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Optical waveguides are fundamental components of chemical and biochemical evanescent wave sensors. Pre-
sented work is devoted to theoretical investigations of homogeneous and surface sensitivity characteristics of the
inverted rib waveguide structure. The inverted rib waveguide discussed in this paper is composed of an ion-exchange
based channel waveguide formed in a glassy substrate and a uniform, high refractive index, sol�gel derived SiO2�
TiO2 �lm. Characteristics of a homogeneous sensitivity, a surface sensitivity and fundamental modes sensitivity
di�erences in function of a uniform �lm thickness and a maximal refractive index contrast of the gradient index
channel waveguide are given. The in�uence of the SiO2�TiO2 �lm thickness on sensitivity characteristics is dis-
cussed. The analysis is carried out on a bases o� the e�ective index method used with the transfer matrix method.
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1. Introduction

Planar evanescent wave sensors (PEWS) are widely
used in chemical and biological sensing applications.
A structure of a typical PEWS sensor is composed of
a slab or a rib waveguide exposed to an ambient of which
refractive index changes are detected or detected is the
presence of the sensitive �lm covering this waveguide.
The key parameters of PEWS are a homogeneous sensi-
tivity and a surface sensitivity de�ned as derivatives of
e�ective refractive indexes in respect of cover parameters
� a refractive index of the ambient and a sensitive �lm
thickness [1]:

∆neff =

(
∂neff

∂nc

)
∆nc +

(
∂neff

∂ws

)
∆ws, (1)

where SH = dneff/dnc is the homogeneous sensitivity,
SD = dneff/dws is the surface sensitivity, neff is an ef-
fective refractive index, nc is a refractive index of the
ambient and ws is a thickness of the sensitive �lm.

The magnitude of these sensitivities depends solely on
the ratio of optical power carried in the ambient or in the
sensitive �lm to the total power carried in the structure.
Changes of e�ective refractive indexes can be measured
using grating couplers [2, 3] or planar waveguide inter-
ferometers [4�6]. The highest sensitivities are achievable
for single modal or bimodal uniform waveguides having
high refractive index [7�9]. However thicknesses of such
waveguides are small, being of the order of wavelength
fraction [10, 11]. It is a source of high coupling losses
between PEWS and optical �bre. These losses can be
reduced by using an inverted, composite rib waveguides.
A composite waveguide has two layers of which one is
capable of mode guidance only in the presence of the
second layer. In papers [12, 13] there has been shown
that the sensitivity of a gradient homogeneous (G�H)
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composite waveguide based PEWS can be signi�cantly
increased when one of two interfering modes is con�ned
to a thin uniform SiO2�TiO2 �lm having high refrac-
tive index whereas the second mode is carried in an ion-
-exchange based gradient slab waveguide. Slab wave-
guides are mainly used for construction of di�erence in-
terferometers, whose simple construction and high sensi-
tivities gained from G�H nature are their undisputable
assets. Aforementioned advantages of G�H composite
structures can be utilized for construction of double-path
planar interferometers if a gradient slab waveguide is re-
placed with a gradient rib waveguide.
This paper is devoted to a theoretical analysis of a re-

lation between the selected parameters of a composite
inverted rib waveguides, described in Sect. 2. In the next
section there is given the basic insight of the analysis
method. Finally in Sect. 4 the results � homogeneous
and surface sensitivity and fundamental modes sensitiv-
ity di�erence characteristics are presented.

2. Composite structure

Investigated composite planar structure is composed of
an ion-exchange based rib waveguide, formed in a soda-
-lime glassy substrate, on the top of which there is a
thin, uniform SiO2�TiO2 slab �lm. Refractive index pro-
�le (RIP) of the ion-exchange rib waveguide cannot be
expressed by some analytical function [14]. However for-
mation of the uniform slab �lm requires an annealing and
after it RIP can be approximated by a following Gaus-
sian function:

n(x, y) = nb + ∆n exp

(
−e

2x2 + (y − d)2

g2x2

)
, (2)

where d is a rib pro�le depth, nb is substrate refractive
index, ∆n is a maximal refractive index contrast. Pa-
rameters g and e are introduced to limit pro�le and its
decrease in a spatial domain. The pro�le width t is re-
lated to its depth d by a parameter e in Eq. (2): t = d/e.
The parameter g is derived from an assumption that
n(∓t, 0) = nb + δn, where δn is a very small increase
of RIP at its horizontal boundary (δn � ∆n). Uniform
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slab �lm is characterized by a refractive index n2 and a
thickness d2. The morphological parameters of the inves-
tigated composite structure are schematically presented
in Fig. 1. Analysis presented in this paper is carried out
for a wavelength λ = 0.677 µm.

Fig. 1. Diagram of the composite inverted rib struc-
ture: n2, d2 � refractive index and thickness of the
uniform slab �lm, d, t � rib pro�le depth and width,
nb, nc � refractive indexes of the substrate and the
ambient.

3. Analysis method

The analysis of composite, inverted rib waveguides
was carried out with the application of the e�ective in-
dex method (EIM) [15] used with the transfer matrix
method [16]. The basic assumption of the EIM method
is that the electromagnetic �eld can be expressed with the
separation of spatial variables. For the normalized elec-
tric �eld component E(x, y) the solution to the Helmholtz
equation is given by

E(x, y) = Fi(x)Gi(y), (3)

where i = x, y denotes the direction of polarization of
these components.
Separation postulated in Eq. (3) narrows down the

analysis of the two-dimensional rib waveguide to the anal-
ysis of a set of vertical gradient slab waveguides, each for
a di�erent vertical cut, as is shown in Fig. 1. For a given
mode number q, a set of e�ective indexes of the vertical
gradient slab waveguides form a refractive index pro�le
of a symmetric horizontal slab waveguide. If this slab
waveguide has a mode of order p, then its value is an
approximation of an e�ective index npq of the composite,
inverted rib structure. Dispersion equations for vertical
and horizontal slab waveguides can be derived from the
transfer matrix method that provides a straightforward
formulation of the multilayer slab waveguide problem.
Considering the waveguide isotropic, lossless and com-
posed of r layers, the dispersion equation for TE modes
is given by[

Exb
dExb

dy

]
=

r∏
i=1

Mi

[
Exc
dExc

dy

]
=

[
m11 m12

m21 m22

][
Exc
dExc

dy

]
,(4)

where Exb and Exc are values of a TE mode primary �eld
component at boundaries of layers adjacent to substrate
and ambient (cover) respectively. Dispersion equation for
TM modes is given by[

Hxb
j

ωε0n2
s

dHxb
dy

]
=

r∏
i=1

Mi

[
Hxc

j
ωε0n2

c

dHxc
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]

=

[
m11 m12
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][
Exc

j
ωε0n2

c

dExc
dy

]
, (5)

where Hxs and Hxc are values of a TM mode primary
�eld component at boundaries of layers adjacent to sub-
strate and ambient (cover), respectively, j is the imagi-
nary unit, ε0 is the free space permitivity and ω is the
angular frequency. The elements mij for ni ≥ neff are
given by
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eff

)
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i
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and for ni < neff by
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i
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(
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i

) (7)

where ni, di are values of i-th layer refractive index and
thickness, k0 is the vacuum wavenumber, neff is an ef-
fective refractive index, ρ = 0 for a TE polarization and
ρ = 1 for a TM polarization.

4. Analysis results and discussion

Presented inverted rib waveguide structure is compos-
ite if one of the two, or both conditions are met: a thick-
ness of the uniform �lm is below cut-o�, the gradient
index channel waveguide is cut o�. Refractive indexes
of the uniform �lm and substrate for λ = 0.677 µm are
n2 = 1.7775, and nb = 1.508. Dispersion equation for a
single layered uniform slab [1] allows to determinate cut-
-o� thickness values of subsequent modes. These values
for zero-order modes, for two values of ambient refractive
index are presented in Table I.

TABLE I

Uniform SiO2�TiO2 slab cut-o� thickness
dcut [µm] for zero-order TE and TM modes.

Cover: nc = 1.00 Cover: nc = 1.33

TE0 0.102 0.076

TM0 0.152 0.109

If RIP of the channel waveguide is given by Eq. (2),
there are three parameters the cut-o� condition is de-
pendent on: ∆n, d, and e. An analysis is carried out
with an assumption that ∆n is the only free parameter
whereas d = 5 µm and e = 0.5. The parameters describ-
ing RIP are: nb = 1.508, ∆n = 0.002, d = 5 µm, e = 0.5,
δn = 10−5. From dispersion equations cut-o� values of
maximal refractive index contrast ∆ncut were derived.
These values for nc = 1.00 and 1.33 are presented in
Table II.
Taking into account cut-o� parameters presented in

Tables I and II a variation range of ∆n is limited to values
for which neither of these layers are able to support prop-
agation independently. In Fig. 2 are shown e�ective index
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TABLE II

Gradient index channel waveguide cut-o� maxi-
mal refractive index contrast ∆ncut.

Cover: nc = 1.00 Cover: nc = 1.33

TE00 0.0022 0.0022

TM00 0.0022 0.0022

TE01 0.0201 0.0194

TM01 0.0213 0.020

TE10 0.0425 0.0411

TM10 0.0444 0.0424

TABLE III

Critical thickness d2g of the uniform SiO2�TiO2

�lm above which modes are con�ned to this �lm.

Cover: nc = 1.00 Cover: nc = 1.33

TE00 0.110 0.084

TM00 0.163 0.120

TE10 0.117 0.091

TM10 0.173 0.129

TE20 0.125 0.099

TM20 0.183 0.141

characteristics of the inverted rib waveguide in function
of d2 for nc = 1.33. The assumption was taken that
∆n = 0.002 which is below the cut-o� for both funda-
mental modes. The curves for TE20�TE50, TM20�TM40

are not shown because in the presented range of d2 these
modes are very close to cut-o�. For each characteristic
neff(d2) there is a characteristic critical value d2g above
which a given mode is con�ned to the slab �lm. These
values for nc = 1.00 and 1.33 are presented in Table III.

Fig. 2. E�ective index characteristics of the inverted
rib composite waveguide in function of the SiO2�TiO2

�lm thickness d2, calculated for nc = 1.33.

As can be seen from comparison of values in Tables I
and III and from Fig. 2, a presence of the channel wave-
guide in the substrate downshifted cut-o� thickness val-
ues. Critical thicknesses d2g are higher than dcut of the
slab waveguide. Each value nc corresponds with range d2

values in which e�ective index of TM00 mode is slowly
varying function of d2 limited by ∆n of RIP in the sub-
strate, whereas a sharp increase is observed for TE00 ef-
fective index. In these ranges high values of fundamental
mode sensitivity di�erence are expected.
Homogeneous and surface sensitivities of the channel

gradient index waveguides in function of ∆n can be cal-
culated using Eq. (1). These characteristics are monoton-

Fig. 3. Homogeneous sensitivity characteristics of the
inverted rib waveguide in function of a uniform �lm
thickness d2.

Fig. 4. As in Fig. 3 but for surface sensitivity.

ically increasing functions. Values of both homogeneous
and surface sensitivities are small which is typical for
ion-exchange based gradient index waveguides [12, 13].
In Figs. 3 and 4 are shown sensitivity characteristics of
the inverted rib waveguide, whereas Fig. 5 presents ho-
mogeneous and surface sensitivity di�erence characteris-
tics for TE00�TM00 modes. In both cases sensitivities of
TM00 mode were subtracted from values of TE00 modes:
∆S = STE − STM. These characteristics are in function
of uniform �lm thickness d2. Characteristics of surface
sensitivity were calculated with an assumption that the
refractive index and the thickness of the sensitive �lm are:
ns = 1.5 and ws = 1 nm. As it can be seen, comparing
these characteristics with the ones in Fig. 2, a presence of
high refractive index uniform �lm substantially increases
sensitivity even though the channel waveguide itself is
below cut-o�. Each sensitivity characteristic has a single
local maximum. Maxima for TM00 outreach the range of
d2 presented in Figs. 3 and 4 in all cases but one: SH for
nc = 1.00.
From Fig. 4 it can be seen that an increase o� am-

bient refractive index causes the downshift of uniform
�lm thickness values for which mode homogeneous sen-
sitivity of TE00 is maximal. This thickness is less than
d2g of TM00 mode when nc = 1.00 and higher than d2g

when nc = 1.33. Therefore for higher values of ambi-
ent refractive index the homogeneous sensitivity of TE00

mode is maximal when both fundamental modes are con-
�ned to the uniform �lm. Homogeneous sensitivity val-
ues of presented structure are comparable with the ones
for a SiO2�TiO2 rib waveguides that are several hun-
dred nm thick and therefore not compatible with optical
�bres [17]. Similar change of relationship between the
uniform �lm thickness maximizing SH of TE00 mode and
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critical thickness of TM00 mode is observed for surface
sensitivity characteristics.

Fig. 5. Homogeneous and surface sensitivity di�erence
characteristics of TE00�TM00 modes of the inverted rib
waveguide in function of a uniform �lm thickness d2.

Each of the sensitivity di�erence characteristics that
are shown in Fig. 5 has two local opposite extremes.
In contradiction to three-layered slab waveguide, �rst
extreme on homogeneous sensitivity di�erence charac-
teristics is achieved when sensitivity of TE00 mode is
higher than the one of TM00 mode (d2m = 0.105 µm
and 0.145 µm). These values are smaller than critical
thicknesses d2g of TM00 mode for both cover refractive
indexes. Therefore for them the structure is composite.
The following local minima on both homogeneous and
surface sensitivity di�erence characteristics are achieved
when the fundamental modes are con�ned to a uniform
�lm. In this case the structure should be considered a
slab waveguide based on the non-uniform substrate and
homogeneous sensitivity of the TM mode is greater than
of the TE as is for three-layered slab. In a case of the sur-
face sensitivity di�erence characteristics, only the char-
acteristic for nc = 1.00 has a maximum for the uni-
form �lm thickness less than critical of a TM00 mode
(d2m = 0.146 µm), therefore for nc = 1.33 presented
structure is a slab waveguide (d2m = 0.137 µm). This can
be explained alleging a fact that a magnitude of changes
of e�ective indexes is preponderantly determined by re-
fractive index changes at the interface of the uniform �lm,
where is the thin sensitive �lm of relatively high refrac-
tive index comparable with substrate refractive index nb.

5. Conclusions
This work presents a theoretical analysis of the relation

between selected parameters of inverted rib waveguide
structure and its e�ective index and sensitivity charac-
teristics. Considering that the maximal refractive index
contrast ∆n of gradient channel waveguide is less than
cut-o�, an additional layer is required to make light guid-
ance possible. A presence of thin uniform, high refractive
index �lm on a top of this waveguide was investigated.
It was shown that for given ambient refractive index one
can �nd a range of uniform �lm thickness values in which
TE00 mode is con�ned to the uniform �lm whereas TM00

mode is guided in both: the channel waveguide and the
uniform �lm. In these case the presented structure is
composite. Homogeneous and surface sensitivity charac-
teristics have single local maximum obtained for given
uniform �lm thickness. It was shown that for the as-
sumpted uniform �lm refractive index only for nc = 1.00

this thickness is less than critical. Considering the di�er-
ence interference of fundamental modes a homogeneous
sensitivity di�erence is maximized when thickness of the
uniform �lm is less than the critical one for both con-
sidered cover refractive indexes: nc = 1.00 and 1.33
whereas the surface sensitivity is maximized within de-
sired range of uniform �lm thickness only for nc = 1.00.
For higher ambient refractive index the surface sensitiv-
ity is maximal if both fundamental modes are con�ned
to the uniform �lm because of high value of sensitivity
�lm refractive index ns = 1.5, despite of its thickness
ds = 1 nm that is several hundred times less than a wave-
length λ = 0.677 µm. Further analysis must involve a re-
fractive index of the uniform �lm as a second parameter.
Diminution of this value should allow �nding range of
uniform �lm parameters within which the homogeneous
sensitivity and surface sensitivity di�erence of fundamen-
tal modes is maximal for uniform �lm thickness less than
a critical thickness of TM00 mode.
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