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Spin Hall effect in a two-dimensional electron gas with uniform Dresselhaus and random Rashba spin—orbit
interactions is considered theoretically. Using Kubo formalism we derive some analytical formula for the spin Hall
conductivity. It is shown that the contribution due to randomly fluctuating Rashba field disappears in the limit

of strong Dresselhaus coupling.
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1. Introduction

Four decades ago Dyakonov and Perel predicted trans-
verse spin current (or spin accumulation) induced by an
electric current flowing through system with spin-orbit
interactions [1, 2]. This effect was reconsidered later
by Hirsch [3], and is known now as the spin Hall ef-
fect (SHE). Since then, SHE was extensively studied —
mainly because it allows to manipulate the spin degree
of freedom with electric field only. Such a possibility is
interesting from fundamental reasons, but it is also very
important for further development of spintronic devices,
especially those whose functionality is based on magnetic
switching and magnetic dynamics.

Generally, SHE may occur in metallic and semicon-
ducting systems with spin—orbit interaction. Further-
more, mechanisms leading to SHE may be either of intrin-
sic or extrinsic origins (for overview see Refs. [4-7]). The
extrinsic SHE arises from spin—orbit scattering on impu-
rities (side jump and skew scattering). However, there is
also intrinsic spin—orbit interaction having crystal lattice
periodicity and contributing to the relevant band struc-
ture. The corresponding intrinsic SHE is a consequence
of an unusual trajectory of the charge carriers in the mo-
mentum space.

In this paper we consider SHE in a two-dimensional
electron gas (2DEG). The latter can be considered as a
basic model of semiconducting structures like quantum
wells and heterojunctions. The dominant spin—orbit in-
teractions in 2DEG are the Rashba and the Dresselhaus
ones. SHE in 2DEG was extensively studied in recent
years. For instance, Sinova et al. [8] reported a univer-
sal value of intrinsic spin Hall effect in 2DEG with the
Rashba spin—orbit interaction. The effect, however, is
totally suppressed when one takes into account the pres-
ence of impurities with point-like scattering potentials.

It has been also shown that randomness of spin—orbit
interaction (due to random distribution of dopant ions,
some imperfections of quantum well interfaces, etc.) can
play an important role in spin manipulation and spin
transport [9]. For instance, fluctuating Rashba field can
induce SHE in 2DEG [10]. However, the corresponding

spin Hall conductivity is not universal, but depends on
the momentum and spin relaxation times.

2. Model

We consider SHE in a 2DEG with constant Dresselhaus
spin—orbit coupling and spatially fluctuating Rashba in-
teraction (see Fig. 1). The latter will be treated pertur-
batively. In the momentum space, Hamiltonian of the

system takes the following form (we use the units with
h=1):
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Here m is the electron effective mass, ( is the Dresselhaus
spin—orbit constant, Mgy’ describe the random Rashba
spin—orbit interaction, and o, (for « = z,y,2) are the
Pauli matrices. We assume that the spatially averaged
Rashba interaction vanishes ({(A(r)) = 0), but there is a
nonzero correlation function ((A(r)A(r)) = C(r — r')).
Furthermore, we assume this correlator in the form [9)]:
Cq = [Ag* = 20 (N*)(2R)? 727, (3)
where C, is the Fourier transform of the correlator
C(r — 7'), R is the spatial scale of fluctuations, and

q = k — k' is the momentum change due to scattering by
fluctuations of the Rashba field.

The charge current operator is defined as jt = ey,
where 9; is the velocity operator,
OH
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Thus, the components jm(y) can be written explicitly as
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The spin current operator, in turn, is defined as
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where {...} stands for the anticommutator and §, =
Ou/2.
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Fig. 1. Schematic picture of spin Hall effect in a quan-
tum well. Due to randomly distributed dopants, there is
a random Rashba spin—orbit interaction in the system,
in addition to the uniform Dresselhaus one.

To calculate the spin Hall conductivity we use the
Kubo formalism. The retarded Green function of the
system without perturbation is

GR = GEOJO + GRLop + GEyay, (7)
where
1
Gio = 5 (GEy + GiL), (8)
1
Gy, = cosgb(G,H - Gp), (9)
1.
Gy = -5 sin ¢ (G, — GR_), (10)
with
1
R _
Ges = —F 47 (11)

and ¢ denoting the angular coordinate of the vector k.
Here Ey+ = ¢ £ Bk are the two electron bands of 2DEG
with Dresselhaus interaction, e = k%/2m, and I' = 1/27
with 7 denoting the relevant relaxation time. For sim-
plicity, we treat I' as a phenomenological parameter.

3. Spin Hall conductivity

Following the Kubo-Streda formula [11], we write the
spin Hall conductivity as

oy = Ug =Ly JJSEZH, (12)
where o y is determined by the retarded and advanced

Green functions at the Fermi level,

e ko:

B=0 Jo,GAer)}. (13)

In turn, U;’i;ﬂ is the contribution to the spin Hall con-

ductivity, which depends on states below the Fermi level.

This term, however, vanishes in the system under con-
siderations.

The lowest-order diagrams contributing to the spin
Hall conductivity are depicted in Fig. 2. The bare bub-
ble diagram (D7) corresponds to the intrinsic term. Di-
agrams Do and Djs are connected with the presence of
anomalous velocity vertex and they are a consequence of
the random Rashba field. Accordingly, the spin Hall con-
ductivity may be written as

{jsz GR EF
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oy = %Tr Z(D1+D2+D3). (14)
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Since the intrinsic contrlbutlon oy zint

is given by [12]:

ouint = — Tr Y D= (15)
Kk’
we write 037 in the form
Oy = _87 + b0y (16)
The term a—;;jlnt is universal for the 2DEG when the Dres-
selhaus spin—orbit interaction is dominant, as already dis-
cussed earlier [12].
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Fig. 2. The Feynman diagrams contributing to the

spin Hall conductivity in the dc limit.

Let us consider now the contribution do3z due to ran-
dom Rashba field,

doyy, =5 Tr > (D2 + Ds). (17)

Upon calculating contributions from the relevant dia-
grams one finds

e ky \)\ /|2
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where
1
T+ Ty = i§(cos¢sin¢)’ + sin ¢ cos ¢')
(G~ GhG,)

T+ T, = —i%(cos¢cos¢’ — sin ¢ sin ¢)
x (GeyGi- — G_Giy)
X Gy — G + G — Gl )
+1(GR Gh + GR_Gry) (Garg — GRr),  (20)
with the Green functions taken at the Fermi level.

Taking into account that k' = k — q, and integrating
over ¢ one finds

s _eFx/i Cy
doyy 162 /dqq/dQ/dkk4m
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X [0(er — Eg—q+) +6(eF — Er—q-)], (21)
where 6 is the angle between vectors k and g, while F;
(1 = 1,2) are defined as:

P [2mpB%e; + (e; — €F)2]3/2 (22)
" (i —eR)® + 3mB2(e? — e2) — 2m2B4e;’
with
€12 = mpB% + ep F /m2B* + 2mB2ep. (23)

The next step is to convert the Dirac delta function
d(er — Ex—qx) = (0 — 0,,), where 0,, are solutions of
the equation er — Eg_q+ = 0. In Fig. 3 we show the
contribution to spin Hall conductivity due to random
Rashba field as a function of the Dresselhaus coupling
parameter 3. Note that this contribution tends to zero
for sufficiently large values of 5.
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Fig. 3. Contribution éo3 to the spin Hall conductiv-
ity as a function of the Dresselhaus spin—orbit coupling
parameter 3 for indicated values of R and er. The
other parameters are: (A?) = 1.5 x 1072 eV m,
I' = 0.5 meV, and m = 0.05my.
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Fig. 4. The contribution o3 as a function of the cor-
relation parameter R for indicated values of er and f.
The other parameters are as in Fig. 3.

In Fig. 4, in turn, the spin Hall conductivity is pre-
sented as a function of the parameter R describing cor-
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relation length of the fluctuating Rashba field. In the
limit of long-range correlations (kpR > 1) the spin Hall
conductivity is a linear function of R, but for kp R < 1
the term o2 is suppressed and tends to zero as a func-
tion of R?. This result is consistent with previous results

for system with random Rashba spin—orbit interaction
only [10].

4. Conclusion

We have analyzed SHE in a two-dimensional electron
gas with constant Dresselhaus spin—orbit coupling and
fluctuating Rashba interaction. In such a case, the spin
Hall conductivity has a universal intrinsic contribution,
o5z™, and an additional term, do3;. The latter con-
tribution, however, is suppressed for sufficiently strong
Dresselhaus spin—orbit interaction.
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