4], whereas Aref [5] introduced a related the-
ory to two-dimensional �ows.)

• Many chaotic �ows can be considered as being
formed from very few but essential elements, which
can be viewed, from a geometric point of view, as
consisting of only two basic components, namely
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rotation in a speci�c plane and translation or trans-
port in a speci�c direction.

3. The related theory

We present the basic elements from the parametric rep-
resentation of a particle at place (xn, yn) at a distance rn
from the origin and rotation angle θn. In polar coordi-
nates it is given by

xn = rn cos(θn), yn = rn sin(θn), (1)

where θn is the rotation angle and rn =
√
x2
n + y2

n .
If the system from step n at time t is rotated to step

n + 1 at time t + 1 with an angle ∆θ, while rn+1 = rn,
the above equations yield

xn+1 = rn cos(θn + ∆θ),

yn+1 = rn sin(θn + ∆θ) (2)

and

xn+1 = rn[cos(θn) cos(∆θ)− sin(θn) sin(∆θ)],

yn+1 = rn[cos(θn) sin(∆θ) + sin(θn) cos(∆θ)]. (3)

The rotation map in di�erence equation form results by
using the parametric equations of the circle

xn+1 = xn cos(∆θ)− yn sin(∆θ),

yn+1 = xn sin(∆θ) + yn cos(∆θ). (4)

When rotation and transport (translation in geometric
terms, equal to a quantity a parallel to the x axis) are
considered, the movement of rotating particles follow-
ing the last equations leads to the following rotation-
-translation di�erence equations:

xn+1 = a+ xn cos(∆θ)− yn sin(∆θ),

yn+1 = xn sin(∆θ) + yn cos(∆θ). (5)

The following iterative map represents a convenient form
of the last set of di�erence equations:

fn+1 = a+ fn e i∆θ, fn = xn + iyn. (6)

According to the theory developed in Refs. [6�8] we form
the following di�erential equations analogue:

ẋ = a+ x[cos(∆θ)− 1]− y sin(∆θ),

ẏ = x sin(∆θ) + y[cos(∆θ)− 1]. (7)

This set of di�erential equations is the continuous al-
ternative of the discrete case presented by di�erence
Eqs. (5). By applying the set of the two last coupled
Eqs. (7) we can model trajectories or closed loops and
compare these forms with their alternatives derived from
the set of discrete Eqs. (5). Only the chaotic regions mod-
eled by Eqs. (5) have no alternatives based on Eqs. (7),
because the last set of two di�erential equations cannot
model chaotic forms.

4. Rotations under an inverse square law

4.1. Continuous case (di�erential equations)

When the rotation angle is small (∆θ � 1) we can
take the �rst order Taylor approximation for cos and sin

and the last system of di�erential equations can be sim-
pli�ed to

ẋ = a− y(∆θ), ẏ = x(∆θ). (8)

Combining both above equations

dy

dx
=

x∆θ

a− y∆θ
(9)

and the equation

ady = (∆θ)rdr, (10)

one can determine the form of the function ∆θ during
time. In classical mechanics the transverse component of
the acceleration in a circular movement is expressed by
the formula (c is a constant):

r2θ̇ = c. (11)

From this relation, provided that ∆t = 1, we have

∆θ ≈ c

r2
. (12)

A more general form of the formula r2θ̇ = c appears in
Taylor�Couette �ows [7] where the angular velocity is of
the form

θ̇ = k +
c

r2
. (13)

However, Eq. (13) gives similar chaotic forms as the sim-
pler form (12).
Using Eq. (12) for the rotation angle, the solution of

Eq. (10) is

c ln(r) = ay + h (14)

and
c

2
ln(x2 + y2) = ay + h. (15)

According to [6, 7] the graphs for the rotation-translation
are presented in Fig. 1A for the continuous case and
Fig. 1B for the discrete case for various values of parame-
ter h (a = 0.2, c = 1). The similarities in the trajectories
are obvious, whereas in the discrete case a chaotic bulge
appear.

Fig. 1. Rotations under an inverse square law: A. con-
tinuous case, B. discrete case.

4.2 Another form of the rotation-translation

model: a family of ellipses

A simple idea for expressing the rotation angle is com-
ing from the relatively recent �ndings in astrophysics and
more speci�cally the observation that the rotation speed
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(the radial rotation u) of the stars away from the rota-
tion centre of the galaxies is relatively stable that it can
be approximated by

u = rθ̇ = c. (16)

The solution of the di�erential Eq. (10) is

ay + h = cr (17)

and

c2(x2 + y2) = (ay + h)2. (18)

This is the equation of a family of ellipses of the form
[6, 7]:(

x√
1− a2

)2

+

(
y − ah

1− a2

)2

=
h2

(1− a2)2
. (19)

The resulting graphs are for the continuous (Fig. 2A)
and discrete (Fig. 2B) case [6, 7] (the symmetry axis is
at x = a/2. The parameters selected are a = 0.5 and
c = 1).

Fig. 2. A family of ellipses: A. continuous case, B. dis-
crete case.

A very important property of the elliptic case is that
the rotating particles remain in the elliptic paths even if
high values for the parameter h are selected. In the limit
when the parameter a approaches zero, the ellipses turn
to be concentric circles. We thus see that in the case of a
constant transverse velocity in a circular movement with
translation the resulting trajectories follow elliptic paths
and thus any particle remains on the corresponding path.
The particles do not �y to in�nity as it can be in the

�rst case presented earlier.
A system in the presence of a constant transverse ve-

locity has a better ability to retain the particles into orbit
than a system following the law of the classical central
force. This �nding is very essential for the case of rotating
systems as are the galaxies. The previous case of elliptic
trajectories makes the galactic system more stable. The
chaotic elliptic forms keep their structure for long time
periods. An important issue refers to the exploration of
elliptic galaxies stability in an expanding universe. How-
ever, this could be the case of another study.
Of course, it remains a serious and yet unsolved prob-

lem. Such type galactic movements violate the classical
theories related to the Newtonian dynamics.
However, it is now accepted by the majority of as-

trophysicists that a hidden and yet not observed mass

is in the galactic objects termed as dark matter. From
our analysis' point of view we do not need to make any
speculations for the galactic dynamics or for the form or
properties of the unknown dark matter.
We only use in our modeling the fact resulting from the

astronomical observations that the transverse velocity of
the particles or stars, in the case of a galaxy, in distances
away from the center is almost stable.

5. An open problem

Find the direction of the principal axis of an elliptical
galaxy regarding to the radial and transverse movement.

6. Von Karman streets

6.1. A simulation of the Von Karman streets
by using the re�ection-translation theory

The famous Von Karman chaotic phenomena [9] are
presented in several formations, especially in the sea and
are illustrated by photographs taken from space (satellite
views).
The Von Karman phenomenon appears when in a �uid

stream, �uid is �owing around an obstacle in the form of
a cylinder (a vortex street develops behind a cylinder
moving through �uid) or an island in the ocean. In the
latter case the �ow (�uid) lines or trajectories pass both
sides of the island. To simplify the modeling we observe
that a mirror image of the �ow appears in both sides
of the island or a re�ection-like process appears. The
translation parameter is added to keep the direction of
the �ow. In modeling the process the direction of �ow is
parallel to the x axis.
The phenomenon can be modeled by using a re�ection-

-translation equations set of the form

xn+1 = a+ b[xn cos(∆θ) + yn sin(∆θ)],

yn+1 = b[xn sin(∆θ)− yn cos(∆θ)], (20)

where a is the translation parameter and b is the space
contraction (b < 1) or expansion (b > 1) parameter. In
the most cases b = 1 is applied.
The rotation angle selected is of the form: ∆θ = d/rk.

d, k are parameters and k > 0. The rotation angle for
the re�ection-translation scheme must assure that the in-
�uence of the obstacle (island) is negligible at long dis-
tances, thus the parameter k in the denominator should
be large. The parameter d accounts for the re�ection and
can be taken as 2π or π.

6.2 Numerical simulation

The simulation starts from an original circle of rotating
particles with R = 1 at (0; 0). The parameters selected
are d = 2π, a = 1, k = 3, t = 10. Behind the island the
�ow follows by forming chaotic forms or vortices. The
distance between vortices (the frequency of vortex shed-
ding) is equal to a.
Another point is to simulate the re�ection-translation

case. It can be achieved by a space expansion by means
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Fig. 3. Von Kármán vortex street simulation. Original
circle of rotating particles R = 1 at (0, 0), d = 2π, a = 1,
k = 3, t = 10, and space expansion parameter b = 1.1.

Fig. 4. Von Kármán vortex street o� the Chilean coast
near the Juan Fernandez Islands.

of a space expansion parameter b = 1.1. The resulting
form is illustrated in Fig. 3. The resulting chaotic forms
slowly disappear under the space expansion process.
An example [6, 9] that follows the later space expansion

case is illustrated in Fig. 4. This is Landsat 7 image
of clouds of the Chilean coast near the Juan Fernandez
Islands (also known as the Robinson Crusoe Islands) on
September 15, 1999. It is one of the classical Von Karman
vortex streets pictures.
The simulation is quite representative of the phe-

nomenon, although it is only a 2-dimensional modelling
of a 3-dimensional case. The introduction of a third equa-
tion expressing the vertical movements to the z direction
would improve the simulation results.

7. Chaotic advection

7.1. The sink problem

Consider a circular bath with a sink at (x, y) = (a, 0).
The water inside the bath is rotating counterclockwise.
A coloured �uid is injected in the periphery of the bath
[7, 10]. The question is to �nd the shape of the �uid �la-
ments when we open the sink. The problem is analogous
to a rotation with contraction for a parameter b < 1. The
rotation model is applied (a = 0 for a central sink):

xn+1 = b[(xn − a) cos(∆θ)− yn sin(∆θ)],

yn+1 = b[(xn − a) sin(∆θ) + yn cos(∆θ)]. (21)

Assuming that the rotation angle follows an equation of
the form:

∆θ = c+
d

r2
,

where

r =
√

(x− a)2 + y2,

the �xed points of the map are given by the equation

x2 + y2 = b2[(x− a)2 + y2] (22)

or, after transformation:(
x+

ab2

1− b2

)2

+ y2 =

(
ab

1− b2

)2

. (23)

Equation (23) represents a circle with radius R = ab/(1−
b2) centred on

(x, y) =

(
ab2

1− b2
, 0

)
, (24)

The �ow is not symmetric. The coloured �uid start-
ing from the outer periphery of the bath approaches the
sink in few time periods as is illustrated in Fig. 5A. The
parameters selected are a = 0.15, b = 0.85, c = 0 and
d = 0.1. To simplify the process it is assumed that the
coloured �uid is introduced in the periphery of the bath.
The circular form of the original coloured line gradually
is transformed to a chaotic attractor located at the sink's
centre (x, y) = (a, 0).
The space contraction is estimated from the Jacobian

of the �ow: J = b2.

Fig. 5. Chaotic advection simulations: A. eccentric
sink, B. two symmetric sinks (d = 3), C. two symmetric
sinks (d = 1).

7.2. Two symmetric sinks

The governing equations are of the form

xn+1 = a+ b[(xn − a) cos(∆θ)− yn sin(∆θ)],

yn+1 = b[(xn − a) sin(∆θ) + yn cos(∆θ)]. (25)

According to this system the �ow is not stationary and
there are jumps in the velocity �eld at each half pe-
riod T/2. In other words a particle located at (−a, 0)
appears at (a, 0) the next time period.
The graph of Fig. 5B of a chaotic attractor illustrates

the two-sink case for parameter values a = 1, b = 0.8,



1086 C.H. Skiadas

c = π and d = 3. Following the results presented in
[6, 10] there are two main vortex forms counter-balancing
each other. The �rst form is located in the right hand
side sink at (x, y) = (a, 0). The second vortex form
is centered at (x, y) = (a + 2ab cos(∆θ), 2ab sin(∆θ)),
where ∆θ = d/(4a2). The two main vortex forms can be
separated when the parameter d expressing the vortex
strength is relatively small. This case is presented in the
next Fig. 5C. The parameter d = 1 while the other pa-
rameters remain the same as in the previous case. Now
the attractor is completely separated into two chaotic
vortex forms (attractors).

8. Conclusions

We have given and explored several examples of two-
-dimensional (plane) chaotic �ows.
The results support our main argument on the exis-

tence of several theoretical and real cases of plane chaotic
forms in various natural phenomena.
The next step should be on �nding theoretical, and

then applied cases, where two plane chaotic forms inter-
act, forming straight lines. After this step the movement
and the stability of �ows in these straight lines should be
of particular importance.
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