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Zero-Field Splitting Parameters of Cr3+ in Lithium Potassium

Sulphate at Orthorhombic Symmetry Site
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The superposition model is used to investigate the crystal �eld parameters, Bkq of Cr
3+ in lithium potassium

sulphate. The zero �eld splitting parameters D and E are then determined using microscopic spin Hamiltonian
theory and compared with the experimental values obtained by electron paramagnetic resonance. Both zero �eld
splitting parameters D and E evaluated theoretically are in good agreement with the experimental values. The
results suggest that the Cr3+ ion occupies substitutional K+ site in lithium potassium sulphate.
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1. Introduction

The superposition model was introduced to separate
the physical and geometrical information existing in rare-
-earth ion crystal �eld parameters [1]. Its application to
the spin Hamiltonian (SH) parameters of d5 ion ground
state was also developed [2]. Some success in applying
this model to the orbit lattice interaction was achieved.
The usual problem in applying this model lies in �nding
the positions of various ligands. Hence the link between
the model and the theories of local distortion in crystals
is of considerable interest.
Cr3+ ion in an octahedral environment is a very attrac-

tive system, which is continuously receiving considerable
attention of many research groups. Very speci�c energy
level structure of Cr3+ ion with spin-quartet and spin-
-doublet levels gives an opportunity to reveal dynamic
and static properties of Cr3+ impurity centers [3, 4].
The superposition model [5, 6] has been successfully

applied to gain very detailed information on the lattice
site and crystalline environment of Cr3+ ion in crys-
tals [7, 8]. This model was successfully applied to Cr3+

ion doped RbCdF3 [9] and ammonium dihydrogen phos-
phate [10].
Theoretical studies on the spin Hamiltonian parame-

ters have become the subject of a considerable number of
works [11�15]. Various mechanisms have been suggested
to contribute to ground-state splitting of the magnetic
ions interacting with the lattice [16]. The mostly used
procedure treats cubic �eld and the diagonal part of free-
-ion Hamiltonian as unperturbed Hamiltonian, leaving
the perturbations as the spin�orbit coupling, the low-
-symmetry �eld, and the o�-diagonal part of free-ion
Hamiltonian. This procedure was proposed by Macfar-
lane for F -state ions that gives better results [9].
Electron paramagnetic resonance (EPR) studies of

Cr3+ impurities in ammonium lithium sulphate (ALS)
and lithium potassium sulphate (LPS) single crystals,
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which belong to the materials with the general formula
M′M′′BX4 (M′ = Li; M′′ = Na, K, Rb, Cs, NH4, N2H5;
BX4 = BeF4, SO4, SeO4), have been reported [17, 18].
There are three possibilities for the site of Cr3+ centre in
LPS crystal, namely substitution at K+ site, substitution
at Li+ site and interstitial. It is interesting to determine
the site of this impurity. It was found that Cr3+ enters
the lattice substitutionally at K+ site [17]. In this paper,
we present the calculated zero �eld splitting parameters
(ZFSPs), using crystal �eld parameters from superposi-
tion model [16] for the Cr3+ ion present at substitutional
K+ site in LPS. The result derived from this model is
consistent with the experimental observation.

2. Crystal structure

The crystal structure of LiKSO4 was determined by
Karppinen et al. [19]. The structure is hexagonal, space
group P63 with Z = 2. The unit cell dimensions are
a = 0.51452 nm and c = 0.86343 nm. The structure
consists of Li+ and SO2−

4 ions lying on threefold axes
and K+ ions lying on sixfold axes. The Li+ ion has a
tetrahedral coordination with Li�O distances in the range
0.1909�0.1923 nm. The K+ ion is surrounded by nine O
atoms of sulphate at distances 0.2840�0.2989 nm. The
arrangement of O ligands may be described as a distorted
octahedron with additional O atoms outside three of its
edges (Fig. 1a).

3. Theoretical investigation

The experimental results for the resonance �eld of
Cr3+ in LPS single crystals can be analyzed with the
usual spin Hamiltonian [20]:

H = µBBgS +D

[
S2
z −

S(S + 1)

3

]
+ E(S2

x − S2
y), (1)

where µB is the Bohr magneton, g is spectroscopic split-
ting factor, D is axial zero �eld splitting parameter and E
is rhombic zero �eld splitting parameter. In the above
equation, �rst term represents the electron Zeeman inter-
action, second term represents the axial zero �eld split-
ting and third term represents the rhombic zero �eld
splitting.
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Fig. 1. (a) The environment of K+ viewed along the
c axis (by the courtesy of M. Karppinen et al. [17]).
(b) Coordination around Cr3+ in LPS.

The crystal �eld Hamiltonian can be written as [21]:

H =
∑
k,q

BkqC
(k)
q , (2)

where Bkq are the crystal-�eld parameters and C
(k)
q are

the Wybourne spherical tensor operators. For the or-
thorhombic symmetry of the crystal �eld, Bkq 6= 0 only
with k = 2, 4, q = 0, 2, 4. In the present study, the
crystal-�eld parameters, Bkq are calculated using super-
position model [22�27]. Considering the transformation
properties of the Stevens operators Oq

k, the relations be-
tween the arbitrary symmetry spin Hamiltonian param-
eters and crystal �eld parameters in the Stevens nota-
tion Bq

k were derived in various axis systems [28]. Us-
ing consistent convention prevailing in the recent litera-
ture we have the following relations between the conven-
tional ZFS parameters D and E and crystal �eld param-
eters Bq

k:

D = 3B0
2 , E = B2

2 . (3)

Taking these relations and the idea that the ratio E/D for
an orthorhombic symmetry Hamiltonian can always be
limited to the range (0,±1/3), the conventional D and E
are calculated by obtaining Bq

k from Bkq (crystal �eld pa-
rameters in the Wybourne notation) [29], where Bkq are
determined from the expressions given in Appendix A.

By considering the covalency e�ect via the average co-
valency parameter N , the Racah parameters B, C and
the spin�orbit coupling parameter, ξd can be expressed
in terms of N as [21] B = N4B0, C = N4C0; ξd = N2ξ0d,
where B0 and C0, and ξ

0
d are the free ion Racah and the

spin�orbit coupling parameters, respectively [21] (B0 =
918 cm−1, C0 = 3430 cm−1, ξ0d = 276 cm−1 [20]). With

B = 697 cm−1 and C = 3247 cm−1 obtained from op-
tical absorption [18], N2 = (

√
B/B0 +

√
C/C0)/2 [30]

yields N = 0.92. This value of N is used to calculate ξd
from ξ0d. B, C, ξd together with spin�spin interaction,
spin�other-orbit interaction parameters and crystal �eld
parameters Bkq are used to calculate the optical spec-
tra of Cr3+: LPS crystal with the help of CFA program
(discussed later).

3.1. Superposition model

The superposition model has been shown to be quite
successful in explaining the crystal-�eld splitting of the
4fn ions [31] and recently of some 3dn ions [6, 32, 33].
This model expresses the crystal �eld parameters as
[5, 16]:

Bkq =
∑
j

Ak(Rj)Kkq(θj , φj), (4)

where Rj are the distances between the paramagnetic
ion and the ligand ion j, R0 is the reference distance,
normally chosen near a value of the Rj 's. θj are the
bond angles in a chosen axis system (preferably symme-
try adopted axis system (SAAS)) [5, 22]. Summation is
taken over all the nearest neighbour ligands. The coor-
dination factors Kkq(θj , φj) are the explicit functions of
angular positions of ligands [16, 22, 23]. The parameter
Ak(Rj) is given by [16]:

Ak(Rj) = Ak(R0)(R0/Rj)
tk , (5)

where Ak(R0) is the intrinsic parameter for a given ion
host system; tk is power law exponent.
For 3dN ions in the 6-fold cubic coordination A4(R0)

can be found from the relation [34]: A4(R0) = (3/4)Dq.
As A4(R0) is independent of the coordination [24], we
have used above relation to determine A4(R0) in our
calculation. Also, A2(R0) = 8A4(R0) [9, 32]. Using
Dq = 2050 cm−1 [18], we get A4(R0) = 1537.5 cm−1

and A2 (R0) = 12300 cm−1. The following values of the
superposition-model parameters and the metal�ligand
bond distances (Fig. 1b) are adopted: t2 = 4, t4 = 6 [9];
t2 = 8, t4 = 9; R1, R

′
1, R2, R

′
2; θ1, θ

′
1, θ2, θ

′
2; φ1, φ

′
1,

φ2 and φ′2 are 0.551 nm, 0.551 nm, 0.551 nm, 0.686 nm;
84.39◦, 84.39◦, 84.39◦, 83.63◦; 63.43◦, 26.57◦, −45◦ and
49.48◦, respectively.

4. Result and discussion

First, assuming interstitial site of Cr3+ at the point
between O(1)�O(2) bond the origin was shifted at this
point. The bond distances of di�erent ligands, Rj and
the corresponding angle θj were determined and are given
in Table I. When R0 is taken as the average of Rj [13],
i.e. R0 = 0.511 nm, t2 = 4 and t4 = 6, we obtain dif-
ferent crystal �eld parameters resulting D and E to be
11241.7 cm−1 and 21586.8 cm−1, respectively, which are
inconsistent with the experimental values. Then we have
calculated D and E taking the lowest value of the metal�
oxygen distances as R0 [35] i.e. R0 = 0.439 nm, t2 = 4
and t4 = 6, which come out to be −10273.4 cm−1 and
1622.1 cm−1, respectively. These are also larger than



Zero-Field Splitting Parameters of Cr3+ . . . 103

the experimental values. Taking R0 = 0.187 nm, sum
of ionic radii of O2− (0.132 nm) and Cr3+ (0.055 nm),
t2 = 4 and t4 = 6, we obtain D and E as 136.1 cm−1

and 439.8 cm−1, respectively, which are also larger than
the experimental values. Thus interstitial site for Cr3+

in LPS seems to be inappropriate. Next to see the sub-
stitution at Li+ site, the origin of Cr3+ was shifted at the
Li+ ion.

TABLE I

Metal�oxygen bond distances Rj and coordination angles θj
in Cr3+ ion doped LPS single crystals (when the Cr3+ ion is
assumed at point between of O(1)�O(2) bond).

Metal�oxygen
Bond distance Angle θj Angle φj

Rj [nm] [degree] [degree]

Cr�O(1) 0.514 83.57 49.47

Cr�O(3) 0.481 83.57 49.47

Cr�O(4) 0.439 83.57 49.48

Cr�O(2) 0.611 83.45 49.48

The bond distances of di�erent ligands, Rj and the an-
gle θj were calculated and are given in Table II. Taking
R0 as the average of Rj [13], i.e. R0 = 0.423 nm, t2 = 4
and t4 = 6, we obtain D and E to be −1108537 cm−1

and 599184 cm−1, respectively, which are inconsistent
with the experimental values. We have then calculated
D and E taking the lowest value of the metal�oxygen dis-
tances as R0 [35] i.e. R0 = 0.191 nm, t2 = 4 and t4 = 6,
that come out to be −45613 cm−1 and 24655 cm−1, re-
spectively. These are also inconsistent with the experi-
mental values. Taking R0 = 0.187 nm (sum of ionic radii
of O2− and Cr3+), t2 = 4 and t4 = 6, we obtain D and E
as −41987 cm−1 and 22694 cm−1, respectively, which are
also larger than the experimental values. Thus the above
results suggest that the Li+ site is not appropriate for
substitution of Cr3+.

TABLE II

Metal�oxygen bond distances Rj and coordination angles θj
in Cr3+ ion doped LPS single crystals (when the Cr3+ ion is
assumed at Li+ site).

Metal�oxygen
Bond distance Angle θj Angle φj

Rj [nm] [degree] [degree]

Cr�O(1) 0.191 83.35 0

Cr�O(3) 0.549 87.69 45

Cr�O(4) 0.549 87.69 0

Cr�O(2) 0.407 83.74 −87.02

The origin of Cr3+ was then shifted at the K+ ion site
and bond distances of di�erent ligands, Rj and angle θj
were determined as shown in Table III. Taking R0 as
the average of Rj [13], i.e. R0 = 0.585 nm, t2 = 4 and
t4 = 6, we obtain di�erent crystal �eld parameters result-
ing D and E to be −24528.9 cm−1 and −1591.4 cm−1,
respectively, which is larger than the experimental val-
ues. We have then calculated D and E taking above
R0 (0.585 nm) and t2 = 8 and t4 = 9, which are
−33822.4 cm−1 and −11051.4 cm−1, respectively. These

are also larger than the experimental values. We have
also calculated D and E taking the lowest value of the
metal�oxygen distances as R0 [35] i.e. R0 = 0.551 nm,
t2 = 4 and t4 = 6, which come out to be −19386.5 cm−1

and −1257.7 cm−1, respectively. These values are also
inconsistent with the experimental values. D and E are
also calculated taking above R0 (0.551) and t2 = 8 and
t4 = 9, which are −21127.5 cm−1 and −6903.4 cm−1, re-
spectively. These values also do not match with the ex-
perimental values. Taking R0 = 0.187 nm (sum of ionic
radii of Cr3+ and O2− [36]), t2 = 4 and t4 = 6, we found
D and E as −255.4 cm−1 and −16.5 cm−1, respectively,
which are also not consistent with the experimental val-
ues. Taking above R0 (0.187 nm) and t2 = 8 and t4 = 9,
D and E are found as −3.7 cm−1 and −1.2 cm−1, re-
spectively. These are also larger than the experimental
values. Therefore, we have taken R0 = 0.110 nm, which
is slightly lower than the sum of ionic radii of Cr3+ and
O2− (0.187 nm). This R0 value together with t2 = 4
and t4 = 6 provides D and E data as −30.6 cm−1 and
−1.98 cm−1, respectively, which is also inconsistent with
the experimental values.

TABLE III

Metal�oxygen bond distances Rj and coordination angles θj
in Cr3+ ion doped LPS single crystals (when Cr3+ ion is
assumed at K+ site).

Metal�oxygen
Bond distance Angle θj Angle φj

Rj [nm] [degree] [degree]

Cr�O(1) 0.551 84.39 63.43

Cr�O(3) 0.551 84.39 26.57

Cr�O(4) 0.551 84.39 −45
Cr�O(2) 0.686 83.63 49.48

Then we have taken R0 = 0.110 nm and t2 = 8,
t4 = 9 and obtain D and E as −525 × 10−4 cm−1 and
−172 × 10−4 cm−1 (Table IV), respectively, which are
in reasonable agreement with the experimental values.
Therefore, we can say that K+ site is the better candi-
date for substitution of Cr3+. In this way, the conclusion
drawn on the basis of superposition model supports the
experimental result that Cr3+ ions take up substitutional
K+ site in the crystal [18]. The e�ective impurity�ligand
distance (or reference bond length) is di�erent as com-
pared to the corresponding metal�ligand distance. This
may be due to the di�erence in charge and ionic radius
between the Cr3+ and the replaced K+ in LPS [37]. This
may also be due to an o�-center displacement of the im-
purity ion in LPS. The calculations using di�erent models
of defect structure considering an o�-center displacement
of the impurity ion are in progress and the results will be
published soon.
The expressions for crystal-�eld parameters Bkq, for

the impurity at orthorhombic symmetry site, using
Eq. (4) are given [11] in Appendix A. The calculated
values of Bkq parameters for Cr3+ ions at K+ site
(R0 = 0.110 nm) are obtained (in 10−4 cm−1) as: B20 =
245.32, B22 = −455.51, B40 = −17.86, B42 = 27.21,
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TABLE IV

Comparison of the ZFS parameters calculated by the
superposition model for the Cr3+ ion (at K+ site) in
LPS single crystal with experimental values.

Values of ZFS parameters
(×10−4 cm−1)

|D| |E| |E|/|D|
calculated 525 172 0.32

experimental 549 183

B44 = 27.08. These CFPs are non-standard. Using
S4/S6 transformation [29], the standard CFPs are ob-
tained (in 10−4 cm−1) as: B20 = −350.4, B22 = −140.2,
B40 = −6.7, B42 = 71.8, B44 = −50.9. B0

2 and B
2
2 , CFPs

in the Stevens notation [30] are found as −0.01752 cm−1

and −0.1717 cm−1, respectively. The ZFS parameters D
and E are obtained by using D = 3B0

2 and E = B2
2 .

The |D| and |E| values thus obtained are given in
Table IV. The ratio |E|/|D| comes out to be 0.32, which
is standard one. The experimental values are also shown
here for comparison. The calculated values of the ZFS

parameters are in reasonable agreement with the values
obtained from the experiment [18]. Using above Bkq pa-
rameters and CFA program [38, 39] the optical spectra of
Cr3+ doped LPS crystals are calculated. The CFA pro-
gram allows obtaining the complete energy level scheme
for any 3dN ion in a crystal �eld of arbitrarily low sym-
metry within the whole basis of 3dN states. The en-
ergy levels of the impurity ion are obtained by diago-
nalization of the complete Hamiltonian within the 3dN

basis of states in the intermediate crystal �eld coupling
scheme. The Hamiltonian includes the Coulomb interac-
tion (in terms of the Racah parameters B and C), the
Trees correction, the spin�orbit interaction, the crystal
�eld Hamiltonian, the spin�spin interaction and the spin�
other-orbit interaction. B = 697 cm−1, C = 3247 cm−1;
Trees correction, α = 70 cm−1; spin�orbit interaction pa-
rameter, ξd = 254 cm−1; spin�spin interaction parame-
ter, M0 = 0.2021 cm−1; spin�spin interaction parameter,
M2 =0.0159 cm−1; spin�other-orbit interaction param-
eter, M00 = 0.2021 cm−1; spin�other-orbit interaction
parameter, M22 = 0.0159 cm−1 were used for calcula-
tion.

TABLE VExperimental and theoretical energy values of di�erent transitions in Cr3+ doped LPS.

Transition Wavenumber [cm−1]

from 4A2g(F ) observed calculated
2Eg(G) 12298 0(16), 0(37), 0(30), 0(23), 204(15), 204(38), 204(22), 204(31), 204(20), 204(33), 478(14), 478(39),

478(32), 478(21), 478(28), 478(25), 478(24), 478(29), 812(40), 812(13), 812(36), 812(17), 812(17),
812(36), 812(18), 812(35), 812(27), 812(26), 10003(9), 10003(4), 10108(5), 10108(8), 10108(10),
10108(3), 10354(7), 10354(6), 10354(11), 10354(2), 10354(1), 10354(12), 13391(88), 13391(91),
13391(93), 13391(86), 13391(95), 13391(84), 13391(97), 13391(82), 13680(90), 13680(89),
13680(87), 13680(92), 13680(85), 13680(94), 13680(83), 13680(96), 13680(98), 13680(81)

14984 15642(45), 15642(42)
2T1g(G) 16310 15784(46), 15784(41), 15784(43), 15784(44)

16966 17665(111), 17665(108), 17665(106), 17665(113), 17665(115), 17665(104), 17665(117),
17665(102), 17665(119), 17665(100)

18002 17782(58), 17782(65), 17782(60), 17782(63), 17865(110), 17865(109), 17865(107), 17865(112),
17865(105), 17865(114), 17865(103), 17865(116), 17865(118), 17865(101), 17865(120),
17865(99)

4T2g(F ) 20504 17961(57), 17961(66), 17961(64), 17961(59), 17961(61), 17961(62)
4T1g(F ) 25026 26872(74), 26872(73), 26872(71), 26872(76)

27732 26872(69), 26872(78), 26872(67), 26872(80)

28957 27052(75), 27052(72), 27052(70), 27052(77), 27052(68), 27052(79)
2A1g(G) 32927 42601(51), 42601(52), 42601(54), 42601(49)
2T2g(H) 36551 42601(47), 42601(56), 42742(53), 42742(50), 42742(48), 42742(55)

The calculated energy values are given in Table V along
with the experimental ones for comparison. There is a
reasonable agreement between these two. Thus, we con-
�rm that the Cr3+ ion enters the LPS lattice substitu-
tionally at K+ site and the calculated parameters (Bkq,
D and E) are convincing. The calculated ZFS parame-
ters using superposition model may be used to identify
the site of the Cr3+ centre.

5. Conclusion

The EPR ZFS parameters have been investigated using
the superposition model and microscopic spin Hamilto-
nian theory. The experimental ZFS parameters obtained
for the Cr3+ ion in LPS single crystal are in reasonable
agreement with the calculated ZFS parameters at the
substitutional K+ site. The calculated optical spectra
are in reasonable agreement with the experimental ones.
We con�rm that the Cr3+ ion occupies substitutional K+
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site in LPS. The results support the inference drawn from
experimental data.

Appendix A

Relations for the crystal-�eld parameters derived
within the superposition model for the Cr3+ ion posi-
tioned at the K+ site in LPS

B20 = A2(R0)
[
(R0/R1)

t2(3 cos2 θ1 − 1)

+ (R0/R
′
1)

t2(3 cos2 θ′1 − 1)

+ (R0/R2)
t2(3 cos2 θ2 − 1)

+ (R0/R
′
2)

t2(3 cos2 θ′2 − 1)
]
, (A1)

B22 =
√
6 A2(R0)

[
(R0/R1)

t2 sin2 θ1 cos(2φ1)

+ (R0/R
′
1)

t2 sin2 θ′1 cos(2φ
′
1)

+ (R0/R2)
t2 sin2 θ2 cos(2φ2)

+ (R0/R
′
2)

t2 sin2 θ′2 cos(2φ
′
2)
]
/2, (A2)

B40 = A4(R0)
[
(R0/R1)

t4(35 cos4 θ1 − 30 cos2 θ1 + 3)

+ (R0/R
′
1)

t4(35 cos4 θ′1 − 30 cos2 θ′1 + 3)

+ (R0/R2)
t4(35 cos4 θ2 − 30 cos2 θ2 + 3)

+ (R0/R
′
2)

t4(35 cos4 θ′2 − 30 cos2 θ′2 + 3)
]
, (A3)

B42 =
√
10 A4(R0)

[
(R0/R1)

t4 sin2 θ1(7 cos
2 θ1 − 1)

× cos(2φ1)

+ (R0/R
′
1)

t4 sin2 θ′1(7 cos
2 θ′1 − 1) cos(2φ′1)

+ (R0/R2)
t4 sin2 θ2(7 cos

2 θ2 − 1) cos(2φ2)

+ (R0/R
′
2)

t4 sin2 θ′2(7 cos
2 θ′2 − 1) cos(2φ′2)

]
, (A4)

B44 =
√
70 A4(R0)

[
(R0/R1)

t4 sin4 θ1 cos(4φ1)

+ (R0/R
′
1)

t4 sin4 θ′1 cos(4φ
′
1)

+ (R0/R2)
t4 sin4 θ2 cos(4φ2)

+ (R0/R
′
2)

t4 sin4 θ′2 cos(4φ
′
2)
]
/2. (A5)
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