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This contribution deals with the numerical simulation of dislocation dynamics, their interaction, merging and
changes in the dislocation topology. The glide dislocations are represented by parametrically described curves
moving in slip planes. The simulation model is based on the numerical solution of the dislocation motion law
belonging to the class of curvature driven curve dynamics. We focus on the simulation of the cross-slip of two
dislocation curves where each curve evolves in a di�erent slip plane. The dislocations evolve, under their mutual
interaction and under some external force, towards each other and at a certain time their evolution continues
outside slip planes. During this evolution the dislocations merge by the cross-slip occurs. As a result, there will
be two dislocations evolving in three planes, two planes, and one plane where cross-slip occurred. The goal of
our work is to simulate the motion of the dislocations and to determine the conditions under which the cross-slip
occurs. The simulation of the dislocation evolution and merging is performed by improved parametric approach
and numerical stability is enhanced by the tangential redistribution of the discretization points.
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1. The model

Dislocation cross-slip is one of key processes of crystal
plasticity. The most important cross-slip models are re-
viewed in [1]. The present simulation is focused on the
annihilation of screw dislocation parts by cross-slip as an
important factor in the generation and dynamics of per-
sistent slip bands. In the bands screw parts of glide dislo-
cations moving in channels of low dislocation density mu-
tually annihilate when the distance between their respec-
tive slip planes falls below a critical limit. The remaining
edge parts are stored in multipolar walls. The annihi-
lation by cross-slip is governed by the line tension, the
applied stress in the channels and the interaction force
between dislocations. In the present simulation a disso-
ciation of the glide dislocations both in their slip planes
and the cross-slip plane is neglected. In discrete dislo-
cation dynamics modeling dislocations as �zigzag� lines
jumping on a discrete network cross-slip is a standard
ingredient [2]. This article describes the incorporation of
the annihilation by cross-slip into the discrete dislocation
dynamics by considering dislocations as moving smooth
curves. This approach is a mathematically challenging
alternative.
The interaction of dislocations can be approximately

described using the curvature �ow. We consider perfect
dislocation curves with the Burgers vector b = (0, 0, b)
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oriented in the x-direction of the x, y, z coordinate sys-
tem. The dislocation curve motion Γ is located in a slip
plane, identi�ed as xz-plane. The glide of dislocation is
governed by the relaxation law in the form of the mean
curvature �ow equation in the direction of the normal
vector to the dislocation

Bv = Lκ+ b(τapp + τint), (1.1)

where B is a drag coe�cient, and v(x, t) is the normal
velocity of a dislocation at x ∈ Γ and time t. The term
Lκ represents self-force expressed in the line tension ap-
proximation as the product of the line tension L and lo-
cal curvature κ(x, t). The term τapp represents the local
shear stress acting on the dislocation segment produced
by the bulk elastic �eld. The term τint represents inter-
action force between dislocations. In our simulations, we
consider the �stress controlled regime� where the applied
stress in the channel is kept uniform. In the slip plane,
the applied stress τapp is the same at each point of the
line and for numerical computations we use τapp = const.
The �strain controlled regime� analyzed in [3] could be an
alternative.

2. Parametric description

The motion law (1.1) in the case of dislocation dy-
namics is treated by parameterization where the planar
curve Γ (t) is described by a smooth time-dependent vec-
tor function X : S × I → R2, where S = [0, 1] is a �xed
interval for the curve parameter and I = [0, T ] is the

(509)



510 P. Pau², M. Bene², J. Kratochvíl

time interval. The curve Γ (t) is then given as the set
Γ (t) = {X(u, t) = (X1(u, t), X2(u, t)), u ∈ S}.
The evolution law (1.1) is transformed into the para-

metric form as follows. The unit tangential vector T is
de�ned as T = ∂uX/|∂uX|. The unit normal vector N
is perpendicular to the tangential vector and N · T = 0
holds. The curvature κ is de�ned as

κ =
∂uX

⊥

|∂uX|
· ∂uuX

|∂uX|2
= N · ∂uuX

|∂uX|2
,

where X⊥ is a vector perpendicular to X. The normal
velocity v is de�ned as the time derivative ofX projected
into the normal direction, v = ∂tX∂uX

⊥/|∂uX|. Equa-
tion (1.1) can be written as

B∂tX = L
∂uuX

|∂uX|2
+ b(τapp + τint)

∂uX
⊥

|∂uX|
. (2.1)

This equation is accompanied by the periodic boundary
conditions for closed curves, or by the �xed-end bound-
ary condition for open curves, and by the initial condi-
tion. These conditions are considered similarly as in [4].
For long time computations with time and space variable
force, the algorithm for curvature adjusted tangential ve-
locity is used. Details are described in [5]. To incorporate
a tangential redistribution, a tangential term α has to be
added to Eq. (2.1).

B∂tX = L
∂uuX

|∂uX|2
+ Lα

∂uX

|∂uX|

+ b(τapp + τint)
∂uX

⊥

|∂uX|
. (2.2)

For numerical approximation we consider a regularized
form of (2.2). The equation is then solved by means of
matrix factorization. Since there are two components
of X, two linear systems are solved in each time step.
In case of the single dislocation dynamics, the mathe-

matical model of curve evolution is 2D only. However, the
cross-slip phenomenon requires a 3D con�guration to be
considered (two slip planes and one cross-slip plane). Our
idea is to perform a linear mapping from a virtual plane
to 3D according to Fig. 1. The curve motion is computed
in the virtual plane and then mapped to the real phys-
ical con�guration of the clip and cross-slip planes. The
angle α is π/4 according to the features of the crystalline
lattice.

Fig. 1. Geometry of the model.

Since the parametric approach cannot handle topolog-
ical changes, a modi�ed algorithm is used (see [6, 7]).
The numerical simulations were performed for copper

under the following set of parameters (Table).

TABLE
Parameters of numerical simulations.

Burgers vector magnitude b = 0.25 nm
line tension L = 2 nN
drag coe�cient B = 1.0× 10−5 Pa s
applied stress τapp = 20 MPa
plain distance D = 50 nm
cross-slip plane angle α = π/4

The example in Fig. 2 shows the simulation of the an-
nihilation by cross-slip. Initially the dislocations move
towards each other under the external stress τapp =
20 MPa. When they approach each other the interaction
force rises and they are pulled together in the cross-slip
plane. Finally they annihilate by cross-slip and stick to
the channel walls. In reality this mechanism is hindered
by dissociation of dislocation core but the presented ap-
proximation does not consider such phenomenon yet.

Fig. 2. Annihilation by cross-slip, τapp = 20 MPa,
t ∈ (0, 0.06), dislocation curve discretized by M = 300
nodes.

3. Conclusion

This work presents the numerical simulation of dislo-
cation annihilation by cross-slip. Two dislocations move
in a channel under external stress �eld and by atractive
forces between them. When the interaction force is high
enough, the cross-slip occurs followed by the annihila-
tion. The model is very fast and can be easily modi�ed
for more dislocations in the same channel. Our next goal
is to determine critical distance of cross-slip planes for
which the cross-slip occurs. Also the physical model will
be further developed and improved.
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