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The aim of the paper is to present results of examination of the acoustic pressure �eld inside a model of a
cylindrical duct. Measurements of the root mean square acoustic pressure were carried out using a new measurement
setup, �rst in conditions allowing for propagation of the plane wave only, and next � by increasing the excitation
frequency � with successive higher modes also taken in account. Two types of hard-walled cylindrical ducts
were examined corresponding to mathematical models known as the in�nite duct and the semi-in�nite duct. A
dedicated measurement setup is presented as well as the successive stages of its modi�cation. In order to verify
the modi�ed measuring system, the �rst stage of the research work consisted in excitation of the axisymmetric
modes only and assessing the degree of symmetry represented by the measurement data Signi�cant improvement
of the compatibility of the obtained measurement results with theoretical predictions was observed in the explored
frequency band 800�5500 Hz that for the duct inside radius of a = 0.077 m corresponded to the reduced frequency
range 1.13 < ka < 7.76.
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1. Introduction

Theoretical analysis of the acoustic �eld inside per-
fectly hard-walled ducts predicts that, apart from the
plane wave, they may carry wave modes of higher orders,
known as Bessel modes in the case of cylindrical ducts. If
the excitation frequency is higher than the so-called cut-
o� frequency for modes of a speci�c order, such modes
can propagate as travelling (not attenuated) waves, oth-
erwise they decay exponentially with distance [1].

Literature of the subject can be classi�ed into three
categories as far as the adopted accuracy of description
of the related phenomena is concerned, of which two pro-
pose signi�cant simpli�cations, namely the plane wave
approximation [2] and the single mode approximation
[3, 4]. The third approach, the exact one, assumes multi-
modal nature of the propagating wave [5, 6].

The plane wave approximation is typically used in
analyses concerning phenomena occurring in pipe-shaped
elements of acoustic �lters as well as in the whole class of
problems related to tests carried out with the use of the
impedance tube method [7] where elimination of higher
modes and reduction of wave content to the plane wave
only by proper choice of the excitation frequency that
must be lower than the cut-o� frequency for the �rst
Bessel mode is more than desirable.
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The single-mode approximation adopted usually in
studies focused on the e�ect of di�raction at the duct
outlet [3, 4] allows to understand the involved processes
including, in the �rst place, the phenomenon of trans-
formation of modes at the outlet [3, 4]. However, by
assuming the multimodal nature of the wave progressing
towards the outlet it is possible to analyze all di�rac-
tion/re�ection/transformation phenomena occurring in
acoustic waveguides [5, 6, 8] and obtain satisfactory con-
sistence of the theoretical model with results of measure-
ments; this applies in particular to wave guides with large
radii such as e.g. shells of aircraft jet engines or ducts
of heating, ventilation, and air conditioning (HVAC) sys-
tems [9, 10], in which additionally �ow of the medium is
often considered [11�13].

This paper presents results of examination of the
acoustic pressure �eld inside a model of cylindrical duct,
�rst in conditions allowing for propagation of plane wave
only, and next � by increasing the excitation frequency
� with successive higher Bessel modes also taken in ac-
count.

A dedicated measurement setup is also presented and
successive stages of its modi�cation with special empha-
sis put on microphone positioning accuracy necessary to
observe consistency of measurement results with predic-
tions of the exact theory.

2. Mathematical models and their model

embodiments

Two types of hard-walled cylindrical ducts were exam-
ined in the framework of the present research work corre-
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sponding to mathematical models known as the in�nite
duct and the semi-in�nite duct.
The concept of the in�nite hard-walled duct refers to

a waveguide on surface of which the normal component
of the acoustic velocity is zero, with a sound source lo-
cated very far from the observation point and producing
a progressing wave propagating in one direction with no
waves re�ected back. A physical model of such struc-
ture can be obtained by closing a duct of �nite length
with a material intensively absorbing acoustic waves, i.e.
providing a model duct with the so-called anechoic ter-
mination (Fig. 1a).
Further, the hard-walled semi-in�nite duct is de�ned as

a structure on surface of which the acoustic velocity nor-
mal component is zero that carries both wave modes pro-
gressing towards the open end and modes travelling back-
wards generated at the open end as a result of di�raction
(Fig. 1b). According to theoretical results accounting for
di�raction phenomena occurring at the outlet, acoustic
wave in a duct of that type represents a sum of modes
propagating towards the outlet, re�ected from the outlet,
and transformed at the outlet [8, 14].

Fig. 1. Physical embodiments of mathematical con-
cepts of: (a) the in�nite duct; (b) the semi-in�nite duct.

3. Theoretical foundations

The acoustic �eld inside a duct can be described by
means of either the acoustic pressure �eld p(r, t) or the
acoustic velocity �eld v(r, t). Assuming linearity of the
involved phenomena, with the use of Euler equation and
the continuity equation one obtains the wave equation [1]:

∆p(r, t)− 1

c2
∂2p(r, t)

∂t2
= 0 (1)

which for harmonic excitation assumed throughout the
present paper in the form exp(− iωt) can be reduced to
the Helmoltz equation [1]

∆p(r, t) + k2p(r, t) = 0, (2)

where k = ω/c is the wave number.
By applying the boundary condition expressing rigid-

ity of duct walls, i.e. vn|Σ = 0 where vn is the acoustic
velocity normal component and Σ is the duct surface,
and with the z coordinate axis coinciding with the duct's

symmetry axis, the acoustic pressure of a single incident
wave mode for an excitation characterized by the pulsa-
tation ω can be expressed in the cylindrical coordinates
by means of formula

pincmn(r, t) = Amne
imφJm

(µmnρ
a

)
e i (γmnz−ωt), (3)

where i2 = −1, γmn =
√
k2 − µ2

mn

a2 = 1
a

√
(ka)2 − µ2

mn

is the longitudinal wave number, m = 0, 1, 2, . . . , n =
1, 2, . . ., are the indices of circumferential and radial mode
order, a is the duct radius, Jm is the Bessel function of
the �rst kind of order m, µml/a is the transverse wave
number, µml is the l-th root of �rst derivative of the
Bessel function Jm, i.e. the l-th solution of equation
Jm′(µml) = 0.
If the longitudinal wave number γmn is a real num-

ber, then the corresponding mode can propagate in the
duct without attenuation as a travelling wave and for
that reason it is called the allowed mode (or the cut-on
mode). For non-decaying modes of that type, condition
ka > µml must be met where the product ka is called
the reduced frequency or the Helmholtz number. Modes
with imaginary longitudinal wave numbers (ka < µml)
called the cut-o� modes represent acoustic �eld features
decaying exponentially with distance from the source. If
the longitudinal wave number γmn is a real number, then
the corresponding mode can propagate in the duct with-
out attenuation as a travelling wave and for that reason
it is called the allowed mode (or the cut-on mode). For
non-decaying modes of that type, condition ka > µml
must be met where the product ka is called the reduced
frequency or the Helmholtz number. Modes with imag-
inary longitudinal wave numbers (ka < µml) called the
cut-o� modes represent acoustic �eld features decaying
exponentially with distance from the source.
In a semi-in�nite duct, acoustic wave coming from the

inside is subject to partial re�ection from the open end
resulting in interference with incoming modes and cre-
ation of standing waves. Apart from the re�ection, also
the e�ect of transformation of the incident modes into
di�erent ones (coupling) occurs according to the princi-
ple of conservation of the circumferential mode order m
[15]. Re�ection and transformation coe�cients describ-
ing quantitatively the phenomenon are complex number
given either in the form of modulus and phase [15] or as
the modulus and the so-called open-end correction [16].
Any steady-state acoustic wave observed in a semi-

-in�nite circular duct is therefore, as a result of di�raction
occurring at the unba�ed open end, a sum of all possible
modes, even in the case when the wave incident at the
duct end is a single mode. Hence, the formula represent-
ing the resulting acoustic �eld inside the duct must be
adopted in the form [15, 16]:

pmn(ρ, φ, z) = Amne
imφ

[
Jm(µmn

ρ
a )

Jm(µmn)
e iγmnz

+

Nm∑
n=1/0

Rmln
Jm
(
µml

ρ
a

)
Jm(µml)

e− iγmlz

]
, (4)
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where Rmln is the coe�cient describing transforma-
tion/re�ection of the incident mode (m,n) into mode
(m, l). The above formula accounts only for modes prop-
agating from the duct outlet as non-decaying travel-
ling waves, i.e. the cut-on modes, whereas Nm denotes
the maximum value of index n for which the condition
ka > µmn is met. It should be, however, noted that
at the outlet itself (z = 0), contribution of the trans-
formed cut-o� modes to the resultant acoustic pressure
may prove not negligible.
In practice, one can limit the analysis to the incident

wave comprising only the cut-on modes also if multi-
modal excitation is considered, especially when the �eld
far from the excitation source is the subject of interest.
In such case, the total acoustic pressure prmtot inside the
duct will be the sum of components represented by cut-
on modes for the duct of given type at a given frequency,

prmtot =

pmn∑
m,n

, (5)

where summation is performed only over such pairs of
indices for which ka > µmn.

4. The measurement setup
Theoretical analysis of the acoustic �eld distribution

inside cylindrical ducts has proved that for some types of
sources one should expect very sudden variations of the
acoustic pressure along the duct. The e�ect actually ob-
served and shown in Fig. 2. In the tests carried out with
laboratory models, this means the increased sensitivity of
the measurement system to signi�cant errors related to
inaccuracy in positioning of the microphone and/or the
sound source.

Fig. 2. The sudden variations in acoustic pressure
along the duct radius predicted by means of numerical
calculations.

The preliminary test measurements with the use of ax-
isymmetric excitation proved a signi�cant departure from
axial symmetry indicating that a modi�cation of the mea-
surement setup was required. As a result of a thorough
analysis of possible error sources it was decided that in
modi�cation of the system, special emphasis should be
put on automation of the measurement process and pre-
cision of positioning individual components of the mea-
suring circuit.
The most important new component of the setup, in-

troduction of which was expected to increase signi�cantly

consistence of measurement results with predictions of
the theoretical model, was a specially designed movable
microphone-carrying head mounted at the end of the
measuring arm (Fig. 3).

Fig. 3. The measuring head with 1/4� microphone.

Linear displacement of microphone within the head
was obtained by transmission of rotational motion of a
threaded pin with diameter of 4 mm engaged with guides
restricting its motion in other directions. The use of the
threaded pin allowed to position the microphone along
the duct radius with high accuracy thanks to large gear
ratio of the transmission. The drive element was a small
computer-controlled stepping motor.
All elements of the measuring system are shown in a

schematic diagram (Fig. 4). The measuring arm is pro-
vided with a small stabilizer the function of which is to
compensate unavoidable de�ection of the arm and po-
sition it precisely in the duct axis. The measuring arm
was connected with computer-controlled AF-01 turntable
and could be rotated by an arbitrary predetermined an-
gle with 0.01◦ accuracy. Such con�guration ensured that
the measuring head with microphone could be precisely
positioned over the whole cross-section of the duct, i.e. at
any point de�ned by cylindrical coordinates ρ and ϕ. In
order to take measurements, the head together with the
measuring arm needed to be introduced into the duct,
therefore in order to minimize the relating acoustic �eld
disturbance, dimensions of the components were reduced
to a minimum, including the use of a 1/4′′ microphone.
AF-01 turntable together with the stepping motor was lo-
cated horizontally on a wooden platform with adjustable
height and could be moved forward and back on alu-
minum guides, that in turn allowed to move the micro-
phone from one cross-section of the duct to another, i.e.
along the z axis of the system.
The whole measurement process has been automated.

A dedicated code was developed in the MATLAB pro-
gramming environment to control precisely position of
the microphone and acquire the acoustic pressure mea-
surement data.
In order to verify the measuring system modi�ed this

way, the �rst stage of the study consisted of observing ax-
isymmetric modes and assessing the degree of symmetry
represented by the measurement results. For that reason,
a small wide-band loudspeaker located centrally on the
duct axis was used as the sound source. Measurements
were taken for the two duct models shown in Fig. 1. In
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Fig. 4. Schematic diagram of the measurement setup:
1 � AF-01 turntable; 2 � measuring arm; 3 � mea-
suring arm stabilizer; 4 � measuring head; 5 � mea-
suring microphone; 6 � wide-band loudspeaker; 7 �
anechoic termination; 8 � stepper motor; 9 � plat-
form; 10 � platform guides; 11 � duct supports, 12 �
vibro-insulation.

both cases, the gap between the loudspeaker and the duct
wall (perimeter) was �lled with 0.10 m thick layer of min-
eral wool. The wool pad together with the loudspeaker
was closed with a round wooden cover making the so-
called anechoic termination. In the case of measurements
with the in�nite duct model, the other duct end was also
provided with analogous anechoic termination (wooden
cover and a 0.10 m thick pad of mineral wool). For the
tests requirements, a segment of circular plastic pipe was
used inner radius of which was a = 0.077 m and length
l = 2 m.

Fig. 5. Overall view of the measurement setup.

Signal frequencies used for testing the measurement
setup were selected so that each interval between two con-
secutive test frequencies included the cut-on frequency
for one new mode only. This allowed to observe changes
occurring in the acoustic pressure pattern related to ap-
pearance of a consecutive Bessel mode predicted by the
theory in progressing wave generated by the source. The
frequencies for which the measurements were carried out
(and the corresponding values of the reduced frequency)
were adopted as follows: 800 Hz (ka ≈ 1.13); 1730 Hz
(ka ≈ 2.44); 2440 Hz (ka ≈ 3.44); 2850 Hz (ka ≈ 4.02);
and 5500 Hz (ka ≈ 7.76). Table lists the indices (m,n)
of all modes, both radial and circumferential, cut-on fre-
quencies of which are lower than the selected ka values.
Departure from axial symmetry observed in measure-

ments could speak for excitation of non-axisymmetric al-
lowable (cut-on) modes listed in the above table and,
indirectly, for certain disturbances in the system's sym-
metry.

TABLE

Indices of the cut-on modes versus the reduced frequency
ka.

ka No. of modes Allowable modes

1.13 1 (0,0)

2.44 2 (0,0)+(1,1)

3.44 3 (0,0)+(1,1)+(2,1)

4.02 4 (0,0)+(1,1)+(2,1)+(0,1)

7.76 11 (0,0)+(1,1)+(2,1)+(0,1)+(3,1)+(4,1)

+(1,2)+(5,1)+(2,2)+(0,2)+(6,1)

The measurements were taken on the duct axis and at
points located on thirteen concentric circles symmetric
with respect to the duct axis separated by 5 mm and
in 15◦ increments of the azimuthal angle, over three dif-
ferent duct cross-section planes. Acoustic pressure val-
ues were registered by means of the Bruel&Kjær 4135
1/4′′ microphone. The measurements were carried out
in free-�eld conditions, in the large anechoic chamber of
the Department of Mechanics and Vibroacoustics, AGH
� University of Science and Technology in Cracow

5. Results of the measurements

The following �gures present the acoustic �eld distri-
bution measurement results obtained for the duct cross-
section located 0.51 m from the duct outlet edge. The
acoustic pressure distribution patterns over the other two
selected cross-sections, although di�erent, presented sim-
ilar picture of rms acoustic pressure dependence on the
radial coordinate (distance from the duct axis z) pre-
dicted by Eq. 6 and characteristic for presence of Bessel
modes.

Fig. 6. The acoustic �eld distribution the over cross-
section located 51 cm from the duct end: (a), (c), (e) �
the in�nite duct model, for excitation frequencies 800,
2850, and 5500 Hz, respectively; (b), (d), (f) � the
semi-in�nite duct model, for excitation frequencies 800,
2850, and 5500 Hz, respectively.

For the lowest excitation frequency, when only the
plane wave generated by the source was expected to
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reach the observation point, the di�erence between the
maximum and the minimum acoustic pressure level mea-
sured at given radial coordinate was 0.3 dB over the
whole cross-section for both semi-in�nite and in�nite
duct model. This is an evidence of high degree of consis-
tence of the observed �eld distribution with theoretical
assumptions on one hand and precision of the modi�ed
measurement setup on the other. Analyzing the acous-
tic �eld distribution pattern for ka = 2.44 where cut-on
modes includes, apart the plane wave (0,0), also a non-
axisymmetric mode (1,1), one can observe some deviation
from axial symmetry (up to 2.2 dB for the in�nite and
0.8 dB for the semi-in�nite duct model) corresponding
to the cosine-type dependence of the acoustic pressure in
modes of that type on the azimuthal angle (cf. Eq. 6).
This speaks in favor of the hypothesis providing for rela-
tively insigni�cant excitation of asymmetric modes.
Therefore, one should expect certain content of asym-

metric modes also in waves excited with higher frequen-
cies. The analysis for the measured acoustic �eld dis-
tribution at the reduced frequency ka = 3.44 for which
the asymmetric cut-on modes include also the (2,1) mode
that can propagate without attenuation shows that the
maximum variation of the acoustic pressure registered at
the same radial coordinate and for di�erent values of the
azimuthal angle φ, representing a measure of deviation
from axial symmetry, amounted to 3 dB and 1.2 dB for
semi-in�nite and in�nite duct models, respectively.
The e�ect of presence of asymmetric modes was ob-

served also at the reduced frequency ka = 7.76 for
which also the (0,2) mode become allowable together with
asymmetric modes listed in Table. The total number of
wave modes that can propagate at this frequency with-
out attenuation is eleven, including three axisymmetric
modes. For the in�nite duct model, axial symmetry could
be clearly seen. In the model of semi-in�nite circular
duct, axial symmetry was signi�cantly a�ected by the
above-mentioned complex di�raction phenomena occur-
ring at the outlet (each mode was partly re�ected with
di�erent amplitude change and phase shift described by
means of the so-called open-end correction [16] and in-
terfered with other re�ected and transformed modes).

6. Conclusions
The above-described modi�cation of the measuring

setup designed for examination of acoustic �eld inside
model hard-walled cylindrical ducts resulted in signi�-
cant improvement of consistency of the obtained mea-
surement results with theoretical predictions. In the ex-
plored frequency band 800�5500 Hz that for the duct in-
side radius of a = 0.077 m corresponded to the reduced
frequency range 1.13 < ka < 7.76, the e�ect of appear-
ance of successive axisymmetric modes was observed as
expected in view of the assumed axial symmetry of the
system with axially mounted sound source. Although no
e�ort was spared to maintain axial symmetry of the sys-

tem undisturbed, the e�ect of non-axisymmetric modes
could be observed for higher frequencies. The deviations
from axial symmetry in acoustic pressure distribution
patterns indicated presence of axially asymmetric (cir-
cumferential) modes, with the nature of these variations
being consistent with the expected dependence on the
azimuthal angle, especially clearly seen for ka = 4.02.
The measurement setup presented in this paper will be

subject to further modi�cations; in particular, measure-
ments in duct models with much larger radii are neces-
sary. As the number of cut-on modes depends on the
reduced frequency value ka, examination of the same
acoustic �eld con�gurations will be important at propor-
tionally lower frequencies and longer waves that in turn
is expected to reduce the acoustic �eld disturbance re-
lated to penetration of the duct interior with the movable
microphone-carrying head and allow to achieve another
level of measuring accuracy.
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