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A generalized %—expansion method is extended to construct exact solutions to the two-dimensional generalized
nonlinear Schrédinger equation with distributed coefficients. Hyperbolic function solution, trigonometric function
solution and rational exact solution with parameters are obtained. Selecting parameters and parameter functions
properly, novel light bullet soliton solutions with or without the chirp are presented.
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1. Introduction

The nonlinear Schrédinger equation (NLSE) is one of
the most important universal nonlinear models that nat-
urally arise in many branches of physics, such as non-
linear optics, condensed mater physics, Bose—Einstein
condensates, plasma physics and hydrodynamics [1]. It
is integrable in 1+1 dimensions [(14+1)D] [2, 3], with
many stable soliton solutions report so far. The one-
-dimensional NLSE with distributed coefficients contains
exact tanh-shaped and sech-shaped stable solution pulses
as solitons [4, 5]. These soliton pulses exhibit linear chirp
and possess huge applicative potential in optical commu-
nication technology [6]. On the other hand, it is shown
a large class of linear equations admit of “soliton-like”
solutions and mutatis mutandis, localized solutions exist
even for ordinary (linear) Schrédinger equation within
standard quantum mechanics [7]. Recently, great in-
terest has been generated when it was suggested that
two-dimensional NLSE with distributed coefficients may
lead to stable 2D solitons [8]. The stabilizing mechanism
was the sign-alternating Kerr nonlinearity in a layered
medium. A vigorous search for stabilized periodic solu-
tions of the 2D NLSE with distributed coefficients has
been launched [9, 10]; however, out of necessity, it has
been numerical. Very recently, exact analytical spatial
soliton solutions of the 2D NLSE with distributed coef-
ficients are also found by Zhong et al. [11] utilizing the
F-expansion method [12]. The goal of the present work
is to conduct further investigations of the 2D NLSE by
the so-called %—expansion method. The %—expansion
method is first proposed by Wang et al. [13] recently, and
then developed and generalized to seek travelling wave
solutions for constant-coefficient and variable-coefficient
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nonlinear physical models [14-16]. In this letter, we ex-
tend the generalized %—expansion method [15] to con-
sider the generalized 2D NLSE with distributed coeffi-
cients, many types of exact analytical solutions and even

the light bullet soliton solutions are obtained.

2. The generalized (%)-expand method

First, we give a brief description for the general-
ized (%)—expand method. For a given nonlinear evo-
lution equation (NLEE) with independent variables X =
(z,9,2,...,t) and dependent variable wu:

F(u7ut7uw7uy7uza ceey Ugty Uyt Uzt

e Uty Uy Uy, Uzzy - - ) = 0, (1)
we suppose its solution can be expressed by a polynomial
in (%) as follows:

m G/ 7

u ;az(){) < G> +ag(X), am(X)#£0, (2
where ag(X), a;(X)(i = 1,2,...,m) and £ = &(X) are
all functions of X to be determined later, G = G(§) sat-
isfies a second order linear ordinary differential equation

G" + )G + uG =0, (3)
where G” = BQaGfgf), G' = 8%—25), and A, u are real con-
stants.

To determine u explicitly, we take the following four
steps:

Stepl. Determine the integer m by balancing the high-
est order nonlinear terms and the highest order partial
derivative of u in Eq. (1).

Step 2. Substitute (2) along with Eq. (3) into Eq. (1)
and collect all terms with the same order of (%) together,
the left hand side of Eq. (1) was converted into a polyno-
mial in (%') Then set each coefficient of this polynomial
to zero to derive a set of over-determined partial differ-
ential equations for ag(X), a;(X) and &.
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Step 3. Solve the system of over-determined partial
differential equations obtained in step 2 for ap(X), a;(X)
and £ by use of Mathematica or Maple.

Step 4. Use the results obtained in above steps to

derive a series of fundamental solutions of Eq. (3) de-

pending on (% ), since the solutions of Eq. (3) have been

well known for us, then we can obtain exact solutions
of Eq. (1).

3. Exact solutions for the generalized 2D NLSE

In Cartesian coordinates, the generalized NLSE de-
scribing the propagation of 2D spatial solitons in bulk op-
tical media with varying coefficients is expressed as [17]:

1 2 2

15+ 596) (g3 + oz ) 0 Xl =
(4)
where u(z,x,y) is the complex envelope of the electrical
field in the moving frame, z is the normalized distance of
propagation, and z and y are the normalized coordinates
in the transverse plane. The function 8(z) represents the
dispersion coefficient, x(z) the nonlinearity coefficient,
and 7y(z) the gain (v > 0) or the loss (y < 0) coeffi-
cient. Thus, Eq. (4) describes the propagation behavior
of an optical beam in a Kerr-like medium with varying
dispersion, nonlinearity, and gain or loss. We define the
complex u field as:

u(z,x,y) = Az, x,y) e BE2Y), (5)
where A(z,z,y) and B(z, z,y) are real functions. Substi-
tuting u(z, z,y) into Eq. (4), we find the following cou-

pled equations for the phase B(z, z,y) and the amplitude
Az, 2,y):

0A 1, (,0408 0408
0z 2 Oxr Ox 8y 8y
0’B 0’B
+ Aa2$2 + A82y2> —v(2)A =0, (6)

0B 1 0%A 0%A
—Ag; T3k [ax Tz

A<gf> A(%f) ]+X(Z)A3_o. (7)

According to the balance principle and the general-
ized 5—expansion method [14], the solution of Eqs. (6)
and (7) can be expressed in the following form:

A(Z,.I‘,y) = fO + fl Cé(é.))/a
§=k(z)z +1(2)y +w(z), (8)
B(z,2,y) = a(2)(2® +y*) + b(2)(z +y) +e(2), (9)

where G = G(&) satisfies Eq. (3) and fo, f1, &k, I, w,
a, b, e are the parameters to be determined. In this
quadratic form of Eq. (9), the parameter a(z) is re-
lated to the wave front curvature; it is a measure of the
phase chirp imposed on the solitary wave. Substituting
Egs. (8) and (9) into Egs. (6) and (7) and collecting all
the terms with the same order of % together, the left

sides of Eqgs. (6) and (7) are converted into two polyno-
mials of 1y (S)* (i = 0,1; j1 = 0,1; ky = 0,1,2)
and w2y ()" (is = 0,1,2; jo = 0,1,2 k> =0,1,2,3),
respectively. Setting each coefficient of the two polynomi-
als to zero, after having simplified one can finally derive
a system of algebraic or first-order ordinary differential
equations for fo, f1, k, I, w, a, b, and e as follows:

~h S w28 s0a o+ G0
— Bfulbu — Bfikbu =0, (10)
ok
i (5 +28%a) =0, (1)
—fip (gl + 2Bla> =0, (12)
( + Bkb+ ﬁlb) (13)
( +28a ) =0, (14)
( + 2Bab> (15)
df1
67+25fla*7f1 BfikbA — f1 z/\ Bf1lbA =0,
(16)
—Bfob® + x[f5 — fo + ﬁf1k2>\u + 2Bf1l2>\u =0,
(17)
1 Oe
—fi (ﬁl2>\2 —2— + 2812 + 2Bk — 26V°
2 0z
+ BEAN? + 6xf02> =0, (18)
SR (BPA+ BRI+ 2o ) = 0, (19)
f1 (X JT + B + BE*) =0, (20)

where p=1, A, pand j =0, 1.

Solving Eqs. (10)—(20) self-consistently, we have a set
of conditions on the coefficients and parameters as fol-
lows:

fo= fioexp (/ v — Qﬁaoadz) ,
0

2 z
fi= 200 g ( IEE 2ﬁaoad2> , (21)
0
a=apa, b=boa, k=koa, =1, (22)
W =wp — O[(ko + lo)bo/ ﬁdz, (23)
0

= {(kg +15) (u - iv) - bg} /Ozﬁazdz, (24)

where f19, ag, by, ko, lop, wog are real constants, and

= [1+ 2ay foz Bdz]~1 is the normalized chirp function.
The chirp function « is related only to dispersion coef-
ficients; however, it affects all of the parameters. In the
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case when there is no chirp, ag = 0 and a = 1, the pa-
rameters k, [, and b are all constants. In the presence of
chirp, they all acquire the prescribed z dependence. The
chirp also influence the form of the amplitude A through
the dependence of fy, f1 and £ on «. It should also be
noted that x is not arbitrary but depends on «, 8 and ~:
B 2, z
X = —w(ko +15) exp (—2/ v — QBaoozdz) .
i0 0 (25)

Hence, the solutions found can exist only under cer-
tain conditions and the system parameter functions
B(z), v(z) and x(z) cannot be all chosen independently,
i.e., the functions §(z), v(z) are chosen as independent
while the nonlinearity coefficient x(z) is determined by
Eq. (25). Substituting Egs. (8) and (9) together with
Egs. (21)—(24) into Eq. (5), we have the fundamental so-
lution of Eq. (4):

| ()

X exp (i [aoa(a?Q +9%) + boa(z + )

+ ((kg +13) (u - iv) — bg) /Ozﬁa2dz]>, (26)

where G = G(§), £ = koax + lpay + wo — a(ky +
lo)bo [y Bdz, and o = [1 + 2ag [ Bdz] 7"
Substituting the general solutions of Eq. (3) into

Eq. (26), we have three types of exact solutions of 2D
NLSE as follows:

When A\? — 44 > 0, we obtain the hyperbolic function
solution

u1 = f10€xp </ v - 2ﬁa0adz>
0

5 C sinh ( v /\224M§> + C5 cosh ( v )‘24M§>

2

A C cosh ( v )‘224“5) + Cy sinh ( v )‘224#§>
X exp (i {aoa(xQ + %) + boa(z +y)

+ ((kg +2) <M - i)\2> - bg) /OZBQdeD, 27)

where € = kgax + lgay + wo — (ko + lo)bo foz Bdz, a =
[1+4 2ag foz Bdz]71, and Cy, Oy are arbitrary constants.

1+

When A\? — 4y < 0, we have the trigonometric function
solution

uz = fi0exp </ v - 2Ba0adz>
0
5 —(C sin <”4F;)‘2§> + C5 cos < VA2 f)

2
1+
A C1 cos (”4’;4\25) + Cy sin ( 4‘;_>\2 f)

X exp (i {aoa(xQ +9%) + boa(z + )

+ <(k§ +2) (u - iv) - bg) /0 pa?dz]), (29)

where £ = koaz + lopay + wo — a(ko + lo)bo foz Bdz, a =
[1+4 2ag foz Bdz]~1, and Cy, Cy are arbitrary constants.
When A\ — 4, = 0, we get the rational solution

ug = f10 €xp </ ¥ — 2,Baoozdz>
0

AC1 4+ C5¢

X exp <i [aoa(xQ +42) + boa(z + 7)

+ <(k3 +12) (u— iv) - bg) /0 6a2dz]>7 (29)

where £ = koax + loay + wo — ko + lo)bo [y Bdz, o =
[1+ 2ap [, Bdz] _1, and C1, Cy are arbitrary constants.

4. Light bullet soliton solutions
for the generalized 2D NLSE

For the solutions of Eq. (4) above, due to the fact that
the arbitrary functions v(z) and S(z) (x(z) depend on
~v(2) and S(z) by Eq. (25)), we have freedom in select-
ing these functions appropriately according to the actual
physical requirements. Thus we can construct abundant
periodic wave solutions and solitary wave solutions. Here
we only consider a simple special case. For the solution
up expressed in Eq. (27), when Cy =0, and p = )‘2%}%,
we have

uy = f1o0exp (/27 _ Qﬁaoadz> [1 + itanh(\/}Tg)}
0
X exp (i [aooé(ﬂf2 +y?) + boa(x + y)

- 3+ R+ [ i ﬂazdzD, (30)

where & = koax + lopay +wo — a(ko +lo)bo foz Bdz, R >0
and  satisfies Eq. (25). Taking the dispersion coefficient
B to be of the form 8 = By + k,z and the gain (loss) co-
efficient v to be a small constant, we obtain light bullet
soliton solutions of the 2D NLSE, which are depicted in
detail in Fig. 1a and b, with and without the chirp. In
Fig. 1a, b, the intensity U = |u4|? determined by Eq. (30)
are plotted and the functions of the propagation distance
are presented as functions of X = kgx + lpy and z. Sim-
ilarly, if the dispersion coefficient 3 is fixed as periodic
function 8 = By cos(kyz), then the special type of light
bullet solitons are shown in Fig. 2a and b. One can see
the effect of the particular periodic chirp function deter-
mined by the dispersion coefficient 8 = Sy cos(kpz) which
is the production of a periodic variation along the propa-
gation direction (z direction) and a monotonic asymmet-
ric change in the transverse direction (X direction).
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Fig. 1. Intensity plots of the light bullet solitary wave
solutions uy4 expressed by Eq. (30): (a) chirped wave,
ao = 0.1, (b) unchirped wave, ap = 0, and the parameter
selections: v =7 =0,8=1+ 2z, fio =ko =lo =wo =
bo=R=1,\A=0.L

Fig. 2.
solutions w4 expressed by Eq. (30): (a) chirped wave,
ao = 0.1, (b) unchirped wave, ap = 0, and the parameter
selections: v = v = 0, 8 = cos(z), fio = ko = lo =
w():bo:R:L )\:O.l.

Intensity plots of the light bullet solitary wave

5. Summary and discussion

To summarize, applying the generalized %—expansion
method, three types of new exact solutions including the
hyperbolic function solution, the trigonometric function
solution and the rational solution with parameters for
the generalized 2D NLSE with distributed coefficients
are obtained. Selecting the parameters and the arbitrary
functions in the solutions freely, more abundant exact
solutions including soliton solutions can be derived. We
present, novel exact light bullet soliton solutions with or
without the chirp. The influence of the spatiotemporal
chirp function on the phase and the amplitude of solu-
tions is displayed. More about the propagation charac-
teristics and its stability for the spatial bullet soliton solu-
tion will be investigated somewhere else. The generalized
%—expansion method is extended to solve variable coef-
ficients high-dimensional nonlinear physical models and
shown to be effective and powerful. Further study about

the solutions for the 2D NLSE and for seeking exact so-
lutions for other higher-dimensional nonlinear models by
the generalized %—expansion method will be worth of
investigation.
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