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Spin Hall effect in a two-dimensional electron gas with the Rashba spin—orbit interaction is analyzed
theoretically. We use the Keldysh technique for nonequilibrium processes, modified in order to take into account

well-defined splitting of the Fermi surface due to strong spin—orbit coupling.

Using such an approach, we

reconsider the two-dimensional electron gas with the Rashba spin—orbit interaction and show that impurity

scattering processes suppress the spin Hall effect.
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1. Introduction

Spin Hall effect (SHE) is a phenomenon, in which an
electric field generates a spin current flowing perpendic-
ularly to the field. The effect has been studied in various
systems, but of particular interest are systems where spin
current is not accompanied by a charge current. This can
happen in nonmagnetic systems with strong spin-orbit
(SO) interaction. An external electric field (current in a
conducting case) generates then a pure spin current per-
pendicular to the field. The importance of SHE is due to
the fact that it generates pure spin current required for
electrical manipulation of magnetic moments.

The SHE has been studied with various techniques, in-
cluding the Kubo formalism for the off-diagonal conduc-
tivity [1-3]. This method allows to calculate the SHE
in linear to electric field approximation. As a diagram-
matic method, it requires summation of many diagrams,
especially in the cases of heavy doping, strong scattering
from impurities, or rather smooth (not point-like) impu-
rity potential. All of these problems can be efficiently
overcome by using the Keldysh formalism [4, 5]. How-
ever, the Keldysh technique in its original form leads to
very cumbersome equations when applied to the SHE,
which obviously contain excess information [6].

Several mechanisms of the SHE have been proposed so
far. One of them is the intrinsic SHE in a clean system. It
was studied, e.g., in the model of two-dimensional (2D)
electron gas with the Rashba SO interaction. In this
model, the spin Hall conductivity oy of a clean system is
equal to a universal constant, but impurities with point-
-like scattering potential suppress oy down to zero. This
suppression is associated with the vertex correction to
the loop diagram [7-9], usually calculated in the ladder
approximation [2]. The later is well justified for a simple
one-band model in the limit of Fr7 > 1, while its validity
in a general case of complex band structure is rather not
clear.

In this paper we use the Keldysh formalism [4, 5], mod-
ified to make it closer to the kinetic equation for the
Wigner density matrix. It involves integrated Keldysh
functions, similar to the semiclassical approximation [10].
Recently, some modifications of this technique have been
used to study SHE in 2D electron gas [11-13]. Our ap-
proach is somewhat close, but essentially differs from
them by the way how we determine the integrated
Keldysh functions. Hence, our approach is a generaliza-
tion to the case of well-defined splitting of the Fermi sur-
face (strong SO coupling, weak impurity scattering), like
in the case of magnetized electron gas. For 2D electron
gas with SO interaction, the approach allows considering
the regime of strong SO coupling. We found that im-
purities generally suppress the SHE, in agreement with
results obtained earlier by other techniques. Whether the
suppression is complete or not, depends on specific intra-
and inter-band relaxation rates. The latter, in turn, de-
pend on the form of scattering potential.

2. Model and method

We consider 2D electron gas with the Rashba SO in-
teraction. The latter is due to a substrate and has the
lattice periodicity. Impurities, in turn, are treated as a
small perturbation. Hamiltonian of the system is

H=Hy+V(r), (1)
where Hj includes the kinetic energy and the Rashba
interaction, Hy = —(A/2m) — ia(o,Vy — 04 V), while
V(r) =), v(r—R;) describes scattering potential due to
impurities. Here A = §%/02% + 02/0y?, 0 = (04,0y,05)
are the Pauli spin matrices, whereas « is the constant
of the Rashba SO interaction, and we use the units with
h = 1. The energy spectrum of the system without im-
purities consists of two bands, E 2(k) = e + ak, where
Er = k:2/2m.

The formalism used to calculate SHE is based on
nonequilibrium Green functions, which allow to find ki-
netic equations for the spin-dependent distribution func-
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tions in the semiclassical approximation. We use the ma-
trix Green functions introduced by Keldysh for nonequi-
librium processes [4, 5], which include the retarded, G,
advanced, G*, and off-diagonal (Keldysh), G¥, func-
tions. Each of the three Green functions (G®, G4,
and G¥) is additionally a matrix in the spin space. We
also assume that the impurity scattering is weak, so the
Born approximation can be used.

In the semiclassical approximation, Green function cal-
culation is based on the gradient expansion. Upon writ-
ing the equation of motion for the Green function, per-
forming the Fourier transformation with respect to the
time and space variables, and making use of the Mahan—
Hansch [1] substitution, one obtains the following equa-
tion for the off-diagonal (Keldysh) component of the
Green function (valid for a homogeneous in space and
time problem):

<6E~Vk + eE~ka>G§k
m

Oe
+iak, [O’x, G?k} _ —iak, [Uy, G?k} B
o aGK1 o OGK,
— §6EI |:0'y7 (9&‘:| . + §€Ey |:0'mv a&‘:| .

= —1(VAG + TAGh, - GAE0 — G Ya), (2)
where E denotes the external electric field, k is the 2D
wave vector, and the self-energy Y related to scattering
from impurities has the form

d2k’ N
Yok = Nimp W”kk’ ngka/k, (3>

with Nimp denoting the impurity density, and vy being
the matrix elements of the impurity potential. Equa-
tion (2) is the semiclassical kinetic equation for the
Keldysh function for a 2D electron system with the
Rashba SO interaction. It keeps this form also when
we take into consideration scattering by phonons or any
other relaxation processes included in the self energy
part Yok

Here we restrict our considerations to small deviations
from equilibrium, G g ~ ng + 6Geg. Assuming low im-
purity concentration, the equilibrium functions GSE and
G% can be written as

GOR(A) o _ €~ Ek + a(kyop — kyoy) )
ck (E—Elkiiél)(E—Egkii(SQy

where d; and 2 are small numbers describing decoher-
ence of the states formed by the Rashba interaction. The
equilibrium Keldysh function, Gg}c{, is then determined
by the Fermi distribution function f(e) as [4, 5]:

Gl = [1-2f(e)|(GE& — GZ&)- (5)
Neglecting any energy shift of electron bands by impuri-

ties, one may consider only imaginary part of the Green
function,

GO ~ _%r [(5(5 — F1) (1 + ng-o)
+ (e — Eai)(1 — n-o)], (6)

where the unit vector ng has been introduced
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ok, ok,
nk_()\k’_)\k a0>a (7)

and A\ = ak.
Since we look for small deviations from equilibrium,
we may write

Gay, = Gog + 0G5, (8)
Then, the equation for §G¥, takes the form
0
E. <evk + ;kag)Ggf — iaky [0y, 0GL,]
. a OG%
+ iaky 04, 6GY,] + 2€Ey{o'm’ a;k }
0K
. ;E{% 2 } — iSRG,

— 16X5.G% + 1GR6 XN, + 106G T, (9)
where X9 is the equilibrium self-energy. We look for a
solution of Eq. (9) in the form

6GX, = —in[Qrd(e — E1p) + Rid(e — Eap)l, (10)
with
Qr = Qro + Qk'O', Ry = Rio + R0 (11)

Let us note that Qg and Ry are defined on the surfaces
e = F1i and € = Fyy, respectively, and depend only on
the direction of the vector k. We assume now electric field
along the y axis, E = (0, FE,0). Furthermore, we simplify
the problem by considering spin-independent scattering
from impurities, i.e., we take vy, proportional to the
unit matrix in spin space. Taking all this into account
we write Eq. (9) in an explicit form and then integrate it
over €. As a result one obtains eight coupled equations
for the components of Qx = (Qko, Qkar Qky, Qk-)T and

Rk = (Rko, Rk, Riy, sz)T. These equations can be
solved taking all averages (Qg,) and (Ry,) (1 =0,2,y, 2)
over wavevector orientations as known functions. Thus,
the set of equations for Q. can be written as

M1kQp = Asg. (12)
Here, M1, is a 4 x 4 matrix,
1/ 0 0 0
0 1 0 2ak,
Mg = /m “ ; (13)

0 0 1/m 2ak,

0 —2ak, —2ak, 1/7
where 1/ = 1/711 + 1/712, and the components Aig,
(b=0,z,y,2) of A1 are defined as:

fi 0F1,  (Qro)  mi(Qy)
Aipo = eFE +
1k0 ¢ 8E1k 8I€y T11 T11
R ’ . R 7
4 (B | mi(B) (14)
T12 T12
and
oz Ongy dfi OBy
A = BN g =t e ok, e
4 (Qru) + (Rirp) + N {Qro) + ey (Rir0) (15)

T11 T12 T11 T12
for p = x,y,z, where f1 = 2f(FE1x) — 1, and k' obeys
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the condition Fspr = E1;. Thus, k' can be considered as
a function of k.

Similar equations can be written for the compo-
nents Ry ,. Apart from this, in Eq. (13) we have in-
troduced the inter- and intra-band relaxation times, 7;;
for 4,7 = 1,2, which are determined by the matrix el-
ements of the scattering potential, |vgq|?, where k and
g can belong to the same band or to different bands,
and also by the density of states in the two bands,
v = (m/2m)[1 £ ma? /Ay, |7t

Upon solving Eqgs. (12) and averaging over direction
of vector k (and k') we arrive at a system of 8 linear
equations for the average components (Qr,) and (Ry/ ).
Then, substituting the average values back to the equa-
tions for the unaveraged components of Qg and Ry one
obtains a complete solution to the problem.

3. Spin Hall effect

Having the distribution function G, one can calcu-
late the spin current flowing along the axis z,

1 d’k k
7= —= | ——(Qk: + Rk.). 16
Jz 2/(27T)2m(Qk + k:z) ( )
For simplicity we assume that there are no interband
scattering transitions (1/72 = 1/m1 = 0) and 71; =
Too = 7. The spin current can be then written in a sim-
ple form as
s el
J = gy [ dkAG), (17)
where
k\ 0f k\ 0f
k)=(1+— 1-—
AK) ( * ma) O0FE1k * ( ma) O0FEsy,
1 - _
—(f — ). 1
+ ak(f1 f2) (18)

Performing now the integration over k in Eq. (17) one
obtains jJ> = 0. This means that the SHE is com-
pletely suppressed by scattering from impurities, even
when the impurity density and/or impurity scattering
potential are small. This is in agreement with results ob-
tained within different methods by Inoue et al. [§] and
Dimitrova [14] for short-range impurity potential. How-
ever, such a complete suppression of SHE appears only
for the assumed relation between the relaxation times.
For example, when assuming other relations between the
inter- and intra-band relaxation times, the suppression is
not complete and some spin current survives, leading to
a non-zero spin Hall conductivity. It is worth noting that
even for defects with point-like (short-range) scattering
potentials, the relaxation times are different due to differ-
ent densities of states in the two bands for strong Rashba
coupling. Moreover, the relaxation times depend on the
impurity potential range, i.e. on |vgq|?. Assuming par-
ticular relaxation times one essentially restricts impurity
potentials to some specific shapes.

4. Conclusion

We have analyzed 2D electron gas with the Rashba SO
interaction and potential scattering from impurities. We

1061

used the Keldysh formalism, which has been modified
to take into account two well separated Fermi surfaces.
Our considerations were limited to small deviation from
equilibrium and also to small density of impurities. The
main result of our calculations is the suppression of SHE
by scattering from impurities. In general, the SHE in-
duced by the Rashba interaction is reduced by scattering
on impurities, even in the limit of low impurity concentra-
tion. Perfect suppression appears only for some specific
relations between inter- and intra-band relaxation times.
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