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Phonon-Assisted Electronic Transport through Double
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P. Trocha and W. Rudzi«ski

Faculty of Physics, Adam Mickiewicz University, Umultowska 85, 61-614 Pozna«, Poland

Phonon-assisted electronic tunneling is studied through a double quantum dot coupled in parallel to ferro-
magnetic electrodes. The current�voltage characteristics for the system are derived within the nonequilibrium
Green function technique based on equation of motion. It is found that additional phonon-induced resonance
peaks appear in the spectral function on both sides of the main resonances corresponding to the quantum dot
energy levels. It is shown that the �molecular-like� resonances are reproduced in the phonon side bands in the
di�erential conductance. A signi�cant phonon-induced enhancement of tunnel magnetoresistance as well as tunnel
magnetoresistance oscillations are also predicted.
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1. Introduction

The polaronic transport through molecular double
quantum dots (DQD) has been studied recently in a num-
ber of papers [1�3]. It has been found that an interplay
between single-electron tunneling and the excitation of
localized phonon modes gives rise to phonon side bands
in density of states of the dot, to the Franck�Condon sup-
pression of the linear conductance as well as to phonon-
-induced resonances in di�erential conductance. These
e�ects have been already observed experimentally in tun-
neling junctions based on C60 molecules, carbon nano-
tubes as well as in electron�phonon cavities with QDs em-
bedded in a freestanding GaAs/AlGaAs membrane [4�6].

Fig. 1. Spectral function for spin-up electrons in P
con�guration versus ω calculated for thermal energies
kT = 0 (a) and kT = 1.2 (b). The other parameters are:
λ = 1 (solid lines), λ = 0 (dotted lines), ε′ = 0, p = 0.5
and Γ = 0.2. The inset shows the considered system:
DQD (t denotes the coupling strength between the dots
QD1 and QD2) attached in parallel via tunneling bar-
riers to external ferromagnetic electrodes. The arrows
indicate that the magnetization of the right electrode
may be aligned parallel or antiparallel with respect to
the �xed magnetization of the left lead.

Up to now, the polaronic transport through DQDs has
been studied theoretically only for non-magnetic tunnel-

ing junctions. Thus, in this paper we investigate ef-
fects due to electron�phonon interaction in spin-polarized
transmission through the system of DQD attached in par-
allel con�guration to external ferromagnetic electrodes
(see inset in Fig. 1). We examine the features of tunnel-
ing processes mediated through vibronic energy levels on
DQD, behavior of the bonding and antibonding states in
the presence of the phonon �eld as well as the in�uence
of a local phonon mode on the tunnel magnetoresistance
(TMR), which is due to a change in the junction resis-
tance when magnetic moments of external electrodes are
switched between the parallel (P) alignment and the an-
tiparallel (AP) one.

2. Model and method
Consider a parallel-coupled DQD attached via tunnel

barriers to ferromagnetic leads, as shown in the inset of
Fig. 1. The whole system can be described by Hamilto-
nian of the general form H = Hl+Hr+Hph+HDQD+Ht.
The terms Hl and Hr describe the left and right ferro-
magnetic electrodes, respectively, in the non-interacting
quasi-particle approximation, Hν =

∑
k,σ εkσa

+
kσνakσν ,

where εkσ is the single-electron energy for wave vector k
and spin σ (σ =↑, ↓) whereas a+kσν and akσν are the corre-
sponding creation and annihilation operators for the ν-th
lead (ν = l, r). The third term is the phonon Hamilto-
nian, Hph = ω0b

+b, where ω0 is the vibrational frequency
of the phonon mode and b+ (b) is the phonon creation
(annihilation) operator. The DQD system is described
by HDQD =

∑
iσ[εid + λ(b+ b+)]d+iσdiσ − t

∑
σ(d

+
1σd2σ +

H.c.) +
∑
i Uiniσni−σ, where εid denotes the energy of

the discrete level of the i-th dot (i = 1, 2), d+iσ and diσ
are the creation and annihilation operators for spin σ,
t denotes the interdot hopping parameter, niσ = d+iσdiσ
is the particle number operator, Ui is the electron corre-
lation parameter for two electrons residing on the i-th
dot, while the parameter λ describes strength of the
electron�phonon coupling. Finally, the tunnelling term
Ht describes processes due to coupling of DQD to the ex-
ternal leads, Ht =

∑
kν

∑
iσ(T

ν
ikσa

+
kσνdiσ + H.c.), where

T νikσ are the relevant tunneling amplitudes. If the quan-
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tities T νikσ are real and constant, then coupling of the
dots to external electrodes can be written as the 2 × 2
matrix Γ ν

σ with elements for the P con�guration in the
form Γ l

iiσ = βδ2iΓ (1 ± pl), Γ r
iiσ = γβδ1iΓ (1 ± pr), and

Γ νijσ = Γ ν∗jiσ = qνγ
δνrΓ
√
β(1 ± pr) with upper (lower)

sign corresponding to σ =↑ (↓). The symbol pν denotes
polarization of the ν-th lead, Γ is a constant, β deter-
mines di�erence in the coupling of a given lead to the
dots, γ describes asymmetry in the coupling of the dots
to the leads, whereas qν in general obey the condition
|qν | ≤ 1 [7].
Using the Lang�Firsov-type unitary transforma-

tion [8], one may eliminate the linear coupling terms in
the HDQD Hamiltonian leading to renormalization of the
dots energy levels ε′id = εid− λ2/ω0 and charging energy
U ′i = Ui−2λ2/ω0. Assuming that the local polaron is lo-
calized, i.e. assuming that hopping is small compared to
electron�phonon interactions, T νikσ � λ, we adopt here
the approximation developed for the independent boson
model [8]. This approximation gives rise to exponential
suppression of the tunneling amplitudes in the tunneling
term Ht, which in turn leads to the charge conserving
λ-dependent Franck�Condon blockade of tunneling pro-
cesses between the dot and an external electrode.
To calculate the occupation numbers and electric cur-

rent for the system considered, we make use of the
nonequilibrium Green function de�ned on the Keldysh
contour [9]. The explicit expression for the Green func-
tions can be obtained by using the equation of mo-
tion method. Having found the Green functions, one
can calculate electric current �owing from the ν-th lead

to the dot [9], Iν = e
~
∑
σ

∫ +∞
−∞

dω
2π Tr(Γ ν

σ(G
<
σ (ω) +

fν(ω)Aσ(ω))), where fν(ω) is the Fermi�Dirac distribu-
tion function, the quantity Aσ(ω) stands for the spectral

function, Aσ(ω) = i[G>
σ (ω)−G<

σ (ω)] with G<(>)
σ (ω) be-

ing the Fourier transform of the lesser (greater) Green
function of the dots. Consequently, the TMR char-
acteristics may be evaluated from the ratio TMR =
(IP − IAP)/IAP, where IP and IAP are electric tunnel-
ing currents in the P and AP magnetic con�guration of
the external electrodes, respectively.

3. Numerical results
In the following we shall discuss features of the trans-

port characteristics of the system: the spectral function,
di�erential conductance and TMR. For numerical analy-
sis we assume equal dot levels, ε′1 = ε′2 ≡ ε′. Moreover,
for the on-dot charging energies we take U ′1 = U ′2 = 0, i.e.
it is assumed that e�ectively, for a given λ, the polaron
shift gives rise to vanishing intradot Coulomb correla-
tions [10]. The DQD is assumed to be coupled to mag-
netic electrodes with the equal polarizations, pl = pr ≡ p
and symmetrical DQD-lead couplings are taken into ac-
count with Γ = 0.2 and γ = 1. Apart from this, we
consider the case of qν = 0, i.e. assume that each dot
is e�ectively attached to its own pair of external elec-
trodes, and for the asymmetry in the coupling of a given
electrode to the dots we take β = 1. Finally, the inter-
dot hopping term is taken as t = 0.8, which is (similarly

as Γ ) typical experimental value for a DQD setup (see
e.g. [11]). All the energy parameters are measured rela-
tive to the phonon excitation frequency ω0.

The essential features of spectral functions for spin-up
electrons tunneling in the P con�guration, versus ω are
shown in Fig. 1. In the system where electron�phonon in-
teractions are negligible, λ = 0, two resonance peaks (the
dotted curves in Fig. 1) are visible. This is due to the fact
that the interdot hopping term lifts the level degeneracy,
thus giving rise to the so-called bonding and antibond-
ing states, separated from each other in terms of energy
by 2t. It is worth noting here that in our calculations
we have observed a di�erence in height and width of the
resonance peaks for up spin and down spin (not shown)
orientations, which indicates that in the P con�guration
one should expect down spin electrons reside longer on
the dot than up spin ones. Also, one would obtain for
the AP con�guration qualitatively the same picture as
shown in Fig. 1, except that the spectral curves for op-
posite spin orientations would overlap. The latter follows
from the fact that in symmetric junctions in the AP con-
�guration the dot may be occupied by up spin and down
spin electrons with the same probability.

When the electron�phonon interactions are switched
on, the density of states is modi�ed depending on the
strength of the electron�phonon coupling as well as on the
temperature. With increasing strength of the electron�
phonon coupling a polaron shift of the elastic resonances
down in energy occurs. The displayed in Fig. 1 case of
spectral function obtained for electron�phonon coupling
λ = 1 (solid line), which gives rise to polaron shift re-
sulting in ε′ = 0, shows that besides the main resonances
also satellite sidebands spaced at the phonon energies ap-
pear. These satellite peaks are formed on the right and
left side of the main resonances. Since at kT = 0 there
are no phonons to absorb, in Fig. 1a only peaks due to
phonon emission are visible. With increasing tempera-
ture also the phonon absorption satellite peaks emerge
in the density of states spectrum, which are clearly seen
in Fig. 1b. Thermal �uctuations give rise to enhance-
ment of the spectral function intensity thus increasing
also the probability of tunneling via the phonon energy
levels. The energies at which the phonon absorption res-
onances emerge are controlled by the strength of the in-
terdot coupling. Similarly as the emission peaks, the ab-
sorption phonon satellites are also spaced at the phonon
energy however, by contrast to the behavior of the emis-
sion sidebands, these are shifted towards lower energies
relative to the main resonance as well as relative to each
emission phonon resonance by 2t− ω0.

In Fig. 2a we show the behavior of the di�erential
conductance as the function of the transport bias volt-
age. The dots levels are taken to be ε1 = ε2 = 1, so
that according to the condition for phonon-driven renor-
malization of the dots levels, for the assumed electron�
phonon coupling parameter λ = 1, e�ectively the dis-
crete levels experience the polaron shift giving rise to
ε′ = 0. For reference, the conductance in case of van-
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Fig. 2. Di�erential conductance (a) and TMR (b) cal-
culated for λ = 1, ε′ = 0, p = 0.5, Γ = 0.2, and
kT = 0.05. Di�erential conductance is shown for up
spin electrons in P (solid line) and AP (dotted line)
con�guration. The insets show the corresponding char-
acteristics for λ = 0.

ishing electron�phonon interactions, λ = 0, is also dis-
played (see inset in Fig. 2a). As stated earlier, the posi-
tion of the main resonances due to the tunneling through
the bonding and antibonding states on the dot depends
on the strength of the interdot coupling, and these ap-
pear at bias voltages ±2t. If the temperature is set at
T = 0, then due to inelastic tunneling assisted by the
phonon emission, additional steps in the current appear,
and the phonon emission resonances in the di�erential
conductance emerge. In the system based on DQD the
phonon sidebands exhibit a double-peak structure. It
is due to the fact that the phonon satellites form also
the �molecular-like� states. The bias voltages at which
these sidebands are formed may be readily evaluated
from the oscillative behavior of the di�erential conduc-
tance displayed in Fig. 2a. First, notice that one se-
ries of phonon side resonances appear at bias voltages
2(t + nω0) (n = 1, 2, 3 . . .). The latter result is analo-
gous to the one observed earlier in tunneling junctions
based on single QDs [12]. Second, the series of peaks
due to tunneling through the other �molecular-like� vi-
brational states emerge at bias voltages 2[ω0(n + 1) − t]
(n = 1, 2, 3 . . .). Figure 2b shows the corresponding TMR
quantity. It is seen that phonon-assisted tunneling gives
rise to oscillations of TMR for transport occurring above
the threshold bias voltages ±2t. Also, in comparison to
the case of λ = 0 (see inset in Fig. 2b) the phonon-
-induced enhancement of TMR reaching 9% occurs in the
bias voltage range where the sequential tunneling is ex-
ponentially suppressed. The latter indicates on the fact
that phonon-assisted tunneling may increase the proba-
bility of higher order tunneling processes occurring below
the �rst threshold bias voltage.

4. Summary and conclusions

Using the non-equilibrium Green function approach
we have considered tunneling through a parallel-coupled
DQD attached to ferromagnetic leads, in the presence
of electron�phonon interactions. Phonon spectra calcu-
lated for di�erent temperatures show that spin-polarized

electron transmission may be mediated by the phonon
energy levels. As in the systems based on a single molec-
ular QDs, these tunneling processes are accompanied by
renormalization of the dots energy levels as well as by ap-
pearance of vibrational mode resonances. On the other
hand, it is found that for the DQD-based tunneling junc-
tion the emission vibronic sidebands are always spaced by
the phonon energy from other nearest neighboring emis-
sion resonances as well as from the main resonance, while
the position of the absorption peaks is always shifted rel-
ative to the emission ones, depending on the interdot
coupling strength. It is found also that in nonequilib-
rium situation the phonon sidebands exhibit a double-
-peak structure, i.e. the bonding and antibonding states
are reproduced in the satellite phonon peaks, and thus
the corresponding TMR quantity experiences oscillations
in the sequential tunneling regime. Also, by contrast to
the case of tunneling junctions based on a single QD,
a signi�cant enhancement of the TMR maximum was
predicted for bias voltages at which the sequential cur-
rent is exponentially suppressed.
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