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Building on the e�ective-mass envelope function theory, this paper focuses on the study of the energy band
and the absorption coe�cient of InAs/InxGa1−xAs quantum dots in a well (DWELL) structure. In contrast to
InAs/In0.15Ga0.85As quantum DWELL, the InAs/In0.2Ga0.8As quantum DWELL has lower ground states. With
the thickness of In0.15Ga0.85As layer changing from 7 nm to 9 nm and In0.2Ga0.8As layer changing from 9 nm to
12 nm, the calculation shows that their absorption coe�cient spectra takes a red shift in the long-wave infrared
and far-infrared ranges, respectively. Moreover, when the thickness of the InxGa1−xAs layer is de�ned as 9 nm,
the absorption coe�cient spectra of InAs/In0.2Ga0.8As DWELL shows a obvious red shift comparing with that of
InAs/In0.15Ga0.85As DWELL.

PACS: 73.21.La, 73.63.Kv

1. Introduction

In the last decades, there have been signi�cant con-
cerns about quantum dots (QDs) [1�5]. The interband
and intersubband transitions of these QDs are utilized
to develop QD infrared photodetectors, contrasted with
quantum well infrared photodetectors, which presents
lower dark currents and unlimited incidence. Meanwhile,
these QD infrared photodetectors have been applied suc-
cessfully to detecting infrared light detectors, sensors and
imaging devices. However, under the condition of sponta-
neous growth techniques which has been widely adopted
nowadays, it is di�cult to tailor the size and shape of
the QD, which leads to the out of control for the operat-
ing wavelength. In order to solve these problems, a new
method is developed, which is to add a layer to the ex-
isting quantum dots to form so-called quantum dots in a
well structure [6].
Recently, many experimental and theoretical re-

searches on the DWELLs have been carried out [7�23]. It
is demonstrated in experiment that the operating wave-
length and dominant transition can be controlled through
changing the thickness of layers. Meanwhile, the theo-
retical researchers on the QDs and DWELLs also have
made much progress in which the quantum dot often has
a cylinder or square pyramid shape. However, the QD is
with an ellipsoid shape in experiments. Thus, the view
of the QD with an ellipsoid shape is more close to the
experiment which will be insisted in this paper.
According to the above, on the basis of the e�ective-

-mass envelope-function theory, we put emphasis on cal-
culating the energy band and absorption coe�cient of

∗ corresponding author; e-mail: yaojh@nankai.edu.cn

our mode, in which the quantum dot has an ellipsoid
shape. Particular attention is paid to the changing of
energy band and absorption coe�cient, which arise from
changing the value of x in InxGa1−xAs and the thickness
of layers.
The following part is organized as follows. In Sect. 2,

by means of the e�ective-mass envelope-function theory,
the formulation for absorption coe�cient is derived. In
Sect. 3, we present the numerical results and relevant
discussion. Finally, a brief summary is o�ered in Sect. 4.

2. Theoretical model

The structure of DWELL applied is shown in Fig. 1.
The growth direction (100) is de�ned as the Z direction.
InAs dots are located at the center of a thin InxGa1−xAs
well, which is surrounded by a GaAs matrix in turn.
We can treat the spatial distribution of InAs dots in the
InxGa1−xAs as well as periodically arranged boxes; 2h is
the vertical height and w is the width of the InxGa1−xAs
well. The period for the unit cell is Lz in the growth
direction and L in the parallel direction.

Fig. 1. Structure of the InAs/InxGa1−xAs quantum
dots-in-a-well heterostructure.
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In the e�ective-mass approximation the electron
envelope-function equation can be expressed as[

P
1

2m∗(x, y, z)
P + V (x, y, z)

]
ψ = Eψ, (1)

where m∗(x, y, z) is the electron e�ective mass and
V (x, y, z) is the potential experienced by the electron.
They are given by
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The electron envelope function is given by

ψ(r) =
1

L
√
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where knx = kx+nxkx, kny = ky+nyky, kz = kZ+nZkZ ,
nx, ny, nz = 0,±1,±2,±3. Substituting Eqs. (2), (3)
and (4) into Eq. (1), we can get the following secular
equation:
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dot
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nz−n′
z

, nz ̸= n′z.
(9)

The value of Si in Eqs. (8) can be calculated under the
Gauss approximation method by computer. By solving

Eqs. (5), we can obtain the electron subband energies
and wave functions of the DWELL structure. The strain
e�ects are considered during the calculation. Knowing
the energy levels and wave function, the matrix elements
between two subband states can be determined in the
e�ective-mass approximation. We concentrate on transi-
tions 0 → n and ignore the transitions such as 1 → n
[17, 23]. Thus, the absorption coe�cient is given by
[22, 23]:

α(~ω) =
8πe2

nrcωm∗2

∑∫
dk

(2π)3
|⟨ψn|H ′|ψ0⟩|

2

× Γ

π[(En − E0 − ~ω)2 + Γ 2]
[f0(k)− fn(k)], (10)

where nr is the refractive index and H ′ represents the
interaction Hamiltonian between a free electron and a
radiation �eld [17, 22]. fn(k) are the electron occupan-
cies. According to the Fermi distribution, the Fermi level
can be determined by a given electron concentration N :

N = 2

∫
BZ

∑
n

fn(k)dk/(2π)
3, (11)

where Γ is the homogeneous part of the transition line
width [21, 22].

3. Results and discussion

In this section, we carry out the numerical study of
the energy of conduction band and absorption coe�cient
of our model. In the calculation, since the GaAs sub-
strate is much thicker than the InAs/InxGa1−xAs layers,
we hold that all strains are accommodated in the InAs/
InxGa1−xAs layers. Inserting an InxGa1−xAs layer be-
tween InAs QDs and the GaAs layer will allow partial
strain relief, which is not considered here. When the QD
size is small enough, electrons in the dot will have an es-
sential portion of their wave function extending into the
InGaAs/GaAs barriers. This accounts for the phenom-
ena that the electron e�ective mass in the strained dot is
close to that of the barrier material. However, the size of
our QDs is not very small (≈ 7.5 nm in height). For this
reason, the di�erence in the e�ective mass between the
InAs dot and the Ga(In)As barrier is taken into account.
The parameters of InxGa1−xAs are interpolated from the
values of InAs and GaAs, which are listed in Table.
The strain-dependent energy gap InxGa1−xAs is cal-

culated by

Eg = E0
g + [2a(C11 − C12)/C11

− b(C11 + 2C12)/C11]ε,

where a and b are the hydrostatic and shear stress defor-
mation potentials, respectively, Cij are the elastic con-
stants, ε is the lattice mismatch between InxGa1−xAs
and GaAs, and E0

g is the composition-dependent band
gap of unstrained InxGa1−xAs. The temperatures of all
parameters are neglected. The ratio of the conduction-
-band o�set to the band gap di�erence is assumed
to be 60%.
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TABLEMaterial parameters for InxGa1−xAs as a function of the In mole fraction x.

E0
g [eV] a [eV] b [eV] C11 [1011 dyn/cm2] C12 [1011 dyn/cm2] ε m∗c

e

1.4525− 1.501x+ 0.436x (300 K) 8.67− 5.66x 1.7 + 0.1x 11.81− 3.481x 5.32− 0.794x 0.0717x 0.067− 0.0285x

1.519− 1.584x+ 0.475x2 (2 K)

First, we take di�erent parameter x in InxGa1−xAs as
x = 0.15 in Fig. 2a and x = 0.2 in Fig. 2b. As a function
of the dot radius (R), the conduction subbands of the
DWELL heterostructure is shown in Fig. 2. The other
parameters are set as the same in Fig. 2a and Fig. 2b,
namely, L = 15 nm + 2R, h = 7.5 nm, w = 12 nm and
Lz = 60 nm.

Fig. 2. Conduction subbands of (a) InAs/In0.2Ga0.8As
and (b) InAs/In0.15Ga0.85As DWELL.

In Fig. 2a and b, with increase of the dot radius (R)
in the DWELL, the subband energies decrease. It can
be believed that this phenomenon arises from the quan-
tum size e�ects. Comparing Fig. 2b with Fig. 2a, it can
be seen that the ground state is lower in Fig. 2a than
that in Fig. 2b. For example, when R = 5 nm, the
ground energy is 0.295 eV in Fig. 2b and 0.275 eV in
Fig. 2a. It is believed that the electrons at the ground
state in the dots have a larger binding energy in InAs/
In0.2Ga0.8As DWELL than that in InAs/In0.15Ga0.85As
DWELL. According to Table, we believe that the increase
of x can lead to the decrease of the e�ective mass in
InxGa1−xAs. Moreover, in the presence of strains, the
energy gap of InxGa1−xAs decreases with the value of x
increasing. Hence, the potential decreases with the value
of x increasing. At last, the increase of the value of x
e�ectively lowers the electron states in the DWELL.
The value of x taken in InxGa1−xAs is 0.15 in Fig. 3a

and 0.2 in Fig. 3b. As a function of the thickness of
the well, the conduction subbands of the DWELL het-
erostructure is shown in Fig. 3. The other parameters
are set the same as in Fig. 3a and Fig. 3b, namely,
L = 15 nm + 2R, R = 7.5 nm and Lz = 60 nm.
From Fig. 3, it can be seen that all bound states of the

DWELL decrease with the thickness of the well increas-

Fig. 3. Conduction subband as a function of the (a)
InAs/In0.15Ga0.85As and (b) InAs/In0.2Ga0.8As layer
width (w�h) for the DWELL heterostructure with L =
15 nm + 2R, h = 7.5 nm, and Lz = 60 nm.

ing. In addition, when w = 5 nm, the lowest state in
Fig. 3a and in Fig. 3b is almost the same (0.3 eV). With
the thickness of the well increasing, the ground state in
Fig. 3a becomes lower than that in Fig. 3b. For example,
when w = 13 nm, the ground state in Fig. 3a is 0.24 eV,
but that in Fig. 3b is 0.255 eV.

Figure 4 shows the calculated absorption spectra of the
DWELL structures with di�erent In0.15Ga0.85As layer
widths at 50 K. For simplicity, we �x the location of QDs
at the center of the InGaAs layer during the calculation.
The electron concentration is �xed as: 5.9 × 1018 cm−3,
which satis�es the fact that the Fermi level is just above
the ground state but does not reach the �rst excited one.
The electric vector of incident light is assumed to be per-
pendicular to the growth direction. We can �nd that not
all possible transitions can be seen in the spectra due
to their weak oscillator strengths or due to the shallow
depth of the higher energy levels involved [23].

The most impressive two absorption peaks lie in the
long-wave infrared (LWIR) and far-infrared (FIR) ranges,
respectively. The FIR peak corresponds to the transi-
tion between two bound states below the In0.15Ga0.85As
conduction-band edge [23]. The LWIR one is believed
to stem from the transition between the ground state
and high bound state below the GaAs conduction-band
edge [23]. Moreover, comparing Fig. 4a with Fig. 4b, it
can be judged that the peak of absorption spectra shows
a dramatic red shift with the thickness of In0.15Ga0.85As
layers changing from 7 to 9 nm. The LWIR peaks locate
at 10.46 and 10.53 µm in Fig. 4a and Fig. 4b, respectively.
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Fig. 4. Absorption spectra as a function of the
In0.15Ga0.85As layer width (w�h) at 50 K for the InAs/
In0.15Ga0.85As DWELL with L = 15 nm + 2R, h =
7.5 nm, w = 9 nm (a), w = 7 nm (b) and Lz = 60 nm.

Figure 3a can help us to explain this phenomenon.
In Fig. 3a, when the thickness of In0.15Ga0.85As layers
is 7 nm and 9 nm the energy gap between the ground
state and high bound state below the GaAs conduction-
-band edge is 0.1185 and 0.1178 eV, respectively. For the
same reason, the red shift of FIR peaks arise from the
changing of energy gap of two bound states below the
In0.15Ga0.85As conduction-band edge. The above means
that the operating wavelength of InAs/In0.15Ga0.85As
DWELL can be controlled through changing the thick-
ness of In0.15Ga0.85As layers.

Fig. 5. Absorption spectra as a function of the
In0.15Ga0.85As layer width (w�h) at 50 K for the InAs/
In0.15Ga0.85As DWELL with L = 15 nm + 2R, h =
7.5 nm, w = 12 nm (a), w = 9 nm (b), and Lz = 60 nm.

Figure 5 presents the calculated absorption spectra of
the DWELL structures with di�erent In0.2Ga0.8As layer
widths at 50 K. The thicknesses of the In0.2Ga0.8As are
taken as 9 nm and 12 nm, respectively, in Fig. 5a and b.
The electron concentration is �xed as 5.1 × 1022 cm−3,
which satis�es the fact that the Fermi level is just above
the ground state but does not reach the �rst excited

one. The other parameters are set the same as in Fig. 4.
Comparing Fig. 5a with b, it can be seen that the peak
of absorption spectra shows a dramatic red shift with
the thickness of the In0.2Ga0.8As layers changing from 9
to 12 nm. Moreover, comparing Fig. 5b with Fig. 4a,
the whole absorption spectra show an obvious red shift.
This implied that the operating wavelength of InAs/
In1−xGaxAs DWELL can be controlled through changing
the value of x in InxGa1−xAs.

4. Conclusion

In summary, on the basis of the e�ective-mass envelope
function theory, we have studied the energy band and
absorption coe�cient of the InAs/InxGa1−xAs quantum
DWELL structures with the QD of an ellipsoid shape
in the mode. It is found that the InAs/In0.2Ga0.8As
quantum DWELL has lower ground states than InAs/
In0.15Ga0.85As quantum DWELL. When the thickness of
the In0.15Ga0.85As layer increases from 7 nm to 9 nm,
the calculated absorption coe�cient spectra of InAs/
In0.15Ga0.85As quantum DWELL take a red shift. In
the InAs/In0.2Ga0.8As quantum DWELL, a red shift
of the absorption coe�cient also can be checked when
the In0.15Ga0.85As layer increases from 9 nm to 12 nm.
Moreover, the absorption coe�cient spectra of InAs/
In0.2Ga0.8As DWELL shows an obvious red shift com-
paring with that of InAs/In0.15Ga0.85As DWELL when
the InxGa1−xAs layer is 9 nm. These phenomena give us
a method to control the operating wave length of InAs/
In1−xGaxAs DWELL through changing the thickness of
In1−xGaxAs layers and the value of x in InxGa1−xAs.
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